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PREFACE. 



I HAVE in this treatise endeavored to arrange a course of 
trigonometrical study suflSciently extensive to enable the 
student to comprehend readily any applications of trig- 
onometry he may meet with in the works of the best modem 
mathematicians. With this object, some topics have been 
introduced which are not usually found in works devoted 
specially to this subject. 

Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice, 
to values less than 180*^. The advantage of introducing 
such triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the works of 
Bessel and other German mathematicians ; and especially 
in the TJieoria Motua Corporum Coeleativ/m of Gauss, who 
was the first to suggest their employment. 

The subject of Finite DiflFerences of triangles, plane and 
spherical, occupies a large space in Cagnoli's treatise, but 
has not been admitted into more recent works. It here 
occupies only a few pages, but no important result of 
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4 PREFACE. 

Cagnoli's Table has been omitted^ while a number of the 
formulad are much simpler than the corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
course than is contained in the text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of immediate importance may be readily 
made. Themore elementary portions aie printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a connected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re- 
lated. W. G. 

U. S. Natal Aoadbmt, 

Annapolit, Md., May 1, 1860. 



NOTE TO THE FOURTH EDITION. 

In this edition, besides a number of minor changes, and the correction of some 
typographical errors, a Tery important modification has been made in the solution of 
the equation tan z s=: p tan y by series (p. 145), which was given in former editions 
in the usual form as stated by all writers on trigonometry. This form was dis- 
covered to lack generality, and consequently to fail in certain applications, in con- 
sequence of the omission of the arbitrary term ntr now introduced. Several )Bubse- 

quent investigations, depending on this, have in like manner been rectified. 

W. 0. 

TJ. S. Natal Aoadbvt, April 1, 1854. 
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PLANE TRIGONOMETRY. 



CHAPTER L 

MEASURES OF ANGLES AND ARCS. 

1. Trigonometrt is that branch of Mathematics which treats 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. Plane Trigonometrt treats of methods of computing piano 
angles and triangles. 

It embraces the inyestigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angular Analym. 

3. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle has six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may be constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to construction 
and measurement : a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difficulty of distinguishing with the eye the smallest subdivisions of 
lines and angles. 

But here also the case is excluded in which the three angles are 

given without a side, because there may be an indefinite number o^ 

plane triangles, whose angles are equal to the same three given ones, as 
2 9 
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PLANE TRIGONOMETRY. 
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in Fig. 1. the triangles ABC, A'B' G\ . 
&c. In this case, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio of A B to A 
is equal to the ratio of A^B' to A' 0\ 
&c. ; so that the ratios of the sides to 
each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c. ; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains. 

6. The units by which angles are expressed are, the degrefi^ 
minvte, and second; distinguished by the characters ° ' ''. 

A degree is an angle equal to ^V ^f ^ right angle ; or a degree is 
iiif of the whole angular space about a point, or ^J^y of four right 

angles. Thus, Fig. 2, if the angular space about 
is divided into 360 equal parts, of which A OB 
is one, then A OB is one degree. The right angle 
B will be expressed by 90° ; two right angles by 
180°, and the whole angular space about a point 
by 360°. 

A minute is an angle equal to jV of a degree. 
Therefore, 1° = 60'; and a right angle =90 X 60'= 5400'. 

A second is an angle equal to g^^ of a minute. Therefore, V = 
60" ; 1° = 60 X 60" = 3600" ; and a right angle = 90 X 60 X 60" 
= 324000". 

Angles less than seconds are sometimes expressed by thirds^ 
fourths, fifths, &c., marked '" ^ \ &c. ; a third being gV of a second; 
a fourth, gV of a third ; &c. But the more convenient method is to 
express them as decimal parts of a second ; thus 4 of a right angle 
will be either 



Fig. 2. 
A' 



O 



12° 51' 25" 42'" 51"^, &c. 



or more conveniently 



12° 5r 25".714, kc. 



6. The above division of angles is called aexoffesimal, from the divisor 60 esiployed 
in the subdivision of the degree. The centesimcU division, however, would be prefer- 
able in all cases, but cannot now be generally introduced without, at the same time, 
ohanging the arrangement of all our tables, the graduation of astronomical and 



MEASURES OF ARCS. 11 

other instmments, charts, &c. NeverthelesSi the attempt has been made in France, 
and seTcral standard works exist in the French language, in which it is employed 
throughout. 

In the centesimal or French division, the right angle is divided into 100 degrees ; 
the degree into 100 minutes ; the minute into 100 seconds, &c. The reduction of 
these denominations from one to the other requires only a change in the position 
of the decimal point ; thus, in this system 60° 75' 84'' -8 is the same as 607584" -8 
or 60^*75848 or 0* '6075848, the symbol q denoting a quadrant or right angle. 

To convert centesimal into aezagesimal degrees ^ since 100° dec. = 90° sex. deduct am 
tenth from the number ofeenteaimal degrees, 

JBxAMPLE. Required the number of sex. degrees in 85° 47' 43" dec. 

85°'4748 cent. 
Deduct iV =: 8 -54748 

76° -92687 sex. degrees and dec. parts. 
55'-6122 
86"-782 

or 76° 65' 86"-7d2 sexagesimaL 

To convert sexagesimal into centetimal degrees, since we most take ^ of the sex., 

divide by 9 and move the decimal point one place to the right. 

ExAXPLX. Required the number of centesimal degrees in 76° 55' 86" '732 sex. 

Reducing the minutes and seconds to the decimal of a degree, we have 

76°-92687 sex. 
If of which is 85°-4743 cent. 

or 85° 47' 48" centesimal. 

To distinguish the degrees of the centesimal from those of the sexagesimal divi- 
sion, the former are frequently called grades, and are denoted by the character t 
instead of °; thus the preceding angle would be 85* 47' 48". 

Measures of Arcs. 

7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides, these 
arcs may be taken as the measures of the angles, and we may express 
both the arc and the angle by the number of units of arc intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
^iu of the circumference, whatever the radius of the circle may be ; 
and we obtain the same numerical expression of ing-a. 

an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle A 0A\ Fig. 3, and its measure, the I 
quadrant AA\ are therefore both expressed by 
90° ; the semicircumference by 180°, and the 
whole circumference by 360°. j^^ 

8. The radius of the circle employed in measuring angles is theo 




12 PLANE TRIGONOMETRY. 

arbitrary, and we may assume for it such a value as wiU most sim- 
plify our calculations. This value is unity ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
considered. This value will be generally used throughout this 
treatise. 

9. To find the length of an arc of a given number of degrees^ 
minutes^ &c. 

The semi-circumference of a circle whose radius is unity is known 
to be 3-14159265 ; or, the radius being jR, the semi-circumference 
IS 8.14159265 jB. Hence 

When^ = l 
Arc 180^ = 3.14159265 R = 3.14159265 
« 1° =0.0174532935 =0.017453298 
« V =0.00029088825 =0.0002908882 
« r =0.0000048481375 =0.000004848137 

An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formulse 

Arc a; = 0.017453293 a;° 
= 0.0002908882 a;' 
= 0.000004848137 a/'. 

As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thus 

Arc X = [8.2418774] x"" 
= [6.4637261] a;' 
= [4.6855749] a;" . 

in which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Example. What is the length of the arc a? = 38® 17' 48", the 
radius being = 1. 

88° 17' 48" = 137868" log. 5.1394635 

Log. factor for seconds 4.6855749 

X = 0-6684031 log. x 9.8250384 

10. To find the number of degrees^ ^c, in an arc equal to the 
radius. 

We have, from the preceding article. 



* The logarithms in the examples of this work will be taken from Stanley* a Tablea, 
(published in New Haven, by Dorrie and Peek,) the best tables of seven-figure 
logarithms yet published in this country. 
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= 3487'-74677 « 206264''.806 

11. The angle at the center measured bj an arc equal to the radius, is often 
token as the unit of angular measure, as this angle will be of an inyariable magni- 
tude, whatever is the length of the radius. If z is the number of such units In a 
given angle, the number of degrees, &c., in it will be found by multiplying by the 
value of the radius in degrees, &o., found in the preceding article. Thus, 

zo a zjRo ss 57<'-2957795z = [1*7681226] x 
7i ^xB! SB 848r-74677z a [8-5362789] z 
7l*^x R" s 20626r-806z s [5-8144251] z 

Reciprocally, the angle being given in degrees, &c., we reduce it to the unit ra- 
dius, by dividing by S?, R, or 22", thus, 

which is evidently the same as multiplying by the factors of Art. 9. 

It appears, then, that an angle is expressed in the unit of this article by the 
length of the arc which measures the angle in the circle whose radius is unity. 
Hence, an angle thus expressed is said to be given in are. II we put (as is usual) 

r a 8-14159265 • • • 

r is the circular measure of two right angles, or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ w to denote an 

mm 

angular magnitude of 180^ ; -r- a right angle ; 2 ir four right angles, &o. 
* *t 

12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or arc from 90^. 

The supplement of an angle or arc is the remainder obtained by 
subtracting the angle or arc from 180°. 

Thus the complement of 30° is 60° ; the supplement of 30° is 
150°. 

Two angles or arcs are complements of each other when their 
sum is 90°. They are supplements of each other when their sum is 
180°. 

13. According to these definitions, the compliement of an arc 
that exceeds 90° is negative. Thus the complement of 120° is 
90° - • 120° = — 30°. In like manner the supplement of 200° is 
180^ -200° = -20°. 
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CHAPTER n. 



SINES, TANGENTS, AND SECANTS. FUNDAMENTAL PORMtTl^. 

14. Having expressed the sides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two different species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 

that of right triangles. Let us therefore 
consider a series of right triangles, ABC^ 
AB'0\ AB"C% &c.. Fig. 4, which have 
a common angle A. The angles at By 
B\ B"y being also equal, the triangles are 
O' o" similar; and by geometry 

BOiAB^ BG' : AB' = B''0" : AB" 

or by the definitions of ratio and proportion, 

BO ' B'C B'O" 



Fig. 4. 




AB AE 

In like manner it follows that 



AB" 



and 



BC B'C B'O*' 

AO^'AO''^ AO^ 

AB^AB'^AB" 
AO AC AO 



Iff 



Hence it appears that the ratios of the sides to each other are the 
same in all right triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows : 

15. The SINE of the angle is the quotient of the opposite side 
divided by the hypotenuse. 
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Thus, in the right triangle AB 0^ Fig. 5, 
f we designate the sides by the small letters 
0, Ij Cj we shall have, (whatever the absolute 
length of the sides) 



ilg.1. 




Sin ii a ~i sin ^ =s —. 
e c 



16. The TANGENT of the angle is the quotient of the opposite side 
divided by the adjacent side. 



Thus 



tan -4. =■ —, tan 5 = — 
a 



17. The SECANT of the angle is the ^us^i,^^*.^ oj the hypotenuse 
divided by the adjacent side. 



Thus 



sec -4. = ^f sec -a = — 

a 



18. The COSINE, COTANGENT, and COSECANT of an angUy are r«- 
spectively the sine, tangent, and secant of the complement of t7^ 
angle. 

Since the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art. 12, complements of each other ; 
therefore, according to the preceding definitions, we shall have 



sin A = cos -B = — 



tan J. = cot -B = — 



sec A = cosec -B = —• 



cos A 



sin 5=3 — 

c 



cot A = tan jB =« — 

a 

cosec A = sec 5 =a — 

a 



}0) 



• Cm €L ^ 

19. Since— is the reciprocal of — , it follows from the first and 
a e 

last of these equations, that the sine and cosecant of the same angle 

are reciprocals ; and from the other equations, also, that the cosine 

and secant, the tangent and cotangent are reciprocals. That is, 



sin A = 



cos A a= 



tan A = 



^1 



cosec A 

1 
h^qA 

1 

cot j1 



cosec A 



sec J. 



cot J. 



sin J. 

1 
cos J. 

1 

tan J. 



(2) 



or more briefly, 

sin A cosec J. » cos ^ sec A » tan J. cot A » 1 



(8) 
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20. The sincy tangent^ and secant of 
^' an are are reBpectively the sine^ tangent^ 
and secant of the angle at the center 
measured by that arc. Thus, Fig. 6, 



sin -4. -B =s sin JL 0-B = 



BO 
OB 



A"' 



The sine of an arc, therefore, does not depend upon the absolute 
length of the arc, but upon the ratio of the arc to the whole circum- 
ference, (Art. 7.) It follows that the relations (2) and (3) are also 
applicable when A expresses an arc. 

21. If the radius = 1, all the trigonometric functions above de- 
fined may be represented in or about the circle by straight lines. 
Representing the arc AB^ or angle AOBy by a?, we have, when OA 
= 0J? = 1, 



BO BO 



sma; = 



tana; = 



=.^^B0 



=^ ^AT 



0B~ 


■ 1 


AT 

OA ~ 


AT 

■ 1 


OT 


OT 



seca: = ^ = 



OT 



and from the arc A'B = 90° — a? we find in the same way 

cos a; = jBD = 0(7 
cot x = A'T' 
coseca:= OT' 

Therefore, in the circle whose radius is unity, the sine of an arCj 
or of the angle at the center measured by that arCj is the perpen- 
dicular let fall from one extremity of the arc upon the diameter 
passing through the other extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the arc, which is intercepted between that extremity and 
the diameter (produced) passing through the dther extremity. 

The secant is that part of the produced diameter which is inter- 
cepted between the center and the tangent. 

The cosine is the distance from the center to the foot of the sine. 

In a circle of any other radius than unity, the trigonometric, 
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functions of an arc will be equal to the lines drawn as above, divided 
hy that radius. 

The properties here stated have heretofore been used by mos^ 
writers upon trigonometry as definitions, but without limiting the ra- 
dius to unity ; and it is evidently from this mode of viewing these 
functions that they have derived their names. 

22. Besides the functions already defined, others have been ocoasionallj employed 
to facilitate particular calculations, as the virted time, whieh in the circle is the 
portion of the diameter intercepted between the extremity of the arc and the foot 
of the sine ; thus, Fig. 6, the versed sine of AJSiaAO, or the radius being :s 1, 

Tersinsasl — oosx (4) 

by means of which formula we may always substitute Tersed Bxnes for cosines, and 
reciprocally. 

The coversed tine (coyers.) is the Tersed sine of the complement, and tuverted tine 
(suYcrs.) is the yersed sine of the supplement. 

The chords of arcs have also been used, and may be substituted for sines by the 
formula 

okxs=s28in}a; (6) 

which is eyident from Fig. 6, where if the arc BB'^szx^ we haye chord BB »i 
2BC^2vaLAB. 

23. From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comprehensive 
term trigonometric functions* It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The triffonometric toMe9 contain these values 
for every minute, and sometimes for every second, from 0® to 90° ; 
and with these tables all the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formulae and methods by which 
these tables are rendered available. 

Fundamental Formulae. 

24. G-iven the nne of an angUy to find the cosine. 
From the right triangle ABO^ Fig. 7, we '^•^• 

have by geometry a' + 6* = <?* 
Dividing by <?% this equation becomes 

T + ^-1 
<r c* 

* 

* Also triffonometrie Unes, from the properties explained in Art 21. 
3 b2 
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or, by the definitions of sine and cosine (1), 

sin* A + cos* -4. = 1 (6) 

in which the notation sin* A signifies « the square of the sine of A,** 
From this formula, if the sine is given, we find 

cos* J. = 1 — sin* J. = (1 + sin A) (1 — sin A) 

cos ^ = ^/ (1 - sin* A) = ^/ [(1 + sin^) (1 - sin J.)] (7) 

and if the cosine is given, we find 

sin -4 = ^/ (1 - cos* ^) = -v/ [(1 + cos A) (1 - cos A)] (8) 

25. Griven the sine and cosine of an angUy to find the tangent. 
By (1) we have 



tan^ = -T 





also 



tlierefore 



%mA 
cos^ ~" 

tan^ s= 



€ ' e 
sin J. 
cos A 



a 
h 



(9) 



And since the cotangent is the reciprocal of the tangent, 

cos A 
cot A = -; — -7 (10) 

26. Given the tangent of an anglcj to find the secant. 
The right triangle ABOj Fig. 7, gives 

(j2 « ja + ^2 

Dividing by 6*, this becomes 

c* a* 

— = 14- — 

6* ^6* 
or, by the definitions of secant and tangent (1), 

sec*-A = l + tan*J. (11) 

This formula applied to the complement of A gives 

cosec* ^ = 1 + cot* A ' (12) 

^'^ 27. The preceding formulae are also 

directly obtained from Fig. 8. If the 
angle A OB, or the arc ABy be denoted 
by Xj the right triangle OBO, gives 

jB(7* + 0(7* = 0£* 




A»f 



or remembering that the radius is unity, 
by Art. 21, 
sin* X + cos* a; = 1 (18) 



1 

I 
t 



FUNDAMENTAL FOBMULJE. 19 

the triangle OBO gives by the definition. Art. 16, 

. ^ « SO 
iBJiAOB^YTp 

sin X ,^ .. 

or tan z =» (14) 

cos a? ^ ^ 

Since the angle BOD is the complement of BOOy UkJiBOD^ 
cot a;, and the triangle BOB gives 

• BB 00 
tan502) = -^«^ 

cos X ,^ ^. 

or cot X =» -T — (16) 

In a similar manner the triangles AOT, A' OT' give 

sec* x =■ 1 + tan« x {16) 

cosec'a: =« 1 + cot' x (17.) 

28. The following equations are easilj demonstrated by combining (18), (14), 
(16), (16), (17), and employing the property of the reciprocals (2), They are of 

frequent use. 

1 . tana: oosx *~ 

sinz «B ^ tanx cos z ^ bb ng) 

cosecz eeoz ootz ^ ' 

cot z sin % 



eosx«s ss cot z sins 



seoz cosecz tanz ' * 

sin z ss ^ (1 — cos* z), cos z ss ^ (1 — sin*z) (20) 

sec z ss ^ (1 -4- tan* z), cosec z ss ^«(1 -|- cot* z) (21) 

tan z ^ v^ (sec* z — 1), cot z aa ^ (cosec* z — 1) (22) 

tanz 1 



sinz 



cosz 



v^(l + tan*z) v^(l + cot*z) 
cotz 1 



y/ ( 1 + cot* 2) v^ (1 + tan* z) 

fanr- ""^^ ^ v^(l-coB*z) 

^ (1 — sin* z) cos z 

^^tT-r ^^"'^ -, %/(l-a^n*z) 

^(1 — coB*z) sinz 



(28) 
(24) 
(26) 
(26) 



29. Tojini the tine, ^e. of 30° and 60°. 

In Fig. 8, let the arc AB — 30°, and BB' ^2AB^ 60°. By 
Art. 21, sin AB = BQ, and by geometry the chord of 60°, or of one- 
sixth of the circumference, is equal to the radios =: 1 ; therefore 

28in30° = 25C = 55'-l 

whence 

sin 30° =. J =- nos 60° (21) 



so 
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And by (7) 

whence cos 30° = J %/ 8 = sin 60° 

Ihen, by (9) and (2), 

sin 80° J 1 



tan 80° = 



cot 80° = 



sec 80° = 



cosec 80° = - 



cos 80° 

1 
tan 80° 

1 
cos 80° 

1 



= ^/ 8 —tan 60° 

2 
ec —5 aooBec60° 

= 2 « sec 60° 



cot 60° 



(28) 



(29) 
(80) 
(81) 
(82) 



sin 80° 

80. To find the siney ^e. of4t5^ Since 45° is the complement of 

46°, we have 

sin 45° =» cos 45° 

whence by (18), putting x = 45°, 

sin»45° + cos*45° = 2Bin»45° «2cos*45° - 1 

sin* 45° = COS* 45° = J 

sin45° = co845° = v^J = Jv/2 (88) 

sin 45° 
tan 45° = cot45° = ..^ = 1 



sec 45° = oosec 45° 



cos 45° 
1 



(84) 

. .-0-^/2 (85) 

sin 45° ^ ' 

These values are readily verified in the circle. 
Fig. 9, where OAT A' is a square described upon 
the radius. The diagonal OT bisects the right 
A angle, whence AOr = 45°, and tan 45° = .42' 
« OA = 1 ; cot 45° = -A' r « 1 ; sin 45° = BG 
^OO^coa 45°, A;c. 



81. The sines and cosines of two angks being given, to find 
the sine and cosine of the sum, and the sine and cosine of the differ- 
ence of those angles. 

jjg 10, j,^ u. Let the two angles he A OB 

and BOCy Figs. 10 and 11. 
At any point B in the line 
OB draw B perp. to OB. 
Draw BA and OB perp. to 
PA ^ AD OAy and BE perp. to CD. 
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Then the triangles BC E and BOA are mntoally equiangular, 
the three sides of the one being perp. to the three sides of the other 
respectively; therefore the angle B OE^ AOB. 



Let x^AOB'^BCE 

yBOO 




Then, Fig. 10, a; + y - COD 
Fig. 11, x-y COD 
and in 




T.- ..A . / . N OD BA + CE BA , 
Fig.10, 8m(» + y)-^^- ^,Q -^^ + 


CE 
CO 


„.,,., ^ CD BA-CE BA 
Fig. 11, 8in(« y)- ^^- ^^ - eO " 

snd in both figures 


CE 
-GO 


BA BA BO 

CO-BO^CO"'^'''^^ 




CE CE OB 
WCB^'CO'''^"^^ 





ifhich being sabstitated in the above expressionB of sin (a; + y) and 
«n (« — y) giTO 

Bin(a; + y)BStn«eo8y + eosssiny (86) 

8in(« — y) = 8iniccosy — cosa;siny (87) 

A^in in 

^ „n , . s OD OA-EB OA EB 
Fig. 10. <,«i(«+y) = ^ O^-'OC-OG 

„. „ , ^ OD OA + EB OA , EB 

Fig.ll, «o8(«-y)-^- — 0C~~'"0G'^0O 

and in both figoros, 

OA OA OB 
OQ^0B''0O'"^"^y 



EB EB BC . 

Wbo'^oo'"^"^^ 



therefore 



cos (a? + y) =■ oosa?co8y — sin a: sin jf (88) 

cos (a; — y) = cosa? cos y + sin a: siny (89) 

and (36), (37), (38), and (39) are the required formulae. 

These may be considered as the fundamental formulae of the trigo- 
nometric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally applicable to arcs represented by x and 
y (Art. 20). 



23 PLANE TBIQONOMETRT 




CHAPTER m. 

TRIGONOMETBIC FUNCTIONS OF ANGULAB MAGNITUDE IN GENERAL. 

82. The definitions of sine, &c. given in the preceding chapter 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 

If, Fig. 12, we suppose the line OA to revolve 
from the position OA to OA' in the direction of 
the arc AA' (or from right to left), it will describe 
an angular magnitude of 90^ ; when it arrives at 
OA'' it will have described an angular magnitude 
of 180° ; at OA"'j 270° ; and at OA again, 860°. 
If it now continue its revolution, when it arrives 
at OA' again, it will have described an angular magnitude of 
360° + 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves of the fundamental formu- 
lae established in the preceding chapter ; first deducing their values 
analytically, and then explaining their geometrical signification. 

88. To find the sine, ^c. of 0° and 90°. In (87) and (89) 
let a; = y ; the first members become sin (a; — a?) = sin 0°, and 
cos (a; — a;) = cos 0° ; and by (13) they are reduced to 

sin 0° = sin a; cos a: — cos a; sin a; = 
cos 0° = cos* X + sin* z =1 

and since 0° and 90° are complements of each other. Art. 12, 

sin 0° = cos 90° = (40) 

cos 0° = sin 90° = 1 (41) 

from which by (9) and (2) 

tan0° = cot90°=-?^ = ?-=:0 (42) 

cos 0° 1 ^ ' 
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1 1 

cot 0° « tan 90° = ^ — ^ = tt = «> 1*8) 

tan 0° U ^ ' 

sec Qo = cosec 90- = ^ - 1 ==. 1 (44) 

cosecQo^ Bec90o--4Q^«^ = oo (46) 

84. To find the sine, ^c. of 180°. In (36) and (38) let 
x as y s 90° ; these equations become by means of the preceding 
values 

sin 180° = 1x0 + 0x1 = (46) 

cos 180° «OxO-lxl = -l (47) 

whence by (9) and (2) 

tan 180° = -^ =- cot 180° « J- =oo (48) 

sec 180° = 3-j =- — 1 cosec 180° « ^ « cx) (49) 

85. To find the sine, ^e. of 270°. In (36)- and (38) let 
X -180°, y = 90°, then 

sin 270° =OxO+(-.l)xl = -l (50) 

cos 270° = (-.l)xO-Oxl = (51) 

tan270° = ^=-oo cot270°= — =0 (52) 

sec 270° « g-=«> cosec 270° = -i^ -- 1 (53) 

86. To find the sine, ^c. of 860°. In (36) and (38) let 
a:«y=180°; then 

sin 360° = X (- 1) + (- 1) X = (54) 

cos360°=(-l)x(-l)-0 xO=:l (55) 

the same values as for 0°, whence it follows that all the trig, func- 
tions of 360° are the same as those of 0°. 

The same process continued will give for 450° ( = 360° + 90°), 
the same trig, functions as those of 90° ; for 540° the same flinctioni 
as for 180°, &c. 
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37. The preceding values now furnish us at once with the values 
of the functions for all possible values of the angle. In (36) and 
(38) let X = 0°, they are reduced to 

sin y = sin 0° cos y + cos 0° sin y = sin y 

cos y = cos 0° cosy — sin 0° sin y = cos y 

which are simply identical equations, and reveal no new property. 
But if in (37) and (39) we put x ^ 0°, we have, after substituting 
the functions of 0°, 

sin(— y) = — siny cos( — y) = cosy (56) 

whence by (9) and (2) 

, . sin ( — y) — sin V ,«»,. 

tan ( — y) = — ) — ^ =» ^ = — tany (57) 

^ ^' cos( — y) cosy ^ ^ ^ 

, . cos(— y) cosy ,^^. 

cot (- y) = . ; ^[ = ^ = — coty (58) 

^ ^' sm( — y) — siny ^ ^ ' 

1 1 

cosec ( — y) = -: — 7 -r = — • = — cosecy (60) 

^ ^^ sin ( — y) — sm y ^ ^ ' 

or, the sin,, tan,, cot, and cosec. of the negative of an angle are the 
negative of the sin,, tan., cot., and cosec. of the angle itself; and thi 
COS. and sec. are the same as those of the angle itself. 

38. In (37) and (39) let a; = 90° ; we find after reduction 

sin (90° — y) = cos y cos (90° — y) = sin y 

which agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let x = 90°, we find 

sin (90° + y) = cos y, cos (90° + y) = - sin y (61) 
whence by (9) and (2), 

tan (90° + y) = — cot y cot (90° + y) — — tan y (62) 

sec (90° + y) =^ •— cosec y cosec (90° + y) = sec y (63) 

or, the sin. and cosec. of an angle are equal to the cos. and sec. of the 
excess of the angle above 90° ; and the cos., tan., cot., and sev. are 
tiqual to the negatives of the sin.j cot., tan., and cosec. of the excess 
qf the angle above 90°. 
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89. In (37) and (39) let x = 180** ; we find 

sin (180^ - y) = sin y cos (180° - y) = - cos y (64; 

tan (180° — y) = — tan y cot (180° — y) = — cot y (66) 

sec (180° — y) = — sec y cosec (180° — y) = cosec y (66) 

or, the sin, and cosec. of the supplement of an angle are the same as 
those of the angle itself; and the cos,^ tan.y cot.^ and sec. are the 
negative of those of the angle itself 

40. If y is acute (that is, less than 90°), all its trig, functions are 
positive ; and since its supplement 180° — y is obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin. and 
cosec. of an obtuse angle are positive, while its cos.y tan.. cot.j and 
sec. are negative. 

41. In (36) and (38) let x = 180° ; we find 

sin (180° + y) « - sin y cos (180° + y) - - cos y (67) 

tan (180° + y) = tan y cot (180° + y) = cot y (68) 

sec (180° + y) — — sec y cosec (180° + y) = — cosecy (69) 

by means of which, if y is acute, we obtain the values of the sines, 
kq. of angles between 180° and 270°. 

42. In (37) and (39) let x » 270° ; we find 

sin (270° — y) = — cos y cos (270° — y) « — sin y (70) 

tan (270° — y) = cot y cot (270° — y) = tan y (71) 

sec (270° — y) = — cosec y cosec (270° — y) = — sec y (72) 

43. In (36) and (38) let x = 270° ; we find 

sin (270° + y) = - cos y cos (270° + y) - sin y (78) 

tan (270° + y) = - cot y cot (270° + y) = - tany (74) 

sec (270° + y) == cosec y cosec (270° + y) = — sec y (76) 

44. In (37) and (39) let x « 860° ; we find 

sin (360° - y) = - sin y cos (360° - y) - cos y (76) 

tan (360° - y) = - tan y cot (360° - y) = - cot y (77) 

sec (360° — y) = sec y cosec (360° — y) = — cosecy (78) 

or the functions of 360° — y are the same as those of — y (Art. 37). 

45. In (36) and (38) let x = 360° ; we find 

sin (360° + y)^ - sin y cos (360° + y) « cos y (79) 

9r, the functions of an angle which exceeds 860° are the same as 
those of the excess above 360°. 
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It follows that the functions of 720° + y are the same as those 
of 360° + y, and therefore the same as those of y ; and in like 
manner for an angle which exceeds any multiple of 360°.' 

46. Since y — 90° is the negative of 90° — y, we obtain from 
Art. 87, 



(80) 



I1g.l3. 
A* 



B'a 


/ 




B 


/ 


■in 4. 

CM — 


■in4- 

CP.+ 


\ 


f 


c 


C 




I 





\ : 


I 


\ 


■in — 


\- 


J 


\ 


CM — 


Tt.^. 


/ 


B'l 


^> 


J> 


B"' 



sin (y — 90°) = — sin (90° —y) = - cosy 
cos (y — 90°) =: cos (90° — y) = sin y 

whence also tan., &;c. ; and in the same manner we may find the func- 
tions of y - 180°, y - 270°, y - 360°, &c. 

47. We shall now give the geometrical interpretation of the pre- 
ceding results. 

In Fig. 13, let the radius revolve from the 
position OA to 0A\ 0A'\ &c., as in Art. 32, 
thus describing a continuously increasing an- 
gular magnitude ; or, which is equivalent, let 
the arc commencing at A increase continuous- 
ly to ABy AA\ AB\ &c. Then the changes 
in the values of the several trigonometric lines 
^,„ may be traced as follows. 

1st. The sine being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn through the other extremity, 
we shall have sin AB =- BO, sin AB' = B' C\ sin A A!' B" = B" 0\ 
sin AA"B"' = B'"0, and if we make 

AB = A"B' =» A''B'' = AB''' = y 

we have 

siny ^BQ 

sin (180° ^y)^WQ' 

sin (180° + y) = jB" C 

sin (360° - y) = B" 

The lines jB(7, B' O', W G\ JB'" (7, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formulae enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 

sin (180° — y) = sin y 
sin (180° -^ y) = — sin y 
sin (360° — y) = — sin y 

so that the sines from 0° to 180° are positive, while those from 180° 
to 360° are negative ; or the sines which are ahove the diameter 
A A!' are positive, while those which are helow this diameter are 
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negative ; or still more generally, the sines that have opposite di- 
rections^ with reference to the fixed diameter from which they are 
measured, have opposite signs. 

2d. The cosine being, by Art. 21, the distance from the center to 
the foot of the sine, we have 

cos y ■= (7 

cos(180«-y) = Oa' 

cos (180^ + y) = (7' 

cos (860^ — y) = (7 

but by (64), (67), (76), 

cos(180°— y)s= — cosy 
cos(180^ + y) = — cosy 
cos (860® — y) = cos y 

so that the cosines on the right of the diameter A' A"' are positive, 
while those on the left of this diameter are negative ; or rather the 
cosines that have opposite directions^ with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz. : that all lines measured in op- 
posite directions from a fixed line have opposite signs. 

To interpret the results (56), it is only necessary to observe that 
a negative arc will be one reckoned from A towards JB% or in the 
opposite direction to that of the positive arc, so that 

sin AB"' = sin (- y) « ^"(7« --BO^- siny 

cos AB'" =■ cos ( — y) SB (7 » cos y 

as in (56). 

The same principle applies to the tangents, but it will be simpler 
in practice to obtain their signs (as also those of the secants), ana* 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufficient to bear in mind the following table, which is alsu 
expressed by Fig. 13. 



SiNB 

Cosine 


1st Quad. 


2d Quad. 


8d Quad. 


4th Quad. 


+ 
+ 


+ 


— 


+ 
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Jfi 




X^ 


B 
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iin + 


tin + 
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[ 


C" 
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\ 
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\ 


•IB — 
CM — 


sin — 


J 


i?/J 




^^^ 


Bftf 



A"f 



"l^,"' 48. The particular values of the nne and 

cosine at A^ A'^ A'\ ftc, or sin. and cos. of 
0°, 90°, 180°, 4;c., may also be found bj 
Fig. 18, upon the same principles ; but this 

^"1 — V^ — rl H \A "^e leave to the student. 

49. GsNBRAL Remark. — ^In the demon- 
stration of the fundamental formulae for 
sin (a;dzy), and cos (jrdby), Art. 81, the 
angles x, y and x-^^y were all taken less than 90° and positive. 
In this chapter these formulse have been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them take opposite direc- 
tions. It follows that, in deducing trigonometric formulae from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of the various cases of the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 
trigonometric functions which have now been determined. 

60. Tlie results of this chapter may be expressed by a few general formiiU». 
From (79) it appears that all the trigonometric functions return to the same values 
after one or more complete reyolutions of 8G0^. If we represent the semi-circum- 
ference, or two right angles, by sr (Art. 11), and let n tm any whole number or lero, 
we shall have 



8in4n-^ :=0 



ooB 4 n -^ ss 1 
A 



(81) 



8in(4« + l)^=,l 



008 (4 ft 4* 1) 7 <B 



(82) 



8in(4»+2)|. = 



00B(4n+2)|-o. — 1 



(88) 



whence 



sin(4n-|.8)^a: — 1 



oos(4fi-h8)f «0 



(84) 



tan4n-^sBsO 



tan (4 n -I- 1) — ssa 00 



taa (411-1-2) -^eO 



tan(4ii4-8)y=oo 



or the tan. of the eyen multiples of -^ =» 0, and of the odd multiples ssoo • so that 
H% may write more simply 



tan2ii-^ss0 

A 



t«i(2»+l)y«ioO 



(86) 
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In these formiilsB we ksTe only to ^Te n one of the yalues 0, 1, 2, 8, 4, fto., to 
obtain the functions of any given multiple of the right angle. Thus, ire find 

ft 9r 

sin 450® =ssin5 — sssin(4-f-l)-o~^l^y mftl^g n := 1, in (82). 

mm 

Since the subtraction of 8 n -^ from the arc will not change the fdnctionB, tut 

aboTe formulsD are also true when n is a negative whole number. 

51. In a similar manner we obtain 

sin r4 n ~ -|- y I SB Bin y oos T 4 n — -f- y | ==» <^^b y ^) 

Bin[(4«+l)|. + y]«oo»y cob [(4ii+ 1) -^ + y] =- siny (87) 

Bin [(4 « + 2) |- + y] « — siny cob [(4 » + 2) |1 + y] = — cosy (88) 

8in[(4n+8)|- + y] =. — coay cos[(4n + 8) ^ + y] = siny (8&) 

tan r2 n ^ + y1 SB tan y tan r(2 n + 1) -^ + yj aa — cot y (90) 

in which n may be any whole number, positiye or negatiye, and y any angle, positiye 
or negatiye. 

52. A still more concise form may be given to the formuliB of the two preceding 
articles, as follows : n being, as before, any whole number, positiye or negative. 

Bin 2 n -^ ss cos 2 n ^ s (— 1)» (91) 

rin (2 n + 1) |.=(-1)- • eo«(2«+l)^=-0 (92) 

Bin [2 n |^ + y]=(— l)«Mny 00s [s « |- + y]= (— l)"008y (98) 

8in[(2fi+l)^+y]«(-l)«oosy oos[(2M-l) y+y] «-(-!)• «^y (94) 

and from these (85) and (90) may be directly deduced. 

53. We have seen that an angle being given, there is but one corresponding sine. 
On the other hand, a sine being given, there is an indefinite number of angles cor- 
responding ; for if a denote the given sine, and y any corresponding angle, then a is 
also the sine of all the anglea 

w — y, 2 «• 4- y, Zw — y, Ac. 

— jr — y, — 2 jr 4* y» — ^ «' — Vf &«• 

or in general 

asssiny=s sin[n«'-4- ( — l)*y] (^fi) 

o2 
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In like maimer if a is a giyen cosine, and y any corresponding angle, 

a = COB y = cos (2 ft irii: y) (96) 

and if a is a giyen tangent corresponding to the angle y, 

a ss tan y s= tan (nir-i- y) (97* 

SiNB AND Tangent of a Small Angle or Arc. 

54. When the angle AOB^x^ Fig. 14, is 
very Efmall, the sine and tangent are very nearly 
equal to the arc A By which measures the angle, 
\b the radius being unity ; and the cosine and secant 
are nearly equal to 0-4. =» 1 (Art. 21). There- 
fore, to find the sine or tangent of a very small 
angle approximately^ we l^ve only to find the 
length of the arc by Art. 9 ; thus 

sin V = arc V = 0.000004848137 

log. sin V = 4-6855749 

and X being a small angle, or arc, expressed in seconds, 

sin X = tan x^xbidl V (98) 

* 

~ If a; is expressed in minutes, 

sin X = tan a; == a: sin 1' (99) 

If X expresses the length of the arc, the radius being unity, 

sin X = tan a; = a: (^00) 

The employment of these approximate values must be governed by 
the degree of accuracy required in a particular application. It is 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1^. 

56. If X and y are any two small angles, it follows from the pre- 
ceding article that 

sin a: : sin y = a? sin V'ly sin 1" = a? : y 
that is, th.e sines {or tangents) of small angles are proportional to the 
angles themselves. The application of this theorem, however, like 
that of the preceding, must depend upon the accuracy required in 
the problem in which it is employed.* 

*For a full discussion of the limits under which this theorem may be employed, 
see a paper, by the author of this work, in the Astronomical Journal, (Cambridge. 
Mass.) YoL i. p. 84. 
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CHAPTER IV. 

GENERAL FORMULSS. 

56. We have already obtained four fundamental equations, (36), 
(37), (88), and (39), involving two angles, x and y. From these we 
shall now deduce a number of formulae, either required in the sub- 
sequent parts of this work, or of general utility in the applications 
of trigonometry. 

57. The sum and difference of the equations (36) and (37) are 

sin (a? + y) + sin (a? — y) = 2 sin x cos y (1^^) 

sin (a? + y) — sin (a: — y) = 2 cos x sin y (1^2) 

and the sum and difference of (38) and (39) are 

cos (a? + y) + cos [x — y) = 2 cos x cos y (^0^) 

cos {x + y\^ cos (a: — y) = — 2 sin a? siny (1®^) 

58. If we put 

x + y^x^ 
x — y^y' 

whence 2 a? = a;' + y', a? = J (ar' + y') 

2y = a/-y', y = J(a/-yO 
equation (101) will become 

sin a/ + sin y' = 2 sin J (a:' + yO cos J (a:' — yO 

and (102), (103), and (104) admit of a similar transformation. But 
since x! and y' admit of all varieties of value, we may omit the 
accents and apply the formulse to any two angles x and y ; we have 
thus 

sin a? + sin y = 2 sin J (a; + y) cos } (a: — y) (105) 

^ sin a: — sin y = 2 cos J (a; + y) sin J (a; — y) (106' 

cos a? + COS y = 2 COS J (a; + y) cos \ (a; — y) (107) 

I cos a; - cos y = — 2 sin J (a; + y) sin \{x — y^ (108) 

Each of these equations may be enunciated as a theorem ; thus 



82 PLANS TRIGONOMBTBT. 

(105) expresses that <<the sum of the sines of any two angles is 
equal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difference." 

These formulae are of frequent use (especially in computations 
performed by logarithms), in transforming a sum or difference into 
a product. 

69. Dividing (105) by (106), we have by (14) and (15) 

sin a; + siny ^ , / . x , , , v 

-: r-^ = tan J (a? + y) cot J (a? —y) 

sina? — Biny ^ 

or by (2) 

sina: + siny ^ tanf (a;+y) 

sin X — siny tan J (a? — y) ^^y" \ ) 

and from (107) and (108) we find in the same manner 

cos X — cos V 

^ = - tani (aj +y) tani(a; -y) (110) 

cos a? + cosy a \ • jr/ a\ if/ v / 

We find also 

sina; + sinw , , . v ,^^^v 

T = tan J (a: + y) (111) 

cosa; + cosy a \ jr/ \ / 

sina: — siny . , . ^--.^v 

^ = tan i(x-y) (112) 

cosa; + cosy ^ \ i// \ j 

sina: + siny 
cos a; — cosy 



-cotJ(a?-y) (113) 



sm X — sm V 

' ^ = - cot J(a: +y) (114) 

cos a? — cosy a \ • if/ v / 

60. Divide the equations (36), (37), (38) and (39) by cos x cos y ; 
then by (14) we have 

"° ^"^ "*" ^^ = tan a; + tan y ^ (116) 

cos a; cos y ^ ^ ^ 

sinfa: — y) ,w^^x 

— ^ ^ = tan a; — tan y A. (116) 

cos a; cos y ^ -^ v / 

^-^^^^^^^ = l-tana:tany (117) 

cos a; cosy ^ ^ ' 



cos (x — y) ^ 

^ ' == 1 + tan X tan y 

cos a; cosy ^ 



(118) 
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61. Divide (36), (37), (38) and (39) by .sin a; siny; and by sin x 
COB y\ then 

sin \% "4— 4/1 

. ^ . '^^ = cot t^ =fc cot X (119) 

sm a; sm y ^ ^ ^ ' 

cos {x±y) . ,^ _^. 

. ^ . ^ = cot rr cot V IF 1 (120) 

sm a; sm y ^ ^ ' 

?^^^^^^ = l=bcota;tany (121) 

sin X cos y ^ ^ ' 

cos fa: db 1/1 ,^ ^^ 

-.— ^^ ^ = cot a: =F tan y (122 1 

sin X cos y 

62. Divide (115) by (117), and (116) by (118) ; then by (14) 

A^ ... tana; + tantf ,*nn-. 

*^^(^ + ^) = l-tan.tan y . (^^3) 

i^ ^ t \ tan a: — tan y /i n /i \ 

'^ tan (a; — y) = :r-7-i r-^ (124) 

^ ^^ l+tana;tany ^ / 

by which, when the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 
of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 

. / . \ cot V cot a; qp 1 /i oc\ 

cot (a: db y) = - - ~— ; — r— (125) 

^ ^\ cotydrcota: ^ * 

63. Dividing (115) by (116), and (117) by (US;, (;or from the 
equations of Art. 61), we have 

sin(a; + y) tana; + tany coty + cota; /io«\ 

— \1LX}) 



sin {x — y) tan x — tan y cot y — cot x 

cos(a;+y). 1 — tanxtany cota:coty— 1 
cos (a; — y) ~ 1 + tan a; tan y "" 30t a; coty +1 



(127) 



64. Formalse for secants are obtained from those for cosines by means of (2) . 
thus we find 

sec (xzhy) = 



cos z cos y =f= sm x smy 
and multiplying numerator and denominator by sec x sec y, 

, , X aec X sec y ,- „,,. 

sec (z dc y) = 7— TT -r — (^28) 

1 ^ tan X tan y 
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AIbo nnoe 

1 , 1 COS y db 008* 

sec X dc secy = rt = 

coBz cosy cos z 008 y 

we find by (107) and (108) p 

see X + sec y = 2 ^os H^ + y) co8 H^ - y) (^29) 

cos X COS y ^ 

2 Bin} (x + y) sin } (x — y) „-^. 

seo z — sec y =s ^-^ — ^--^^ ^-i zi. (180 . 

cos X 008 y ^ '' 

In the same manner from (106) and (106) 

2Bin} (x + y)cos}(x — y) 

coseo X 4- coseo y s=b ^-^ — ^ — —, — =-^ ^ (131) 

' sin X sin y ^ ^ 

«n.«.* «n-«.,, g COB n^ + y) sin H^^ ~ y) ,,«,,, 

oosec X — cosec y = — ; : (I02) 

^ Binx siny ^ ' 

These formulae, although generally omitted in treatises on trigonometry, inll be 
found useful in a subsequent part of this work. 

65. The product of (36) and (37), and of (38) and (39), are 

sin {x + y) sin (a; — y) = sin* x cos*y — cos* x sin*y 
cos (x + y) cos (a; — y) = cos* x cos* y — sin* x sin*y 

By (13) we have cos* a: = 1 — sin* x and cos* y == 1 — sin* y, 
which substituted in the preceding equations, give 

sin {x + y) sin (a? — y) = sin* x — sin*y = cos*y — cos* x (133) 
cos (x + y) cos (a? — y) = cos* a? — sin*y = cos*y — sin* x (134) 

66. In (36), (38) and (123), let y = ar, we find 

sin 2 a; = 2 sin a; cos a; ^ (1^5^ 

cos 2 a; = cos* x — sin* x ' (1^6) 

^ 2 tan a; v-»o»t\ 

by which the functions of the double angle may be found from those 
of the simple angle. 

67. To find the functions of the half angle from those, of the 
whole angle, we have, from (13) and (136), 

cos* x + sin* a; = 1 
cos* X — sin* X =■ cos 2 x 

the sum and difierence of which are 

2 cos* a: = 1 + cos 2 a; 
2 sin* a; = 1 — cos 2 x 
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As these express the relations of an angle 2 x and its half x, their 
meaning will not be changed by writing x and } x instead of 2 s? 
and X ; whence 

2co8»Ja: = l +co8aj (188) 

28in»Ja;-l-cosa? (189) 
the quotient of which is 

tan«Ja:=I-^-?^ (140) 

' 1 + cos a? ^ ' 

68. The following msy be proposed as exercises. 

2 tan J « 2 

"^*"=rqFnsiqii"ootj«+tanj« <^*^^ 

2tan}x 2 „.«v 

V t>nx« ^_^,^^ « ^^^^_^^^ (U2) 

tan* }x+2eotxtan}a; — IsO <14d) 

tan* ix—2 oosec x^n^x-flaO (144) 

1 — tan* } X 

^^"^= l + tan*i« ^^^) ' 

tan i « = eosee x — oot x ^ — ; r— (146) 

oot } X SB eoseo x -f* cot x ^ — ^? (147) 



/^ 



. , 14-sinx — oosx /-.q. 

tan } X ss= T , J (148) 

l-)-8mx-)-eosx 



69. Several useful formulae result from the preceding, bj intro- 
ducing 46^ or 30^. If a; = 46° in (36), (37), (38), and (39), we 
have, by (38), 

cosvdbsiny , _ 

sin (45° ± y) == cos (45° =Fy) = \/2 ^^^^^ 

whence 

cosy it sin y 

tan (45° ± y) =- cot (45° :f y) « . (150) 

V itjfy V -T-ify cosyq=smy ^ ^ 

in which either the upper signs must be taken throvghoat, or the 
lower signs throughout. 

If we divide the numerator and denominator of (150) by cos y or 

Biay, 

1 rt tan y cot y ± 1 

tan (45° ± y) = i 1 — - = — T (1511 

.' ^ ^^^ 1 :^ tan y cot y =f: 1 ^ 
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From this, by (67), 

tan y — 1 

70. Again, let z = 90° ± y in (188), (189) (140), and (146), 

rin (46<> =t } y) = cos (45» :,: J y) = / (^-^^) (153) 

tan(46»±}y)=J(l^) (164) 

tan (45» db J y) = L^i?^ = x-^?- (165) 

V » »^ ooB y 1 ^ 8in y » ' 

From the last we find 

tan (460 + } y) + tan (46<>- Jy) =^ =2 secy (166) 

tan (45» + i y) - tan (460 - } y) = ^^ = 2 tan y (157) 

the quotient of which is 

tan(45o+}y)^t>m(45o^}y) ^ 

tan (46° + i y) + tan (45° — J y) ^ ^ ^ ^ 

71. In (101), (102), (103) and (104), let a: « 30° ; then by (27) 
and (28) 

sin (30° + y) + Bin (30° - y) = cos y (159) 

sin (30° + y) - sin (30° - y) = sin y v/ 3 (160) 

cos (30° + y) + cos (30° - y) =» cos y v/ 3 (161) 

cos (30° + y) - cos (30° - y) = - sin y (162) 

and in a similar manner we may introduce 60° ; but it is unneces- 
sary to extend these substitutions, as they involve no difficulty, and 
can be made as occasion demands; 

FoBHxriLB roK Mitltzpli Akglss. 

72. From (101) and (102) we have 

sin (y 4- x) = 2 sin y oos x — sin (y — z) 
sin (y + aj) = 2 cos y sin x + ^^^ {V — ^) 
in which let y s=s (m — 1) 2C ; then 

sin mz = 2 sin (m — 1) a; cos x — sin (m — 2) x (163) 

sin mx = 2 cos (m — 1) x sin x + sin (m — 2) x (^^^) 

which are the general formnlae for computing the sine of any mnltiple tnx from the 
lower multiples (m — 1) x and (m — 2) x, and the simple angle x. 
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If we make m suocessiYelj 1, 2, 3, 4, &c., these formulss give 
sin a; ^ sin z s= sin x 

I 

sin 2 z s=t 2 sin x cos x a= 2 cos x sin x 

sin 8 a; = 2 sin 2 z cos x — sin x bs 2 cos 2 z sin z -|- ^in x 
sin 4 z ss 2 sin 8 x cos z — sin 2 z ^ 2 cos 3 z sin z -{- sui 2 z 
&o. &C. 

78. From (108) and (104) 

cos (y 4- *) = 2 cos y co^i z — cos (y — z) 
cos (y 4* 3;) =s — 2 sin y sin z -{- cos (y — z) 

which, if we put y = (m — 1) z, become 

cos mx =s .2 cos (m — 1) z cos z — cos (m — 2) z (1®^) 

cos mx =s — 2 sin (flt — 1) z sin z 4- cos (m — 2) z (1®^) 

If m is taken snccessiyely equal to 1, 2, 8, 4, &c. 

cos Z =s cos Z as COS Z 

cos 2 z =s 2 COS z cos z — 1 ^ — 2sinz sinz^-l 

cos 8 z =: 2 cos 2 z cos z — cos z = — 2sin2zsinz-|- cos z 
cos 4 z =s 2 cos 8 z cos z — cos 2 z =s — 2 sin 8 z sin z -f- cos 2 z 
&c. &c. 

74. In (128) let y =s (m — 1) z ; then 



whence 



tan «x = to" ("» - 1) ' + tan » „ j„ 

1 — tan (m — 1) z tan z 

tan 2 z 4- tan z 
tan z =s tan z tan 8 z ss 



1 — tan 2 z tan z 



^ « 2 tan z ^ , tan 8 z -f tan z 

tan 2 z a= :; — r— tan 4 z s= = 5 — 7 • 

1 — tan' z 1 — tan 3 x tan i 

75. If in t^e expression for sin 8 z, Art. 72, we substitute the value of sin 2 x, 
we find 

sin 8 z ss 4 sin z cos' z — sin z 

hj which we find the sine of the multiple directly from the functions of the simple 
angle. If this be substituted in the expression for sin 4 x, the latter will also be 
expressed in terms of the simple angle. By these successive substitutions we easily 
obtain the following tables: 

sin z s=5 sin z 

sin 2 z = 2 sin z cos z 

sin 8 z s= 4 sin z cos' z — sin z | 

sin 4 z =s 8 sin z cos* z — 4 sin z cos x 
&c. 

76. cos z = cos z 

cos 2 z =s 2 cos' z — 1 

cos 8 z = 4 cos" X — 8 cos z 

cos 4 z s=. 8 cos* z — 8 cos' z -(- 1 
&c 

D 
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77. If in these equations we vabstitiite for oos* x as 1 — sin* z they beoomo 

nn X S8 naap 
8in29sB2riBjr^(l — tin* a?) 
sinSxasSsiBz — 4 sin* z 
siB4xxs(4 6inx-~S ab* x) ^ (1 — » sin* x\ 
&e. 

78. cos X ss ^ (1 — nn*x) 

eoB 2 X «s 1 — 2 un* x 

COS 8 X a (1 ~ 4 sin* x) v^ (1 — ^« x) 

008 4 X =8 1 — 8 sin* x -(- 8 sin* x 
&o. 

From the preceding tables it appears that the cosine of the multiple angle maj 
always be expressed rationally in terms of the oosine of the simple angle ; but that 
the sine of only the odd multiples and the oosine of only the even multiples can be 
expressed rationally in terms of the sine of the simple angle. 

79. By successiye substitutions we find frcun the formuln of Art. 74. 

tarn X sss tanx 

2ian x 
tan2xa= 



tan8x a 



tan4 X =s 



1 — tan*x 

8 tan X — tan* x 
1 — 8 tan* X 

4 tan X — 4 tan* x . 
1 — 6 tan* X + tan^ 
&c. 



80. The preceding resulta are but particular applications of general fcnnulsB to 
be giyen hereafter, (Chapter XY.) They-are introduced here for the conyenience 
of reference in elementary applications. The powers of the sine or cosine of the 
simple angle may also be expressed in the multiples of the angile: but they are most 
readily, obtained from the general formulsB of Chapter XY. 
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81. Let Xj y, and g be any three angles ; we haye, by (86) and (88), 

tan (z -^ y •{- z) SB an (x -\' y) eoa g -{^ COS (z '\- p) nn St 

^ sin X cos y cos z -{• cos x sin y cos z 
-]- cos X cos y sin 2? — sin x sin y sin « (^^) 

cos (x + y + ^) = cos (x + y) cos z — sin (x + y) sin » 

= cos X cos y cos z — sin x sin y cos z 
— sin X cos y sin j; — cos x sin y sin 2 (^^^) 

and in the same way we may deyelop the sines and cosines of x -f- y — ^t 3? — y 4" ^r 
&c. ; but we may find these directly from (168) and (169) by changing the tign of t, 
y, &c., and obserying (56). 
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The quotient of (168) diyided by (169) gives, after dividing the numerator ana 
denominator by cos z cos y cos 2, 

tan (z + y 4- z) = tan z + tan y + tan g — tan x ta n y ta n g 

1 — tan % tan y — tan z tan z — tan y tan z ^ ' 

82. Let z, y and z be any three angles, and from the equations 

sin (z — z) =£ sin z cos z — cos z sin z 
sin (y — z) as sin y cos s — cos y sin g 

let cos z be eliminated ; we find 

sinyBin(z — z) — sinzsia (y — z) :s sin z (sin z cos y — cos z sin y) 

SB sin z sin (z — y) 

If sin z is eliminated, we find 

cos y sin (z — z) — cos z sin (y — z) as cos z sin (z — y) 

These equations may be more elegantly expressed, as follows : 

sin z sin (y — z)-\-f^y sin (z — z) -f- sin z sin (z — y) 8= (1^1) 
cos z sin (y — 2) 4- <sos y sin (z — z) + cos z sin (z — ^ y) sa (172) 

A number of similar relations may be deduced from these by substituting 90° :i: z, 
&c., for z, &c. 
88. Let 

» « J (* + y + «) 

we have by (104) 

2 sin V sin (0 — z) ^ cos z — cos (2 v — z) &a cos z — cos (y -}- ') 
2 sin (o — y) sin (» — z) =8 cos (y — z) — cos (2 t; — y — z) 

as COS (y — z) — cos z 

the product of which is 

4 sin V sin (v — z) sin (© — y) sin {y — z) sb cos z [cos (y — z) + cos (y + z)] 

— cos* z — cos (y + af) cos (y — z) 

Reducing the second member by (103) and (134) ; 

4 sin o sin (v — z) sin (o — y) sin (o — z) as 2 cos z cos y cos z — cos* z . 

— cos* y — cos* z + 1 (178) 

In the same manner we find 

4 cos V cos (» — z) cos (c — y) cos (» — z) =a 2 cos z cos y cos z 4- cos* z 

+ cos* y 4- cos* z — 1 » (174) 

84. The following may be proposed as exercises. 
«mz4-8iny4-8inz — sin (z4-y + *)*«^*"^}(*+y)*^^}(*+''^) *i'^Hy+^) (176) 
cos z4- cosy 4- cos z 4- cos (z4-y 4-*) ^ 4co8 J (z4-y) cos J (z4- 2) cos } (y 4* «) (176) 

sin (z 4- y 4- z) 



tan z 4* tan y 4- tan z — tan x tan y tan z as 



cos z cos y cos z 



(177) 



cot z 4- cot y 4- cot z — cot z cot y cot z ss — 



cos (z 4- y 4- 2) 
sin z sin y sin z 



a78) 



(179) 
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4 [si Q (aJ+y+^) t2 sin 2 sin y sin «]• == 4 [sin (x+y) cos i? + cos (x — y) sin «]• 
s= [1 — cos (2 2 + 2 y)] (1 + cos 2 2) + [1 + cos (2 x— 2 y)] (1 — oos22) 

4" ^ (si^ 2 z -|- sin 2 y) sin 2 2 

=r 2 (14-sin 2 z sin 2 y-f-sin 2 z sin 2 z 4~ Bin2 y sin 2 2 — cos 2 zcos 2 y cos2z) 

85. Let the sum of three angles z, y and 2 be sr, or a multiple of t, that is, an ^v^ti 

multiple of -^ a condition which is expressed by the equation 

z + y+2 = 2n.^ (180) 

then, tan (z -|- y -{- z) = 0, and the first member of (170) being thus reduced to 
zero, the numerator of the second number must be zero, or 

tan z -{- tan y -|- tan z = tan z tan y tan 2 (1^^) 

an equation, it must be remembered, that is true only under the condition (180). 
Since z, y and z may be selected in an infinite yariety of ways so as to satisfy (180), 
it follows from (181) that there is an infinite number of solutions of the problem, 
• ^* to find three numbers whose sum is equal to their product." 

Let the sum of three angles z, y and 2 be -^r- or an odd multiple of -^ ; that is, let 

» + y + «=(2»+l)|. (182) 

then, tan (z -f- y -|- 2) == OC) and the denominator of (170) must be zero, or 

tan z tan y -)- tan z tan 2 -f- tan y tan 2 sss 1 

which^ divided by tan z tan y tan 2, gives 

cot z -j- cot y 4- cot 2 s=: cot z cot y cot 2 (-^^j 

a relation that holds only under the condition (182). 

86. Let 

X'\-y'\-z^nfr^1n^ (184) 

We have by (93) and (91) 

cos {^^-\- y — 2) = cos {uTT — 2 z) = ( — 1)* cos 2 2 

cos (z — y + ^) = cos (n JT — 2 y) = ( — 1)* cos 2 y 

cos (y + « — z) = cos (« jr — 2 z) = ( — 1)*» cos 2 z 

cos (y + 2 + z) = cos nv = ( — 1)» 

the sums of the first two and of the second two are by (103) 

2 cos z cos (y — 2) = ( — 1)" (cos 2 2 + cos 2 y) 

2 cos z cos (y + 2) =s ( — 1)*» (cos 2 z + 1) 
and the sum and difi'erence of these equations are 

4 cos z cos y cos z = ( — 1)" (cos 2 2 +.cos 2 y + cos 2 z+ 1) 
4 cos z sin y sin z = ( — 1)" (cos 2 2+ cos 2 y — cos 2 z — 1) 

or db 4 cos z cos y cos 2 = cos 2 z + cos 2 y + cos 2 2+1 (185) 

± 4 cos z sin y sin 2 = — cos 2 z + cos 2 y + cos 2 2 — 1 (186) 

the upper sign being ta^en when n in (184) is even, the lower when n is odd. 
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In the same manner we obtain 

zp 4 sin 2 Bin ^ sin 2; =s sin 2 x -|- sin 2 y -f- s^° 2 ^ (1^7) 

zp 4 sin X cos y cos a =3 — sin 2 x 4- sin 2 y -|- sin 2 2 (188) 

the signs being taken as above. 
Again, let 

x + y+z^(2n+l)j (189; 

we shall find by the same process 

t 

zt: 4 sin X sin y sin 2 =s= cos 2 x -|- cos 2 y 4- cos 2 s — 1 ' (190) 

=b 4 sin X cos y cos 2 ss — cos 2x4- cos 2 y -f- cos 2 « -|~ ^ 0-^^) 

± 4 cos X cos y cos 2 s=3 sin 2 x -{- sin 2 y 4- sin 2 s (^^2) 

db 4 cos X sin y sin 2 S3S — sin 2 x 4- sin 2 y 4- sin 2 f G^8) 

4. or — according as n in (189) is even or odd. 

Inverse Trioonometrio Functions. 

87. If 

y = sin a? 

y is an explicit function of Xy and, since x and y are mutually de«> 
pendent, x is an implicit function of y ; but to express x in the 
form of an explicit function of, y, we write* 

X = sin ~* y 

which is read, "a; equal to the angle (or arc) whose sine is y," and 
X is called the inverse function of y, or of sine x. 

In like manner tan'^y is <<the angle or arc whose tangent is 
y," &c- 

88. Many of the formulsd already given may be conyeniently expressed with the 
aid 6f this notation. Thus, by (16), 

X = sec""* ^(14- tan* x) 

or if we put y ^ tan x 

tan-« y « sec-* y/ (1 4- y») 



* This notation was suggested by the use of the negative exponents in algebra. 
If we have y as nx, we also have x = n^^ y, where y is a function of x, and x is 
the corresponding inverse function of y. The latter equation might be read '* x is 
a quantity which multiplied by n gives y." It may be necessary to caution the be- 
ginner against the error of supposing that sin~' y is equivalent to — ; . 

For a general view of the nature of inverse functions, see Peirce's Diff. Calc 

Arts. 13, et seq. 

6 d2 
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And in the same way the formulsB of Art 28 give 

sin "^ y = cosec ""* — = cob~' v^ (1 — y') = tan "^ y /i^ t>\ 
COS-* y.= sec-' i = sin"" y/ (1 — y*) « tan""' ^^^^^^ 

9 9 

tan-« y zs cot"* — == sin"' .... >x = cos"" . ^4 , >v 
FormnlflB (128) and (124) may be written 

xztzy SB tan 



_, tan z zjz tan y 



1 qp tan z tany 
or putting t s=s tan z, f ^ tan y, 



tan"* < rfctan-* f s tan"* = -p- (IW) 



Also the formulsd of Arts. 67 and 68 give 



cos 



-,_.^-J(ii:-«)-^~-J(4^')- = "-J(;-if) 

89. We may also employ the notation sin"* (cos z) or "the arc whose sine it 
equal to the cosine of z,** i. e. <<the complement of ^* ; and sin (cos"* y) or "th« 
sine of the arc whose cosine is y," &c. We shall have accordingly 

sin (sin ^* y) ^ y tan (tan"* y) = y &c. 

sin ~* (sin z) =^ z tan — * (tan z) ^ z &c. 

But it must he observed that since the same sine or tangent corresponds to tm 
infinite number of angles, (Art. 68,) these last equations should be written 

sin—* (sin x) aain jt + ( — 1)* »» **» ~* (tan z) xk n «" -}" * 

which are equiyalent to (95) and (97). 
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CHAPTER V. 

TRIGONOMETRIC TABLES. 

90. Before proceeding to the numerical computation of triangles 
and to other applications of the preceding formulae, the student should 
make himself acquainted with the arrangement of, and the mode of 
consulting, the trigonoinetric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
suppose also that he is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables ;* the first, called the 
Tctble of Natural SineSj ^c, contains simply the numerical values 
of the sines, tangents, &c* for each given value of the angle; the 

* The most conTenient seyen-figore tables yet published in this ooantry are Stan-' 
l^% already mentioned, p. 12. Attached to these are also five-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in eztensiTe and yaried oalculations, generally provide them- 
seWes not only with tables of seven figures^ but also with those of six, of five, a&d 
even of four figures — ^the selection and use of a particular table in any case being 
determined by the degree of precision sought for in the results. We might, indeed, 
employ seven-figure, or even ten-figure tables in all cases, and reject the final figures 
of our results, when a lower degree of approximation is thought sufficient ; but it is 
clearly a loss of time and labor to employ other figures besides those which are ne 
oessary in arriving at the proposed degree of precision. 

The best six-figure tables are to be found in Bremiker's Nova Tabula Berolmenns, 
(Berlin, 1S52,) which are distinguished for simptioity of arrangonent, as weU as ac- 
curacy. 

Bowditch's five-figure tables, in his Epitome of Navigation, are valuable on account 
of their undoubted accuracy. 

Four-figure tables are to be foxmd in various coUections, as for instance, in Schu- 
macher's ffulfstafdn, (edited by Wamstorff,) 

Of the German seven-figure tables we may cite those of Vega, of which Bremiker's 
edition is the best : of the English, Taylor's, Button's, Babbage's, Shortrede's ; and 
>f the French, Gallet's, Bagay's, Borda's. Taylor's, Shortrede's, and Bagay's give 
the log. functions to every second of the quadrant ; Borda's give the functions corre- 
sponding to tiie centesimal division of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must be had to the 
ten-figure tables of Ylacq, Thesaurus Logarithmorum Complettu, edited by Tega, 
(Leipzig, 1794.) 
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second, called the Table of Logarithmic SineSy ^c.j contains the lo- 
garithms of the numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most useful. 

Table of Natural Sines, &c. 

91. The arrangement of this table will be understood from a sim- 
ple inspection. It contains the sines, &c. of angles between zero 
and 90^, generally for every minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolations similar in their nature to those that are re- 
quired in using tables of logarithms of numbers. This interpolation 
is based upon the supposition that the differences of the sines, &c., 
are proportional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a sufScient ap- 
proximation, provided the differences of the angles of the table are 
sufficiently small. When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10'^, and 
the sines, &c., should be given to at least seven decimal places. 

92. As every angle between 45° and 90° is the complement of 
another between 45° and 0°, every sine of an angle less than 45° 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, &c. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45°, 
by giving them at the bottom of the table the names of the comple- 
mental functions. 

93. As the sines, &c., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables are not ex- 
tended beyond 90° ; but we easily deduce the functions of all other 
angles by the principles of Chap. III. 

For the functions of an angle between 90° and 180°, we may take 
tiie same functions of its supplement, observing to prefix the proper 
algebraic sign. Art. 39. . Thus, from Button's Tables we find 

sin 140° 16' = sin 39° 44' = 0-6392153 
cos 140° 16' = - cos 39° 44' = - 0-7690278 
tan 140° 16' = - tan 39° 44' = - 0-8311992 
cot 140° 16' = - cot 39° 44' = - 1-2030810 
sec 140° 16' = - sec 39° 44' = - 1-3003431 
cosec 140° 16' =• cosec 39° 44' = 1-5644181 
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remembering that in the 2d quadrant all the functions are negative 
except the sine, and its reciprocal, the cosecant. 

Or, we may (Art. 38) deduct 90° from the given angle and take 
from the table the complemental functions of the remainder, prefix- 
ing the signs as before ; thus 

sin 140° 16' = cos 60° 16' = &c. 
cos 140° 16' = - sin 50° 16' = &c. 

which is the better practical method, as the subtraction of 90° may 
be performed mentally. • 

94. For angles between 180° and 270°, we deduct 180° and take 
the same functions of the remainder, prefixing the signs that belong 
to the 3d quadrant. Art. 41 ; thus 

sin 220° 26' « - sin 40° 26' 
cos 220° 26' « - cos 40° 26' 
tan 220° 26' = + tan 40° 26' &c. 

95. For angles between 270° and 360°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant. Art. 43 ; thus 

sin 331° 27' = - cos 61° 27' 
cos 331° 27' = + sin 61° 27' 
tan 331° 27' = - cot 61° 27' &c. 

Or we may take the same functions of the difference between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functions 
with their signs. Art. 45 ; and if the angle exceeds 720°, 1080°, &c., 
we deduct 720°, 1080°, &c. ; thus 

cos 840° 45' = cos 120° 45° = - sin 30° 45' 
tan 1372° 13' = tan 292° 13' = - cot 22° 13' 

Table of Logarithmic Sines, &;c. 

97. In this table we find the logarithms of the numbers in the 
Table of Natural Sines arranged in precisely the same manner ; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices ; but these are avoided in the usual manner by increasing the 
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index by 10, so that we find the index 9 instead of ~ 1, 8 instead 
of — 2, &c. The tangents under 45° being also less than unity, 
the indices of their logs, are also increased by 10. 

In some tables, to preserve uniformity, the indices of the logs, of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
we must deduct 10 from that sum. 

98. Since 



sec J. 



cos Jl 

we have log sec -4. =» — log cos A 

or since the tabular log. cos. is increased by 10, 

log sec JL = 10 — log cos A 

that is, the log. secant is the arithmetical complement of the tabular 
log. cosine. For a like reason log. cosec. is the ar. co. of the log. 
sin. ; and log. cot. is the ar. co. of the log. tan. 
Also since 

. Bin A 

tan A = T 

cos Jl 

log tan J. = log sin -4 — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log. sin. and cos. 

99. When the natural sines, &;c. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° 16' = - 0-7690278 

and log cos 140° 16' = - 9-8859420 . 

* Strictly speaking, negative numbers haye no logarithms, but in practice, the 
multiplication, division, &c. of numbers is performed without reference to their signs, 
i. e. as if they were all positive, and the sign of the result is then deduced from the 
signs of the factors according to the rules of algebra. We employ logarithms sim- 
ply to effect the first of these operations, i. e. the multiplication, division, &c. of 
the numbers considered as positive ; and to facilitate the second opera don, or the 
determination of the sign, we prefix to the logs, the signs which are prefixed to the 
numbers \o which they belong. 
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As the logs, of all the trig, functions are positive (being rendered 
so by the addition of 10 where necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithm, 
but of the number to which it belongs. 

Elementart Method of Constructing the Trigonometric 

Table. 

100. By dividing ic « 3*1415926 by the number of seconds in 
180°, we found (Art. 9) the length of the arc 1", and (Art. 54), the 
fine of 1^', which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin 1' « 0.0002908882 
and by (7) 

cosr = v^ (1 - BinaO « v/[(l + sin V) (1 - sinl^)] 

« ^ (1.0002908882 x -9997091118) 

or performing the arithmetical operations 

cos r = 0.9999999577 

Then by (101) and (103) 

sin (a? + y) « 2 sin x cos y — sin {x — y) 
cos (a? + y) = 2, cos a: cos y — cos (x — y) 

in which we can suppose y to be constantly equal to 1' and x to be- 
come successively 1', 2^, 3^, &c. Thus, first substituting y = 1'^ 

sin (x + I'). =s 2 sin x cos 1' — sin {x — V) 

cos (iT + 1^) *= 2 COS X COS 1' — COS (x — V) 

then if 2; » 1', 2^, 3', &;c., we find for the sii^es 

sin 2' = 2 cos 1' sin 1' - sin 0' = 0-0005817764 
sin 3' = 2 cos V sin 2' - sin 1' = 0-0008726646 
sin 4' = 2 cos 1' sin 3' - sin 2' = 0-0011635526 
sin 5' = 2 cos 1' sin 4' - sin 3' = 0.0014544407 
&c. &c. 

and for the cosines 

cos 2' = 2 cos 1' cos V — cos 0' = 0-9999998308 
cos 3' = 2 cos 1' cos 2' — cos 1' = 0-9999996193 
cos 4' = 2 cos V cos 3' — cos 2' = 0-9999993232 
cos 5' = 2 cos 1' cos 4' — cos 3' = 0-9999989425 
&c. &c. 
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The whole difficulty in this operation consists in the multiplication 
of each successive sine or cosine by 2 cos V = 1«9999999164 ; but 
this multiplication is much shortened by observing that 

2 cos V « 1.9999999154 = 2 - -0000000846 



80 that if we put 

m = .0(100000846 
we have 2 cos 1' = 2 — w and therefore 

sin 2' =s 2 sin 1' — sin 0' — m sin 1' 

sin 8' = 2 sin 2' - sin 1' - w sin 2' 

sin 4' = 2 sin 3' - sin 2' - m sin 8' 
&c. 

cos 2' == 2 cos 1' — cos 0' — w cos 1' 

cos 8' = 2 cos 2' — cos 1' — wi cos 2' 

cos 4' = 2 cos 8' — cos 2' — m cos 3' 
&c. 

which are computed with great facility. 

101. It is not necessary, however, to continue this process beyond 
30° ; for by (169) and (162) we have 

sin (30° + y) = cos y - sin (30° - y) 
cos (30° + y) = cos (30° — y) — sin y 

so that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 30° previously found. Thus, making 
y successively 1', 2', 3', &c. 

sin 30° 1' = cos V - sin 29° 59' 

sin 30° 2' = cos 2' - sin 29° 68' 

sin 30° 3' = cos 3' - sin 29° 57' 
&c. 

cos 30° 1' = cos 29° 59' - sin 1' 

cos 30° 2' = cos 29° 58' — sin 2 

cos 30° 3' = cos 29° 5V - sin 3' 
&c. 

This last process requires to be continued only to 46° since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 
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102. The tangents and cotangents may be found from the sines 
and cosines bj the formulae 

sin X ^ cos X 

tan X = cot X = -;; 

cos X Bmx 

and the secants and cosecants by the formulae 



1 
sec X = cosec x 



cos X Bin X 

103. In so extended a computation as the construction of the en- 
tire table, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations; By means 
of (138) and (139) we can find from the cosine of an angle the sine 
and cosine of its half; hence from the cos. 45° == \/ J we can find 
sin. and cos. of 22° 30', and from these the sin. and cos. of 11° 15' 
by the same formulas ; and from cos. 30° = J \/ 3 we can find sin. 
and cos. of 15°, 7° 30', and 3° 45'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. There are various other angles whose fonctioiis can be expressed under finite 
forms more or less simple, and may therefore be employed for the purpose of verifi- 
cation. 

Let z =s 18® ; then 3 z -|- 2 z =s 90® and cos 8 z = sin 2 z, whence, by Art 76, 

4 cos' z — 8 008 z^oos8zs>2Binz cos z 
4 cos* z — 8 =: 2 sin z 

4(1— sin«z)~8=2sinz 
sin* z 4- i^ sin z as }- 

which equation of the 2d degree being resolved, gives sin z :s 

sin 18® = cos 72® = s/^-"^ 

4 

whence cos 18® = sin 72® = %/ (^0 + ^^/5) 

4 

From these by (138) and (139), we find the sine and cosine of 9® and 86®; then 
by (37) and (39) those of 36® — 30® = 6®, whence those of 3® ; after which it 
wiU be easy to form a table of the exact values of- the sines and cosines for every 
3® of the quadrant.*^ These expressions, however, are not of much use, directly, 
in the construction of tables, as we have much better methods; but they lead to a 
formula of ver\fieatton which is of some importance. We find 

cos 86- = i^^ 

4 



* A table of this kind is given by Cagnoli in his TViffonometrie, 
7 £ 
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And by (102) 

sin (720 + y) — rin (72« — y) « 2 oos 72«^ rin jr — ^^J^^ riny 

sin (86<> + y) _ rin (86<> — y) » 2 ooB 86« tin y a ^ILLl giny 

the difference of these equations {^Tes 

Bin(86o + y) — sin(86<> — y)=-sin(72« + y) — ■in(72» — y)+siny 

which is EuiUr* 9 formula of verification. By giving y any Talne at pleasure, the cor- 
rectness of fiye sines of the tables is examined. By substituting 90** — y for y in 
this formula it is easily reduced to the following 

Bin (90« — y) + Bin (la** + y) + sin (18<»— y) » sin (64o+ y)+ sin (54» — y) 

which is known as Legendre's formula, though not essentially different from Euler's. 
105. The method that has here been given for computing the trigonometric table, 
though simple in principle is nevertheless sufficiently operose. The method by in- 
finite series, to be given hereafter, will be found to be much more rapid and simplt 
in practice. ' 
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CHAPTER VL 

SOLUTION OF PLANE EIGHT TRIANGLES, 

106. In order to solve a plane right triangle, two parts in addition 
to the right angle must be given, one of which must be a side. 
The solution is effected directly by means of our FiK.u. 
definitions of sine, &c., which are expressed by 
the equations (1). As three of the six functions 
are only the reciprocals of the other three, we 
^hall base the solutions upon the following three ; 

(Fig. 16) : 

sin -4. = — cos JL =« — tan -4. ■■ -r 

e e 

Since each of these equations expresses a relation between three 
parts — an angle and two sides — it follows that in order to apply them, 
or in order to solve the triangle triganometricatly^ there must be 
given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; butt 
if two sides are given, the third part sought must be an angle. 

In every instance the choice of the proper equation will be deter- 
mined by the precept, — emphy that trigonometric function of the 
angle which is equal to the ratio of the two sides considered. 

107. Case. I. Given the hypotenuse and one angU^ or c and/A. 
To find a. We consider a, e and A\ and since the ratio of a and 

€ is given by the sine, we have 

a 
sin j1 s= — whence a ^ e %m A (1^5) 

c 

To find (. ^Considering i, c and Aj we have the ratio of ( and c 
expressed by the cosine, or 

cos -4. ■« — whence & =■ c cos J. (1^^) 

To find B. We have S « 90*^ — A. 
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TLt3 icquired quantities a and b being equal to the product of two 
factors, the computation is conveniently performed by the addition 
of the logarithms of these factors. 

Examples. 

1. Given e « 672.3412, A « 35® 16' 25"; to find the other parts. 

By (195) By (196) 

e = 672.3412 log 2-8275897 log 2-8275897 

A = 35° 16' 25" log sin 9.7615382 log cos 9-9119049 

a = 388.2647 log* 2.5891279 h = 548-9018 log* 2-7394946 

Ana. a = 388-2647 
b = 548-9018 
5 = 54° 43' 35" 

2. Given e = 42567-2, B = 87° 49' 10"; find the other parts- 

Ans. a = 1619-626 
b = 42536-37 
A= 2° 10' 50" 

108. Case XL Given the hypotenuse and one side, or c and (. 
To solve thfs case trigonometrically, we must first find an angle. 
To find A. We have 

cos ^ = -^ (197) 

To find a. We have, by the preceding case^ 

sin -4. = — a — <? sin Jl (198) 

But a may be found by geometry from the equation 

a* +6* = c* whence a* = <j* — 6* 
a = ^ ((?a - 6») = ^ [(o + b) {o - 6)] (199) 

Examples. 
1. Given e => 672-3412, h = 548-9018; find ^ and a. 

By (197) By (198) 

h = 648-9018 log 2-7394946 
e = 672-3412 log 2-8276897 log 2-8275897 

A = 35° 16'26" log cos 9-9119049 log sin 9-7615382 

a = 388-2647 log 2-5891279 



^ Ten is rejected from eac& of these indices because the logarithms of the sine 
and cosine in the table are ten too great. Art. 97. 
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By (199) 

c= 672.3412 

6= 648.9018 
<? + 6 = 1221.2430 log 8-0868021 
^ — 6 = 1234394 log 2-0914538 

2)5.1782569, 

a = 888.2647 log 2-6891279 

^««. A = 35° 16' 25" 
B = 54° 43'35" 
a = 888.2647 
2. Given c = .092367, 6 = .068018 ; find a. 

Ans. a = .071859 

109. Oasb III. GHven an angle and its adjacent side^ or A and 5. 
To find a. We have 



a 



tan A ^ rr- whence « » i tan J.. 





(200, 



To JJnd tf. We have 

cos -4. = — whence, by (2), e = — ^ =» 6 sec J. (201) 

or directly from the secant 

sec -4. = -T- whence e ^ h sec A 
b 

Examples* 

1. Given A = 88^ 59^, b = 2.234875 ; find the other parts. 

Ans. a = 125.9366 
e = 126.9663 

5 = 1° r 

2. Given B = 60°, a = 10 ; find e. (See Art. 29). 

Ans. e = 20, 
110. Case IY. Oiven an angle and its opposite side^ or A and a. 
To find €. We have 



Bin -4. « — 

e 



c = - 



a 



sin A 



= a cosec A (202) 



To ^nd 8, We have 



tan J. = -j- 





tan^ 



= a cot ul 



(203^ 



■ 2 
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Examples. 

1. Giren A = 26^ 18' 48'', a « .085623 ; find b. 

AuB. b » -1810278 
2., Given B = 39° 17' 6", J = -01 ; find c. 

Am. c » .0157934 
111. Case Y. Given the two ndeiy or a and h. 
To find A and B. We have 

tan A^eotB ^j (204) 

To find e. We have 

sin J. =» — tf aa -: — 7 « a coseo Jl (206) 

sin J. ^ ^ 

We may also find e directly by geometry, from 

<? ^ c^ + 1^ ifhence tf =» \/ (a* + ft^) 
but this is not readily computed by logarithms, 

4 

Examples. 

1. Given a = 80, 6 « 40 ; find c. Ans. c = 60 

2. Given a « 8-678912, b = 2-463878; find A and e. 

Am. ^=74°9'4"4 
e « 9-021876 

Additional FoEMULii 70b Right Tsiakolbs. 

112. By inspecting the tables it will be seen that when the angles are yery small, 
the cosines differ yery little from each other ; consequently a small angle cannot be 
found with yery great accuracy from its cosine. For a similar reason an angle that 
is nearly 90^ cannot be accurately computed from its sine. It is therefore desirable, 
when a required angle is small, to find it by its sine, and when near 90^ by its co- 
sine, or in either case by its tangent or cotangent ; and for this purpose special for- 
mulas are sometimes necessary. We shall deduce seyeral such formula, from whioh 
one adapted to a particular case may be selected. 

113. From (197) we find, by (189) 

1 — cos ^ =s 2 sin* } ^ ss 1 ass 



•^ * ^ = J (tt) (^> 



which may be used instead of (197), when A is small, that is when b is nearly equal 
to e. It giyes also 

c — 6 = 2csin«}-4 ' (307) 

by which e — b may be accurately found when A is small. 
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Alto from (197), l>7 (140) 

114. From the equation 



e 



we dedaoe bj (168) and (164) 

d« (460 =t M) = J (^') («») 

«« (450 =b M) - J (-^) (2W) 

U.(46o=fcM)»J(l01) (211) 

n 
uid from tan ^ ss ~ we find bj (161), 

tan(46o±^)«5^ (212) 

116. By (186) we hare 

ft« a* 

eOB 2 ^ Bs 008* A — Bin* A sa — -- — 

wbioh, Binoe 2 Jl » ^ + 90<> ^ ^ » 90» — (i? — ^), g^TOB 

Bin(Jg-^)-(^+y-") (218) 

By (186) 

eofl(^--^)»Bin2^a2Bin^oaB^a ^ (214) 



•ad from (218) and (214) 



Ua(i»-^)-e±|)i|=±) (216) 



by which B — A is found with great aoonraej when b and a are nearly eqoaL 
ExAMPU. GiTen e a 4602-836, b s 4602*21069 to find A. 

By (206). 
c _ ft s 0-62641 log 9-7961648 

2 c s 9206-672 log 8-9640556 

2) 5-8821098 
} ^ a 28' 20''-18 log Bin } ^ a 7-9160547 
A =s 66' 40"-86 

The ordinary procesB g^yes log oob j4 si 9-9999410, whence A ss 66' 40". Theee 
results are obtained by Stanley's Tables, in which the log. sines, &c., are giyen for 
eyery 10'' for the first 15®. A greater discrepancy between the two results would be 
found by tables in which the functions were giyen only for each minute. 

A slight error remains in the yalue of i A s= 28' 20"-18, on account of the large 
differences of the log. sines in this part of the table, or rather on account of the 
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rapid change of these difTerences. We avoid the nse of these large differences, and 
gain somewhat in accuracy, by employing the approximate yalue of sin. } A giyen 
by (98), whence 

8in}^ = }^Biiil", J^ = ?]iL*d 

** " ' sin 1'' 

Thus we have found above log sin } -4 = 7-9160547 

Art 54, log sin r a 4-6855749 

iA = 1700"-12 s 28' 20"-12 log J A =¥-2804798 

But to obtain ^ A with the utmost precision, recourse must be had to the follow- 
ing process, which is constantly employed in observatories, and wherever small angles 
are to be computed with extreme accuracy. Special tables are prepared containing 
for every minute from 0° to 2° the logarithms of 

sin X , - tan x , 
^ h and = k 

X X 

which do not vary rapidly, and may therefore be taken with accuracy from the 
tables. Then we have 

Binx . 

sin Z s: X . =s x.h 

X 

tan X 
tan X s= X , =s x.k 

X 

A table of this kind will be found on page 156 of Stanley's Tables, where the 
notation used is 

q ^ log sin X, n a=s log x 

Bin X 
and therefore in the column marked q — n we find the log . Thus in the above 

example we have found log sin ^ A sss q s= 7*9160547 

and from the table fi'— n = 4-6865700 

iA^ 1700''-14 = 28' 20''-14 log^A^ n = 8-2804847 

which is the true value of } ^ within 0"*01. 
Stanley's Table contains also the values of 

log s= q — n (; ss log tan x, n ss log x) 

log -; — = 9 4- n (g s log coseo x, n =s log x) 
sin a; x* » 

log 7 = y + n (g =s log cot x, n = log x) 

van X 

the use of which may easily be inferred from the example just given. 
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CHAPTER Vn. 
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VOKWJLM FOB THE SOLUTION OF PLANE OBLIQUE TRIANGLES 

116. As every oblique triangle may be resolved into two right 
triangles by a perpendicular from one of the angles upon the 
opposite side, we are enabled to deduce all the formulae for their so- 
lution from those of the preceding chapter. 

117. The sides of a plane triangle are proportional to the sines 
of their opposite angles. 

Denote the angles of the triangle ABO, ug.i«. 

Fig. 16, by A, B and (7, and the sides oppo- 
site these angles respectively by a, h and c. 
From O draw OP perp. to AB and put '^ 
OP ^ p. Then in the right triangles A OP, B OP, we have, 
by (195) 

p — b &in A, p ^ a 8ia B 

whence b sin A ^ a sin B 

which, converted into a proportion, gives 

a : b ^ sin A : sin B {^^^) 

and in the same way we may prove that 

a : e ^ BiTL A : sin. 
b : € ^ ein B : s\n 

and these three proportions may be written as one, thus : 



or thus, 



a :b : e — Bxa A: Bin B : sia 

a b c 

sin A sin B sin 



(217) 
(218) 



When the perpendicular falls without the 
triangle, Fig. 17, the angle OBP is the sup- 
plement of jS, but by Art. 39, it has the same 
sine, so that the triangle OBP gives a 

p ^ asm OB P = a sin jB 
8 



Il«.17. 
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the same as was found from Fig. 16. The proposition is therefore 
general in its application.'*' 

118. The 9um of any two sides of a plane triangle is to their dif" 
ference as the tangent of half the sum of the opposite angles is to 
the tangent of half their difference. 

For, by the preceding article, 

a: h ^ eSu A: Bin. B 
whence, bj composition and division, 

a + J:a — J = sin -4. + flin-B: sin ^— sin jB 
But from (109) if a: = -4., y =» -B we obtain the proportion 
sin J. + sinjBrsin J. — sin-B=atan J (-4. + jB):tan J(-4. — B) 
which, compared with the above, gives 

a + J : a - J « tan J (^ + -B) : tan J (-4 — 5) (219) 
This may also be written 



a + b tmi{A + B) 
a'-'b "^ tanJ(J. — JB) 



(220) 



ng.16. 



and we may infer the same relation between &, Cj B^ and a, Cy 

A, a 

119. The square of any side of a triangle is equal to the sum of 
the squares of the other two sides diminished by twice the rectangle 
of these sides multiplied by the cosine of their included angle. 

In the triangle AB 0^ Figs. 16 and IT,* 
we have either 

BP^e--AP or BP^AP — c 

vig.i7. but in both cases> 

€ 

JBP»«J.i»+c«-2(?x^P 

Adding CP^ to both members, we find 

a« = 6» + c* — 2cX^P 

But the triangle A CP gives by (196) 

AP = 6 cos J. 





>• \ . I 



* The consideration of Fig. 17 was not strictlj necessary according to the pr!n< 
ciple stated in Art. 49. It may, howeyer, be useful for the student to verify that 
principle when oonyenient. 
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which substituted in the preceding equation giyes 

a> = J« + c* - 2 6<? cos J. ^221) 

as was to be proved. We have in the same way 

y « a> + c» - 2 oij cos jB (222) 

c> « a» + ft« - 2 oJ cos O (228) 

120. The same result is obtained from the foUowing equations (which are endent 
from Fig. 16, irhere cssaAP+ PB) 

i a c cos ^ + a cos (7 - (224) 

From the first of thes« 

eoos^aaa — 6oob(? 
irheDor ^ cos* B sa a*— 2abooB 0+1^ coii* O 

and from (218), (f sin* j9 a i* sin* (7 

the sum of which two equations is, hj (18), 
# d*ai^ — 2a5cos(7+i* 

121. From (221) we find 

6« + tf«-a* 



cos A 



2 bo 



(226) 



by which an angle is found when the three sides are given ; but to 
adapt it for convenient computation by logarithms, the following 
transformations are necessary : 

Subtract both members from unity ; then 



1 — cos -4. 



26c-y-c« + fl« a«-(ft-c)t 



2 be 



2bc 



But, by (139), making a; = J., we have 

1 — cos -4. «=" 2 sin* J A 

Also, the numerator of the second member being the difference of 
two squares may be resolved into two factors, viz. : the sum and the 
difference of a and b -~ c; thus, 

a^-(6-<?)« = [a-(i-(?)]x[a + (6-.c)] = (a-J + c)(a + 6-c) 
Substituting these values in the above equation and dividing by 2 



• » 1 J {a-b + c)(a + b-c) 
SLOT i -A =» ^ rr ' 



(226) 



► C ' ' 



* .* 
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This maj be simplified by representing the half sum of the three 
sides bj Sy or by putting 

a + b + 0^28 
whence 

a — 6 + <?=ia+J + <? — 2J«2« — 26 = 2(« — J) 
a+6 — c = a + 6+c — 2<j=i2« — 2c = 2(« — (?) 

which substituted in (226) give 

In the same manner we should find from (222) and (228) 

sin« J ^ = (iH^iiHi rin*|(7.^ ^'-t^'-^) (228) 

122. Add both members of (225) to unity ; then 

^ . ^ 2 6c? + 6* + c*-a* (b + cY'-c? 
1 + eos^ 26^ 2bc 

But by (138) 

1 + cos J. = 2 cos' iA i 

Also, (i + c)»-a« = (6 + <? + a)(6 + (?-a) 

thorefore 

cos Jul- 4j^ 

Substituting « in the numerator as in the preceding article 

co8»}^ = iil^ (229) 

and therefore also 

cos»J5=^i^, coB*lO^'-^^ (230) 

123. Dividing (227) by (229), we have, by (14) 

and in the same manner 

^^.^^^(LZ^KiZLi), tan«|(7= ('-^^^'-^^ (232) 
* « (« — 6) ^ « (« — c) ^ ' 
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124. The preceding formulae are sufficient for the resolution of all the asual cases 
of plane triangles ; but there are others that are occasionally useful. From (218) 
we find, by (105), (106) and (185), 

a -|- 6 sin ^ -{- sin ^ sin } (^ -|- S) cos \{^A — B) 
e sin (7 sin ^ C7 cos ^ C7 

a — b an A — sin 5 oob i (A -{- B) sm ^ (A — B) 
c sin O "" sin } C cos } (7 

But since A + B+0:=z 180^ 

-4 + ^ =3 180O — C, } (il + jB) = 90« — } C 

sin } (^ + ^) s cos iO, eoBi{A + B)zs:mikiC 

by means of which we find 

a+b cos i(A — B) cos j {A -^ B) 



e sin I (7 cos } (ui -f" ■^) 

a — b sin i(A'-B) _ sin j (A ^ B) 
e '^ cos i t7 sin J (-4 + J?) 



(288) 



(284) 



The quotient of (238) diyided by (284) giyes (220). 

125. Adding unity to both members of (238), or subtracting it, we have, by 
(108) and (104) 

a-\.b + e ^ cos j {A + B) + cos j (A — B) __ 2 cos } ^4 cos j B 
c cos J (4 + jB) ^ sin J (7 

a+b-^e _ cos i^A — B) -^ cos i(A + B) _ 2 sin } ^ BmjB 
e "" cos } (^ 4- ^) sin J (7 

Similarly from (234) we find 

c + a — & _ Bin } (^ + ^) + sin } (^ — ^) 2 sin }^ cos }^ 
e sin i{A + B) ™ cos} O 

c—g+ft _ sin } (u4 + ^) ~ sin } (^ — ^) 2 cos } ^ sin j B 
c ■" sin } (^ + -5) ™ cos } (7 



Substituting « &s )^ (a 4* ^ 4~ ^)i these equations become 

J[ cos } ^ cos } ^ 

e sin} (7 

i — c __ sin i A sin } J? 
e sin } C 

» — b sin } ^ cos } B 
e cos } O 

9 — a cos ^ A sin } B 
c cos i G 

F 



(286) 



(286) 



(287) 



(288^ 
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From these equations we can deduce immediately (227) &o. ; for example, ex- 
changing e for 6 in (286), we haye 

t — b mn ^ A sin ^ (7 

which, mnltipUed by (286) gives (227). 
126. Fonr times the product of (227) and (229) is by (185) 



Bin«^=j±..t(*-«)(*-6)(t^e) 



whence 



Bin -4 = -A- ^ [« (* — tf) (# — 5) (* — c)] (289) 
Exchanging A for B and C successirely, this gives also 

Kn2?--l-^C«(.-«)(.-6)(.-«)] (240) 

rfnC=^^[«(«~a)(.-6)(«-«)] (241) 
In these equations put* 

ir-v'C«(»-«)(»-»}{»-«)] (2*2) 



then 



Bin^ = l= sin^s^^ sin (7b 14 (2^8) 

be ae ab ^ ' 



The quotient of the first of these diyided by the second is 

sin ^ ae a 
sin jB "" dc "" 6 

which brings us back to the theorem of Art. 117. 

127. The sum of A, B and C being 180^ and the sum of^A^^B and fG being 
90^, we have, by Arts. 85 and 86, the following relations among the angles of a plane 
triangle. 

tan A -f- tan B 4- tan C as tan A tan B tan O 

cot } ^ + cot } ^ + cot } (7 a cot } ui cot } £ cot \ 

sin ^ + sin J? + sin C ss 4 cos ^ ^ cos } ^ cos } C 

sin ^ 4* sin ^ — sin (7 ss 4 sin } il sin } JS cos } (7 

cos ^ 4* oos ^ -)- cos (7 — 1 ss 4 sin } ^ sin } ^ sin } (7 

cos ^ 4" ^'^'B j9 — cos (7 4- 1 = 4 COS } j4 cos } j9 sin } (7 

in the last of which we may interchange A, B and O. These relations may be sub- 
stituted in the equations of Art. 125. 

* iT is the area of the triangle. See Art. 148. 
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128. The following equatioiui are added as exercises. 

sin (A — B) (a + 5) (a — h) 
mn(A + B)'^ ^ 

tan } ^ tan } ^ cot } (7 Bi iil^* 
eot } ^ + cot } J? + oot } C « ^ 
sin}^sin}J?sin}(7a^ 
eoi}^eoi}^ow}C7a --— 
tan}^tan}J7tan}(7nrp 

* 
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CHAPTER Vm. 



Fig. 18. 




SOLUTION OF PLANE OBLIQUE TBIANGLES. 

129. Case I. CHven two angles and one 
sidcy or Ay B and a. Fig. 18. 
To find the third angle. We have 

To find h and c. We apply the theorem of Art. 117, and state 
the proportions thus : the sine of the angle opposite the given side is 
to the sine of the angle opposite the required side, as th^ given side 
is to the required side. Thus we have 



whence 

and 

whence 



sin A: sin JB = a: b 

asinB . 

= — : — T- == asmS cosec A 
sm A 

sin^: sin 0=a: e 



(244) 



a sin (7 
sin J. 



=: a sin C7 cosec A 



(246) 



Examples. 

1. Given A = 60° 38' 52", B = 60° 7' 25" and a - 412.6708, 
to find (?, b and c. 

A + B = 110» 46' 17" 

O = 69° 13' 43" 



By (244). 
A = 50° 38' 52" log cosec 0.1116730 



B = 60° 7' 25" 
C = 69° 13' 43" 
a = 412-6708 



log sin 9-9380702 



log 2.6156037 

log b 2-6653469 

b = 462-7505 



By (245). 
log cosec 0.1116730 

log sin 9.9708129 

log 2-6156037 

log e 2-6980896 

«? = 498-9875 
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2. Given A = 100° 16' 35", B = 25° 16' 13", and b = 29.167 

find a and c. 

Arts, a = 67-22857 
c = 55.59178 

180. Cask L Given A^ Band a. Second solution. We find C =3 ISO® — (^ + B) ; 
then, by (283) and (284) 

cos } (J5 — C^ 



b+ e SB a 



6 — c 



€iosi{B+Cr) 

Bini(B—C) 
8in}(jB+ C) 



cob} (jg— C) 
siiTJTZ 

Bin_}J5--C[) 
cos J ^ 



(246) 



(247) 



wluch give the sum and difference of the required sides ; adding half the difference 
to half the snip, we find the greater side, and subtracting half the difference from 
half the sum, we find the less side. 

181. Case I. Given A, B and a. Third Solution, When A and B are nearly equal, 
and great accuracy is desired, we may compute the difference between a and b ; for 
we h»v«, from (244), 

a sin B mn A — sin B 

a — 5 «s a - 



sin A 



sin A 



or 



a — 6 



2 a cos } (^ + jg) sin K^ — B) 
sin A 



(248) 



log 2 0-3010800 


0-80103 


log cos 9-9098720 


9-90987 


log sin 6-6423038 


0-64230 


log 4-4190788 


4-41908 


log 1 -4065288 


1-40652 



Example. Given A s 86*> 40' 12"-8, B = 85® 87' 48"-6, and a =, 26240-948. 

A « 85<> 40' 12"-8 log coseo 0-2842442 0-28424 

B s 86° 37' 48"-6 
i{A + B) = 35« 39^ 0"-5 
}(^ — j5)= 0*» 1'11"-9 
<r= 26246-948 

a — 6 = 25-499 
6 8 26221-449 

One of the advantages of this process is, that a — 6 may be found with sufficient 
accuracy with five-figure tables, as in the second column of logarithms above. If a 
had been given to ten figures instead of eight, we should still have been able with 
the seven-figure logs, to find a — 6 to seven figures, and therefore b to ten figures, 
which could not be done by the ordinary methods without ten-figure tables. 

132. Case II. Given two sides and an angle opposite one of 
theniy or a, b and A. 

To find B. To find the angle opposite the other given side, we 
apply Art. 117, and state the proportion thus : the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of the required angle. Thus, with the 
present data, we have 



a:b ^=^ sin A : sinB whence sin jB =» - 



a 



(249) 



p2 
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To find a We have (7= 180° --(A + B) 
To find c. Having found (7, we now have the data of Case I. : 
therefore, by (245) * 

tf B a sin (7 cosec A 



(250) 



Fig. 19. 




133. It is shown in geometry that when two 
sides and an angle opposite one of them are 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is ^ 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle B is 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other ; for 

B = BB'C^180''-AB'O 

These two values of B are given in the trigonometric solution by 
the consideration that sin B found by (249) is at once the sine of an 
acute angle, and the sine of its supplement, Art. 39. 

In general, when an angle is determined 
only by its sine, it admits of two values, supple- 
ments of each other, unless the conditions of 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of B is excluded when a is greater than 6, and 
there is but one triangle whether A is acute or 
obtuse, as in Fig. 20. 

134. If the given parts were such that 

a would be equal to the perpendicular from upon the side c, and we 
should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 

135. If the given parts were such that 

a < J sin ^ 

a would be less than the perpendicular from O and the problem 
would be impossible. It would also be impossible if a < J while 
A > 90°. 

136. When there are two solutions, represent the two values of B 
by B' and B'\ then the two values of C will be 

(7' = 180° -(^ + 5') = 180°- JB' -A-=^B''-A (251) 
C' = 180° -{A + i?'0 = 180° - 5"- ^ = J5' - ^ (252) 
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and the two values of e will be 
tf' = a sin O* cosec A 



if'^asmC cosec A (263) 



Examples. 

1. Given a = 81-23879, b = 49-00117 and A 
and e. 



82° 18'; find JB^ 



a » 31-23879 


ar. 


. CO. log 8-5053058 


h = 49-00117 




log 1-6902064 


A^ 82° 18' 




log sin 9-7278277 


5'= 66°66'56"-3 




log sin 9-9238399 


^'=123» 8' 3''-7 






C"= 90° 45' 3''-7 




log sin 9-9999627 


<7"= 24°38'66"-8 






log 


cosec A 0-2721723 






log a 1-4946942 



log Bia 9-6201962 
0-2721723 
1-4946942 



log ^ 1-7668292 
y =- 58-46601 



log c" 1-8870627 
</' =- 24-38163 



^rw, 5-66°56'56"-3 'j C 5 = 128° 3' 8"-7 

(7 =90° 45' 8"-7 j-orJ C= 24°38'56"'8 

« = 58-45601 J L «= 24-38163 

2. Given a = -051234, b = -042356, ^ = 55° ; find B, O and c. 

An$. B = 42° 87' 82"-7 
(7=82°22'27"-3 
c= -06199202 



8. Given a = -042356, J = -051234, J. = 55° ; find B, C and e. 
^n«, 5 = 82°14'35"-7 ] f 5 = 97°45'24"-3 
C = 42° 45' 24"-3 >or J C - 27° 14' 35"-7 
c= -08510331 c- -02366993 



4. Given « = 40, 6 = 60, A - 63° 7' 48''.4 ; find B. 

Ant. B = 90°. 

fl Given a = 40, J = 50, -A = 60° ; solve the triangle. 

An9. Impossible. 

6. Given 5 = 40, (? « 50, 5 = 100° ; solve the triangle. 

Ans, Impossible. 
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Vlf- 2L _ 187. Ca81 n. Oiyen a, b and A, Second Solution, W« 

may solye, separately, the two right triangles A PC, BPCt 
Fig. 21, which is a conyenient method when there ar« 
two solutions. We first find B by (249) ; then we hare 

AP sshexisAy BP^sacwB 

and e^AP+BP 

The cosine of the obtaseyalne of ^is negatiye, (Art 89), so that ^P is then nega- 
tiye, and we haye the two yalues of e from the formula 

e^APdbBP 
There will be bat one solution, H B P> A P, tor e cannot be negatiye. 

138. Case III. CHven two sides and the included angle^ or a, h and U. 
To find A and B. We have first 

^ + .8-180°- (7 

J(^ + 5) = 90°-ja 

from whicli we next find the half difference of A and B by the 
theorem of Art. 118, which gives 

a + J : a — 6 = tan 1 ( J. + jB) : tan J (-4 — ^ 

« 

tanH^--B)-^JtanJ(-4 + ^)-^cotJ(7 (254) 

The half difierence added to the half sum gives the greater 
angle, (opposite to the greater given side), and the half difierence 
subtracted from the half sum gives the less angle. 

To find c. We have the data of Case I., and therefore 

c » a sin (7 cosec A^hAaC cosec B (255) 

Examples. 

1. Given a = .062387, 1 = -028475, and C « 110^32'; find J, B 
and e. 

^ + .B=.180^-(7=69°28' 

.085862 ar. co. log 1-0661990 

log 8.5900836 
log tan 9.8409174 



a + J = 

f(^+5) = 

.\{A-B)^ 
B = 



.038912 
34° 44' 

17° 26' 33" 
62° 10' 83" 
17° 17' 27" 
C=110°32' 
5 = .023476 

e - .0739635 



log tan 9.4972000 

log cosec 0.5269189 

log sin 9.9714931 

log 8-3706056 

log 8-8690176 

Am. A = 62° 10' 38" 
li = 17° 17' 27" 
« »> -0739635 



A 
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2. Given a - 31-0005, 6 =- 16.1101, =■ 10° 15'; find A and 5. 

Ant. A - 160° 17' 18".7 
5=n 9°27'46''.8 

8. Given a =. 2463878, b - 9-021875 and = 74° 9'4"-2 ; find 
A and B. 

^n«. ^-15°60'55"-8 
B =. 90° 0' 0" 

4. Given } - 15-1101, c- 81-0005, A - 10° 15'; find 5 and 0. 

Ant. S - 9° 27' 46".8 
C - 160° 17' 13"-7 

189. HkTiDg found A and B m •bore, Ott most eonvvnient modt of finding e U by 
(288) or (284), vhioli pvo 

for we haye, from the process of finding A and B, the log. of a -f- &> or of a — 6, 
and the Tallies of } (^ -f" ^) ^^^ i (-^ — ■^)» ^ ^^^ "^^ ^<^^o onlj two new logs, to 
find, which are taken out at the same opening of the tables with the tangents of 
i{A + B)9JidHA^B). 

140. Case III. Given a, b and (7. Second Solution, When a 
and b are given by their logarithms, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of triangles in a survey), we proceed 
as follows. Let x be an auxiliary angle, such that 

tan a: « y (268) 

an assumption always admissible, since a tangent may have any 
value from to oo • 
We deduce 

tan a; — 1 a — 6 
tana; + l a + J 

9rby(152) ta« (a: - 45°) = |^ 

which substituted in (254) gives 

tan J (ul - 5) - tan (a; - 45°) tan J (^ -f 5) (269) 



70 FLAITB TKIGONOMITRT 

We find X from (258) and empbj ita value in (259). As this 
method does not require the preparation of a -f i and a •— i^ it is 
quite as short in practice as (254). 

Example. 

Given log a « 8-7950941, log h = 8-8706056, and (7- 110^ 82'. 
(Same as Ex. 1. Art. 138.) 

log a « 8-7950941 

log h = 8-3706056 

X - 69° 22' 46"-8 log tan 0-4244885 

ij - 450 « 24° 22' 46"-8 log tan 96562826 

J (A + -B) « 34° 44' log tan 9-8409174 

l{A-B)-= 17° 26' S2"-9 log tan 9-4971999 

141. Case IIL GWen a, ^ and C, Third SohUion, To express ^ or ^ dixtoQj 
in terms of the data, we haye, from (218) and (224) 

etfMAsa b — mwM 

Uie quotient of wluoh is 

^^^ asinCy ^2^j 

b — a eos V 

and in the same manner 

tan £ » -^47T (261) 

a — 6 COB (7 ^ "^ 

142. Casb m. OiTen a, 6 and O. Fourth Sohition. To find e directly from the 
data, we haye, by (228) 

which, howeyer, is not adapted for logarithmio computation. It may be adapted as 
foUows. Substitute by (189) 

cos (7=1 — 2 sin* }{? 

then ^8a*-f£^— 2a5 4-4a5sin*j^C 

s= (a — 6)' + 4 oft sin* } a 

Let « be an auxiliary angle, such that 

4 fli sin* i C 



tan* a; ss 



(a - i)« 



or tMi « « i^y^ V'^ (26$) 
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then the radical in the above equation becomes ^(1 4- tan* x) = sec z ; therefore, 

e SB (a — b) sec x (264) 

143. We may also adapt (223) for logarithmic computation by means of (138) 
which giyes 



whence 



cos C = — 1 + 2 cos* } O 



<f = a« + 6* + 2 a6 — 4 a5 cos* } (7 



(265) 



Let 



2 cos } (7 .-p 

then the radical becomes ^ (1 — sin* z) ^ cos z ; therefore, 

C SB (« 4* ^) ^^ ' 



^266) 



(267) 



144. It is to be observed, that the supposition (263) is always possible, since a 
tangent may have any value between and oo , and therefore an angle z may al- 
ways be found having any given number as its tangent. As the greatest value of a 
sine is unity, it is not so obvious that the supposition (266) is always possible ; but 
whatever the values of a and b 



therefore 
whence 



(a—by-^O 
(a + 6)*^ 4 ab 



therefore the second member of (266) is never greater than unity. 



Given a =» 062387, 6 = 023475, C a HO** 32' ; (same as Ex. 1, Art 188) 

By (266) and (267). 



a s -062387 
b. =a 023475 



« + & = •085%2 
i C a 550 16' 



log 8-7950941 
log 8-3706056 

2)7-1656997 

log v^^s 8-5828499 

ar. CO. log 1 0661990 

I. cos 9-7556902 

log 2 0-3010800 

L sin z 9-7067691 

e » -07396344 



log 8-9388010 



1. cos z 9-9352161 



log 8-8690171 
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145. Case FV. ffiven the three tides, or a, h and «. 
To find A, B and O. We have from (227) and (228), 



«n}^-J( 



be 



) 



-i*-J(<^^4^) 



m}C?-J( 



(t-.)(.-») 

ab 



) 



or by (229) and (230) 



cos 



M-J(i^) 



COB 



_ hsji^b) 



COS 






ac 



) 



ab 



) 



or by (231) and (232) 



'-i^-Ji^B^) 



tan 



i^-ji^"^^^) 



'»»<'- J (^^i^') 



K (268) 



. (269) 



> (270) 



In these formulae 8 ^ ^ {a + b + e). Either of these three 
methods may, in general, be employed, but (268) is to be preferred 
when the half angle is less than 45°, and (269) when the half angle 
is more than 45°.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logs, to be taken from 
the tables. It is accurate for all values of the angle. 



0» t^ ■ 



• Bee Art. 112. 
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Examples. 
1. Giren a >* 10, i = 12, c » 14 ; find the angles. 



By (268). 

a — 10 ar col 9-0000000 

i = 12 ar col 8-9208188 

e-14 ar CO 1 8-8538720 ar co 1 8-8538720 



ar CO 19-0000000 
ar CO 1 8-9208188 



2«-36 

«»18 

, — d— 8 

»-6- 6 

« — c= 4 



log 0-7781518 
log 0-6020600 



log 0-9030900 
log 0-6020600 



log 0-9030900 
log 0-7781513 



2)9-1549021 2)9-3590220 2)9-6020601 



log Bines i J. 9-5774510 } 5 9-6795110 

J ^ =. 22° 12' 27"-6 J5=.28«33'89"-0 JC 
il = 44°24'55".2 B='5T> 7'l8"-0 C- 78° 27'47"-0 



^0 9-8010300 
39°13'53''-5 



Verifieation. 



A + B + 0^^180° 



2. GiTen a — -8706, b — -0916, e = -7902 ; find the angles. 

i4n». ^ - 149° 49' 0".4 
5= 3° 1'56".2 
C= 27° 9' 8".4 

8. Given a - -5123864, b - -8538971, e - -8090507 ; find 0. 

Ant. a •» 36° 18'10".2 

146. The eompotation by (270), when all the angles are required, will be maeh 
fMnliUted by the introduction of an auxiUary quantity* 



^ J / («-«)(«-») (*-«) \ 



(271) 



trom which we find by (270) 

tan } .i =: --'^, tan}5«— ^, tan}(7«-^ 



(27» 



* This quantity r is the radius of the inscribed eirole. See (289) 

10 a 
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EzAXPLk. OiTen a s 6058, b = 4082, e s 7068. We find 

« SB 8601-6 ar. co. log 6-0654258 

« _ a aa J548-5 log 3-4062846 

« — 5 s= 4519-5 log 3-6550904 

t — e BBS 1538-5 log 3-1856888 

2)6-3124846 



logr SB 8.1562423 

r 
s — a 

r 




* ^ = 29® 20' 54"-47 log taa J ul = log = 9-7499577 

} ^ = 17° 35' 81"-70 log tan } iff = log j^^ = 9-5011619 

} C7 = 48<> 3' 33"-83 log tan } (7 ss log --;^ a= 9-9705585 

r«t^<tbfi. 90O 0' 0"-00 

ng. 22. 147. The case where the three sides are giyen is some- 

times soWed as follows. From C, Fig. 22, draw OP 
perp. to e. Then 

the di£ferenoe of which is 

AC* — BO*^AP*-^£I^ 
or {A0+ BC) (AC—BC) = {AP+BP) {AP-^BP) 

and if AP — BP =s d, this equation giyes 

a = (6+ «)(>-«) (278) 

Then, nneBAP+BPss c, and^P — 5P=s rf, we hare i 

^P=}(c+rf), 5P=}(c-rf) (274) 

and in the right triangles ACP,BCP 

eo8^ = ^, cos 2? = :^ (275) 

o a 

so that (273), (274) and (275) solve the problem. When rf> ^ jBP is negatiye, 
cos ^ is negative, and ^ is an obtuse angle, (Art. 39). 

Abea Of A Plans Tbianqlb. 

148. Representing the area by JT, and the perpendicular CP, Fig. 22, by j?, we 

have, by geometry, 

JTasJci) (276) 

In the triangle A CP^ we have;? s= 6 sin ^, whence 

IT = i 5e sin ^ = 5c sin } ^ cos } ^ (277) 

by which the area is computed from two sides and the included angle. 
Substituting in (277) the values of sin J -4 and cos }^ by (268) and (269), 

ir=v^[«(»-a)(*-6)(«-c)] (278) 

by which the area is computed from the three sides. 
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CHAPTER IX. 



MISCELLANEOUS PBOBLEMS BELATING TO PLANE TBIANGLES. 

149. In a given plane triangle, to find the perpendicular from one of the angles upo». 
the opposite side, 

Letp be the perpendioolar from C upon e. We haye 

pz^banA (279) 

or by (289) and (278), 

i,«|^[*(*-a)(*-6)(*-c)]=?f (280) 

the expression for j? in terms of the three sides, whmre t sa ^ (a 4" ^ 4" ^) *^^ ^^ 
the area of the triangle. 

a 
If we snbstitate in (279) sin ji ss — sin (7, it becomes 

1» s ^ sin (7 (281) 

c 

sin B 
or, if we snbstitnte the yalue of 6 as « -r—^ 

sin^ sin B sin A sin B .^onx 

p=se r— 75 — = e . . . . p. (282) 

^ em 8in(-d+J5) 

When the triangle is right-angled at 0, (282) becomes 

p as c sin ^ COB ^ =3 — sin 2 ^ 

the expression for the perpendionlar upon the hypotenuse. 

150. If y, y, y, denote the perpendiculars upon the sides a, b, e respectiyelj, 
we haye from (280) 

14.14-1=?+^:^ = - (288) 
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161. To find the raditu of the eireU dreumeeribed about a plane triangle. 



n8.28. 




The center O of the circle, Fig. 28, lies in the perpen 
dionlar erected from the middle point of one of the sides, 
%A AB, Let the radius ^ R, We haye, by geometry, 

and in the triangle AOD^ 

AD 



mAOD a Bin (7 



AO 



e 

2i 



whence 



£s 



2 8ina 



Substitating the Talne of sin (7 from (241), 



i2s 



abe 



From (229) and (280), we easily find 



abe 



^y/le{8-a)(e^b){e-^e)-\"^^K 



Kt 



cos J -4 COS } ^ COS } C SB -^ 



which 4)ombined with (286) gives 



(284) 



(286) 



22 = 



4 cos } A cos J JB cos } O 



162. To find the radiue of the cirele inscribed in a plane triangle. 



(286) 



Iig.a4. 




The required center 0, Fig. 24, is in the in- 
tersection of the three lines bisecting the angles, 
and each of the perpendiculars OD, O E, OF^ is 
equal to the required radius = r. The yalue of 
0^ in terms of AB = e, OAB a } ^, ard 
.^ OJ?^ = }-Bisby(282) 



tan^Afosii B sin } .4 sin I jg 

^""*' 8inJ(^ + S) "*' oosJC 

This is reduced by means of (286) to 

r ass (« — e) tan J 6 

Substituting the yalue of tan \ C7, 



^ I / (,_^)(,-6)(,-,g) X ^ £ 



This is reduced by means of (281) and (232) to 

rsss«tan}^tan}^tan}C7 



(287) 



(288) 



(289) 



(290j 
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168. Besides the inscribed circle, strictly so called, there are three other circles 
that touch the three sides, (or sides produced), and are exterior to the triangle, as 
in Fig. 26. These haye been named escribed circles. Their centers are fi^uad 




geometrically, by bisecting the exterior angles i? (7 (7', CBR, &o. Designate the 
centers of the circles lying within the angles A, B, and C respectiTcly, by (y, 0", 
and (y", and their radii by r', r^', r"'. We find the perpendiculars from O', &o., 
upcn B C, &c by (282) to be 



cos J B cos J C 
^ ^'^' lin J (^+ C) =" "* 

, cos }t A cos ^ C , 
sin ^ (A-{- C) 



r"' 



cos \ A cos } B 
^ * Bin \{A + B) "■ * 



cos } J? COS } C 
cos } ^ 

COS } ^ COS } O 
COS } ^ 

COS } ^ COS } ^ 

COS } C 



(291) 



By means of (285) ve reduce those yalues to 

f^ =s « tan } ^, r' = « tan } ^, r''' « « tan } C' 
Substituting the Yalues of tan } ^, &c. 

^^ f/ *(*-&) (*-c)\ K 

^, f / *(* — g) (' — g) \ K 

N\ 9 — o } a — b 

N\ « — e J a — e 

g2 



(292) 



(298) 
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AIbo, by means of (286) applied saccesaiTely to a, & and «, we may rednce (291) 
to the following: 

r^ Bs (« — a) tan } ^ cot } j9 cot } (7 

f"' ss (ff — 6) cot } ^ tan } ^ cot } (7 - (294) 

^" 8 (« ^ e) cot } ^ cot } ^ tan } (7 

164. Relaiiofu between the radii of the eircunucribed, ineeribed, and three escribed cireles 
of the preceding artkle, and the three perpendiculars from the angles upon the opponie 
sides. 

The four equations of (289) and (292) giTO 



*(« — a) (» — 4) («— c) JK"* — 



(295^ 



DiTiding this snccessiTely by r*, r^, &o. 

r'l^i'" 



r 



(s^b)- 



rr'r'' 



(*-c)« 



r" "~ ^' "'' r"' 

Again, we haye, (Art. 127), 

tanj^tan}^+tani^tan}(74-tan} ^tan}(7=:l 
and substituting in this the yalue of the tangents from (292) 

r' r" r"' 
r^r^' + r^r'" + r" r"' as «• = — — 



(296) 



^ T ^, T ^„ ^ 



(297) 



From (292) we find 

tani J? 






r"tan}^ = r'tan}S 



from which it follows that in Fig. 25, the distances A D and B U^ are equal (2>, 2^ 
being the points of contact of the circles 0\ O* with A B produced), and therefore 
BD^s^AJy, Other curious geometrical properties may be traced with the aid of 
our equations. 
From (284), 

4 sin } ^ cos } ^ 4 sin ^ ^ cos } J? 4 sin ^ C7 cos } (7 

which combined with (287) and (291) give,' by Art. 127, 



= 4 sin } ^ sin } ^ sin } (7 := cos A -|- cob ^ -f- cos C7 — 1 



-^ =s 4 sin } u4 cos } ^ cos } (7 5= — cos ^ + ^J^s ^ + cos C + 1 



•^ zsi 4 cos } u4 sin ] ^ cos J (7 = cos A — cos B + cos C + 1 



R 

R 

r^ 
R 



rr- =: 4 COS i A COS i B sm^ C ^ cos A + cos B — cos O -\- 1 



' (298) 
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Changing the signs of the first of these equations, the sum of the four is 



R 



4, Rz=^\{f+r"-\-r'" — r) (299) 



Finally, if y, p"y p"* denote the three perpendiculars from the angles upon the 
sides a, 6, c respectiyelj, we haye by (288), (289) and (297) the following relation : 

p' ~ p" ^ pf" — ^ T ^/ T ^// — ^ V'**'" ) 

155. To find the distance between the centers of the eireumscribed and inscribed eirdes.* 

Let P, Fig. 26, be the center of the circumscribed, '*«• 26. 

and Of that of the inscribed circle. Put PO s= D. 
By Arts. 151 and 162, 

Pu45 = 90O— C, OABz=iA 

whence 

P^ = 90O — a— } -4 sat J (B — (7) 

And by (221) 

PO^==PA*+ 0A* — 2PA, OAcosPAO 

J'^iPI ^ 2Rrcosi(B-C) 

^ Bin^iA sin } ^ 




By (298) 



4 Rr sin } ^ sin } t7 



sin* i A sin i A 



XI. * TV. «. 2 J2r cos } (5+ C) 
therefore IP =z B^ \ a 

sin ^ A 

or JP^JB* — 2Rr (300) 

156. Let PCy =:i,iy. Fig. 26, (y being the center of the escribed circle lying 
within the angle A. If r' = radius of this circle, we have, as in the preceding 
%rticle 

■ r" 2Rr^^os^{B^C) 

^ == ^ "*" sin* } A sin J ^ 

r^ 4 JZ/ cos ^ jg cos ^ (7 

sin*i^ ^ sin }^ 

Z>^ =s /?• + 2 iZ/ I 

jD"« =r J2* + 2 J2/' ). (301 

/>'"• = 5* + 2 iZ/" 



J 



* Hymers' Trig. Appendix, Art. 68. 
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the expressions for the distances of the centers of the three escribed circles ^m 
that of the circumscribed circle. 
The sum of (800) and (801) gives by (299) 

JJ* + i>^ +!>"•+ ly"* = 12 i2» (302) 

157. Given two tide* of a plane triamgU and Ike difference of their oppoeite angles, (or 
a, b, and A — B), to eoloe the triangle. 

We haTe ^ {A -{- B) directly from (220), which also solyes the case where two 
angles and the sum or difference of two sides are giyen. 

168. Given the anklet and the turn of the tides, (or A^ B, C, and a -f* ^ "h ^ ^^ ^ 0- 
By (286) 

sin^a 



e sss 8 , 



COS i A cos i B 



md a and h are found by similar f^rmulss. 

169. Given one angle, the opposite side, and the turn of the equareeof the other two 
ndet, (or C, e, and a* -f- 6* ^ «*). 
In the identical equations 

(a + &)• = ^ + 2 oft, (fl — . 5)* = ^ — 2 ai 

substitute the yalue of 2 oi giyen by (228), namely, 



2ab 



cos 



we find fa+6)«=:e* + ^— /, (a - 6)* =s «• - f!— i! 

• ' ' cos c/' ^ ' cos (7 

which determine a-^- b, and a — b, and therefore a and b. 
To compute these equations by logarithms, let 

^ cos C7 cos C ^ ' 

then (a+6)*=^ + ^*, (a — &)• = «• — ^' 

that is a 4" ^ ^B ^® hypotenuse of a right triangle whose sides are e and g ; and 
a — 5 is one side of a right triangle whose other side is g, and whose hypotenuse is e. 
Let the angle opposite g be denoted by x in the first triangle and by x' in the second, 
then by the formulsB of right triangles 



tan zrs-^ a-|-5=se sec x 



sin 2/=-^ a — 5 = e cos 7f 



- (304) 



so that the problem is solved by logarithms by finding log g from (303) and em- 
ploying its value in (304). 

The above may serve as an example of a geometrical method of introducing the 
auxiliary quantities, which is occasionally useful. The analytical process in the 
present instance is similar to that of Art. 148 ; thus 
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thflrefore if iBuzsa ^ wt have J \^ + ^) s seo x 

•nd if. sin a/ 8SS — ire haye / ( 1 — ^ j as cos x' 

whence the same formnlsB as before. 

160. Given an anffle, U§ oppo$iU wUk^ and tMs d^erenee of tke tqwtret of tks niktr two 
ndet, (or C, «, and a* — b* »/*}. 

We have bj moltiplying (288) bj (284) 

sin (A — £) €^^}^ p 
8in(7 •" e "" ^ 

8in(il^j9)»:^sinC 

whence A — B^ and since A'\' B ^ 180^ — C> the angles are determined. There 
will be two solutions giren by sin (ui — B) except where the obtuse yalue of ^ — B 
is greater than A'\' B, 

161. Qiven the three perpendieulart from the three anklet upon the oppoeUe tidee. 
Denote the perps. upon a, b and e respecllTelj by a', 6' and <f^ and let 

•^"o" *=**" "^^T 

If ib 3B 2 area of the triangle 

eui mmW iBzetf ^k 
And therefore 

• ^Of'h, b^b"h^ CtsmtTk 

Substituting these ralnes of a, b and e in (226), (227,) &c. 

ft««+ tf««_ «-• («"— 6") («"— O ^ 
cos ^ as • Sin* oA^ ^— ^ -• ote. 

in which 2 1" a o^ + ft^ + <r. 

162. Cfioen the radii of the eireumeeribed and ineeribed eirclee, and the perpendicular 
frrom one of the anglee upon the opposite aide, to eok>e the triangle. 

Let e be the side to which the perpex^dicular (p) is drawn. We have found for R, f 
tokdp the expressions 

» g g ; 

2 sm (7 ^ 2 sin (-4 + jB) — 4 sin J (^ + J?) cos J (-^ + -^O 

rin } ^ sin } J? 

• BBS C • ■ m ^ t m wt^ 

nnHA+B) 

rin ^ sin B 
^^^'an(A + B) 
11 
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EHmfafttiiig e, we hftva 

P 
2£ 



nMtukAmnlf 



(••) 



r 



4 oot } (^ 4- J9) dn } ^ Bin }B 



w 



from which two equfttions A and B are to be found. Developing cos } (^ -f* •^)» 
(fi) becomee 

^«4dn}^coB}il8in}^oo8}^ — 4un»i^9in«}£ 

BsinilsinjS — 4 8in*}^8in*}jS 
which rabtraeted from (m) giyee 



2R " 



sin* } ^ nn* } £ 



W 



Dividing the square of (m) by (o), we find 

5^^^^ - 4 oo.« M coi* J S 



«faenoe 



dn } ^ Bin } ^ 



Jc^o 



j> — 2r 



2^[2i2{;> — 2r)] 



COB } ^ COB } j9 aSB rr ^ ^- ■ ". j^— r^ 

* * 2^[2J2(|> — 2r)] 

IShe diffcMAce and Bnm of theee two equaUons give 

^^'>(^ + ^" ^[2iZ^^2r)] 
C0BH^-i^)«;7 t2/(7l2r)] 



(806) 



which determine } (^ 4- ^) and ^ (^ — jS) and therefore j4 and B, The sidei 
are then fonnd by the formida 

es 2i2Bin C 



Fig. 27. 




168. In a gwm plane triangle ARCt Fig. 27, to yifui a 
point y ^ueh that the three lines drdvm from this point to the 
angles A, B end C shaU make given angles with each other. 

Let the given Angles heP.PC ss a and APC sb 
and the required angles PAC't=x P BC z=: y 

The sum of the angles of the quadrilateral ACBPia 



whence 






(306) 
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In the triangles ^P C, £PC,irB haye 



from wlii 



_ _ b 8\nx ^^anny sin x a Binjg 

sin /8 fiin X nny b * Bin « 

Bin a? 4- flinjf tan^(g + y) m+1 
sin 2 — sin y ^ tan }(«— y) m — 1 

tanj(«— y)-.^^ tani(« + y) 

To compute fluB e<{aa<ion bj logaritlunB, let 

asin ^ 



tan^ BB M 



5sin« 



then by (152), tan}(« — y) a tan (> — 46<») tan } (x + y) 

so that the angles z and y are fonnd by (806) and (807). 
164. The following problems are proposed as exercises. 
In a plane triangie A BO — 
1. Giyen e, the perp. npon e smp and a 4- 6 ■» m. 

sin* X SB -7 — j — ^7 r a — ^ ^ e eos s 

(j» + e) (m — c) 

tan J (7 — ^ r 

' (» + *) ("* "" *) 

:2. Giyen e, the perp. upon e ^p, and a — & es n. 

tan* « MB , — i — ~ r a + 5 SB e 860 • 



taniC-ii+^^JlI^ 



5. Giyen O, «, and a6 «■ ^. 

2g 
tan sbs— ^oos}(7 a4-6e8B0 8eos 

2 9 
sin x' ^ — ^ sin } (7 a — btamewMs^ 

4. Giyen C^ <ihe perp. from C m^p, and a 4~ ^ «■ "*• 

tansBs — tan } C CBBWitaB^x 

6. Giyen O, the perp. from O ^ep, and a — 6 as n. 

tan z:k — eoti O «sHfio€t4« 

5. Giyen e, (7, and a -{- ^ «» **• 

cos } (^ — ^) =* - sin J (7 « — 5 = c — ^-L-—- — i 
» V ' c * cos ^ (7 



<807) 
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* 

7. GiTcn e, A^ and a 4- & ^ m. 

■ 

8. Giyen a -f ^ =b m, the p«rp. upon e ss j>, and the difference of the 

of SB dl 

un i (^ + B) , j [ ^^._ ^,^ y^^. _ ^^J 

or with an anziliaiy angle 



(fli + rf) (» — if) 

HI ^ 

tan}(^+j9)s^nnxtanx tan}(il— jB) «■ — sin** 

9. GiTon the perimeter si 2 t, (7, and the perp. from O ^^p. 

p 
tan* xss~eotA(7 e^t cog^ « 

2 « " 

10. GiTen e, a -)~ ^ ^^ "* ^^^ ^^ radios of the inscribed circle si r. 

am z Bs — / ( — ! — ) a — 6sieeoB« 

2r 
tanJCss — — 

11. GiTen e, a — b ^ n, and the radius of the.insoribed circle si r. 

^..^(£±4^) .+ *«.cot(.-i5o, 

12. Giyen the radii r", r", r^', of the three escribed circles. (Arts. 168, 164). 

tan* ^Ass - 

166. GVvrn the ndet of a guadrHaUrdl mtenbtd m a drde, to find Ut anglet and area, 
ng.28. In Fig. 28, let ^ ^ ss a, BCsab, CDs^e, DA^d. 

Iiet2t a a+ 6+e+dandJE's=areaof^J?C7/>; then 
from the triangles AffC; ADC, obsernng thati? s: 180<>— Z> 
we find 

■"«-®~ <■& + «/ ' "»»*■*— 044! erf 

jr — v'[(»-a)(*-6)(«-e)(«-^] (808) 
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CHAPTER X. 

SOLUTION OF OEl^TAIN TBIOONOMETBIC EQUATIONS AND OF NU- 
MERICAL EQUATIONS OF THE SECOND AND THIRD DEGREES. 

166. The solution of a problem in which the unknown quantity 
is an angle, often depends upon that of one or more equations, in- 
Yolving different functions of the angle, which cannot be reduced by 
merely algebraic transformations. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167. To find zfrom the equation 

sin (a -f 2) B 911 sin (809) 

in which « and 971 are given. We have, by (119), 

sin ( «ft -f 2;) « sin « sin 2 (cot 2 + Cdt«) 
which becomes identical with (809) by taking 

sin A (cot 2; + cot «) s m 
whence the required solution 

cot Z «■ -: cot «( (810) 

sin« ^ 

If the proposed equation were 

sin (fl& — 2) « m sin z (811) 



we should find 



cot z = -^ + cot « (812) 



sm«& 



Unless z is limited by the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions ; for all the angles z, z + 180°, z + 360°, z + 540°, &c., in 
general all the angles z + n ic have the same cotangent. [See 
(68), (79).] In most cases, however, we consider only the first two 

of these solutions, taking the values of z always less than 360°. 

H 
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Stmiliir remarks apply in all cases where an angle is determined 
by' a single trigonometric function ; but if the problem is such as to 
give the values of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 360^, since there 
cannot be two different angles less than 860^ that have the same 
sine and cosine. 

168. The solution of the preceding article requires the use o^ a 
table of natural cotangents ; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduee from (309) the following 

sin (<fe + g) + sin z m + 1 
sm (fl> + 2) — sin 2 w» — 1 

But by (109), if a? « « + 3, y sa 2, we have 

sin {a + z) + sin z tan (« + J «&), 
sin (« + 2;) — sin g tan ^ « 

which substituted above, gives 

tan (« + }«) — 3- tan 1 01 

which determines z + ^oh whence z is found by deducting jj^ x. 

The computation of this equation is facilitated in most cases by. 
introducing an auxiliary angle, such that 

tan ^ =s 971 

an assumption always admissible, since while the angle varies from 
to 90^ the tangent varies from to 00 , so that an angle $ may 
always be found having any given number as its tangent. 
We have then by (152), 

m + l tan ^ + 1 , . ^«v 
T = r-^ — T = cot (<p - 46®) 

wi — 1 tan ^ — 1 ^^ ^ 

and the preceding solution becomes 

tan cp =a w, tan (« + J *j = cot (<p — 45°) tan } « (313) 

, The logarithmic solution of (311) is found in the same manner 
to be 

tan <p == w, tan (2 — J «») = cot (^ + 45°) tan } «( (314) 
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169. To find z from the equation 

tan {a + £) ^ m tan z (815) 



We deduce 



tan (fl& + g) + tan g m +1 
tan(<*+ g) — tan3 m — 1 



80 that by (126) and (152) the solution is 

tan <p = m, sin (« + 2 «) = cot (^ — 45°) sin at (816) 

170. To find z from tJie equation 

tan (* + «) tan « =■ wi (817) 

We deduce 

^ 1 + tan {a + «) tan g \ + m 

1 — tan (« + z) tan g 1 — wt 

80 that by (127) and (151) the solution is 

tan ^ = w, cos (flfr + 2 «) =» tan (45® — ^) cos at (818) 

171. To find » from the equation 

8in(«dbf}8msmii (819) 

By (108) we find 

008 « — 008 (« db 2 s) as db 2 BIB (« sb s) sin f ss db 2 f» 
whenoo oos (« d= 2 1 ) ss oos a =p 2 m (819*; 

which detemdnes « db 2 2, and henoe 2 z. 

From (819*) we have fonr Talnes of «e db 2 « between 0® and 720^ ; therefore, four 
▼alnes of 2 z between the same limits, and four yalues of 1 between 0^ and 860®. 

In general, we shall have four solutions under 860® in all cases where the doMe 
angle is determined by a eingle Junction, 

The logarithmio solution of (819) Taries with the signs of m and «. Thus, if th« 
equation la 

sin (« -{~ ') Bin f IS m 

■I being essentially pontiTe, we have by (188) 

C08*}« — cos* (f 4* } <^) *B3 Bin («-{-') Bins asm 

cos* (S•^^' } «) aa C08*}« ~ III 

and by (188) again this is solyed by 

008*^=sm, COB* {g-^'i a) :si tin (t'\'i«t) BUk((^ — }flc) 

and the other cases are solyed by similar methods. 
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172. 'Fhe preceding examples will suffice to indioftte tbe metbod to be fbUowed 
with all the equations of the following table. The solutions of the equations uitoIt- 
ing cosines maybe obtained from those inyolviiig sines, by exchanging z for 90® db z^ 
or « for W* dcA. 

Loganthmic solutions of the first four will be obtained by imitating the process of 
Art 171. 





Equations. 


1. 


sin («t ± z) uijfz — m 


2. 


COB (et =1= z) cos e := m 


8. 


sin (et db z) cos z =s m 


4. 


cos (flt db 2) sin 2 s= m 


6. 


ain (a dcz) = m sin 2 


6. 


cos (fit dbz) ^ m cos z 


7. 


sin (a :±: z) := m cos z 



8. cos (fit ± z) a=s fR sin z 

9. tan (« ± z) tanz ^ m 
10. tan (« =b z) =B m tan z 



Solutions. 



cos (at db 2 z) ^ cos A q= 2 m 

cos (et db 2 Z) as 2 m — cos CK 

sin (ec db 2 z) =s 2 m — sin « 

sin(ct:±:2z) a=^n'a=fc:2f» 
tan ^ ^ «, tan (zdo\ «) sss cot (^ z^ 45®) tan } a 
tan0 ^ m, tan (J et dz z) = tan (45® — ^) cot ^ a 
tan^ as m, 

Un (45® — J «t =p z) = tan (45® — *) tan(45® + J «) 
tan ss fit, 

tan (46®— J tt=pz) s tan(46® =p 0) tan (J«— 45®) 
tan ^ a: m, cos (at ± 2 z) =s tan (45® =p 4) ''lOS « 
tan ^ sac m, sin (2 2 db a) = cot (0 qp 45®) sin « 



In the numerical solutions the signs of the angles and their functions must be 
carefully obs^ ved. The signs of the functions should be prefixed to their logar- 
ithms, According to Art. 99. 

The auxiliary angle ^ may be taken numerically less than 90® in all cases, but 
positive or negative according to the sign of its tangent. It can easily be shown 
that we shall thus obtain the same values of z as by taking <^ in the 2d quadrant 
when its tangent is negative, or in the 8d quadrant when its tangent is positive. ' 

EXAMPLX. 

Find z from (817) when « » 65® and m « 1 -5196154. By (818) 

. log tan ^ =s log m* + 0-181788) 



46® — 
log tan (45® — ^) 



66® 39* ^ 
— 11®89' 9* 

— 9-8148426 
+ 9 -625948a 

— 8-9402909 



log cos « 

log tan (45® — ^) cos et a=s log COS (at + 2 z) 

«» + 2« 96® or 266® or 465® or 626^ 

A 65® 

2 a 30® or 200® or 890® or 560® 

z 15® or 100® or 195® or 280* 



* It must be remembered that in this employment of the signs -j- and — , these 
signs belong to the natural numbers ; and when the logs, a^e addea or subtracted, the 
sign of the result is to be determined according to the rules of mult^Ueation and 
diviinan in algebra. 
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178. Ih find zjrom the equation 

sm (fit 4- ') 88 m Bin (^ -f" ^)* 
Put k' ss ^ 4" ^» "^^ = * — ^1 iiitrx. this eqaation becomes 

r 

sin («' 4" ^') = ''^ ^^^ ^ 

which is of the form (309) and may be solved by (309*) or (811) ; then a s± s^— /9: 
In the same manner equations -of this form, involving cosines or tangents, may be 
reduced to those of the preceding table. 

174. To find h and zfrom the equations 



k cos 2 = n 



We haye, by division, 



m 

tan 2 = — 
n 



which gives two values of Zj one less, the other greater than 180^; 
whence, also, two values of k from either of the equations 



m n 



sin z cos z 

The solution becomes entirely determinate {z not exceeding 360^) 
as follows : 

1st. When the sign of k is given. For if i is positive, sin z has 
the sign of m, and cos z the sign of n, and z must be taken in the 
quadrant denoted by these signs. If k is negative, the signs of sin z 
and cos z are the opposite to those of m and n, and z must be taken 
accordingly. 

2d. When z is restricted by either thfi condition z < 180°, or 
z > 180°. For under either of these conditions the tangent gives 
but one solution. If « < 180°, k has the sign of m\ and if 2 > 180° 
k has the opposite sign to that of m. 

3d. When z is restricted to acute values^ positive or negative. For 
under this condition a positive tangent will give z between 0° and 
+ 90° ; and a negative tangent, between 0° and — 90° ; and k will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, we 
may always satisfy the conditions expressed by (320), Ist, by a posi- 
tive number k and an angle z between 0° and 860° ; 2d, by a num- 
ber k -(unrestricted as to sign) and an angle z < 180° ; 3d, by a 
number k (unrestricted as to sign) and an angle z > 180° ; and 4th, 

by a number A;, and an angle z in the 1st or 4th quadrant.^ 
12 h2 
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Example. 

To find k and z from (820), {k being a positiye number), when 
19, . . 0-8076258, n - + 04278785. 

JEr Bin 2 — 0-8076258 

* cos « + 04278785 

(a) . log A; sin — 94880228 

(i) log Jb cos IS + 9.681814T 

(a) — (6) log tan « — 9.8567081 

824^ ir 6".6 

(c) log sin - 9-7662280 

(a) - (c) log ft + 9.7217948 

k + 0.5269808 

Upon this problem and the deductions we have made from it, rests 
the method of introducing the auxiliary angles required in solving 
many of the formulae of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved in 
the following article. 

175. To solve the equation 

m COS z + nsinz f^ q (821) 

971, n and q being given. 

The first member will be reduced to the form k sin (^ + 2) by as- 
suming k and ^ such that 



whence 



i sin 9 s fit, ft cos ^ » n (322) 



ft sin ^ cos 2 + ft cos ^ sin 2 = j 

sin (^ + 2) = 4 (828) 



Therefore, if ft and $ be found from (322) by the preceding ar- 
ticle, (ft being limited to positive values), we can then find by (323) 
the value ^ + z and therefore of z. There will be two solutions 
from the two values of ^ + 2; given by (328). 
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»1 



If we restrict ^ to values less than 180^, (as we may do accord- 
ing to the last article), we may find it by the equation 



and then 



m 
tan ^ =» — 



sin ($ + 2) =ss — sin $ =» — cos $ 



(324) 



and in this form it will be unnecessary to find h* 

EXAMPLK. 

To find z from (821) when w = - 1.0498382, w = + 0-7466898, 
and J = — 04816898. 



By (322) and (328). 

log m aa log * sin ^ — 0.0211203 

log n = log * cos <p + 9.8731402 

log tan ^ —0.1479801 

(f 305° 26' 20'' 

log sin (p —9.9111059 

log * + 0.1100144 

log J -9.6351713 

log sin (<p + 2) — 9-5251569 

, f 199° 34' 40" 

^ t or840°25'20" 

f -a05°50'40" 

\ or 85° 0' C 



z 



By (324). 

logw —00211203 

logw +9-8731402 

log tan (p —0.1479801 

(p 125° 25' 20" 

log sin (p +9.9111059 

log 3 -9.6351713 

arcologm -9-9788797 

log sin ((p + 2) +9-5251569 

. / 19° 34' 40' 

^"^^ I or 160° 25' 20" 

/ - 105° 50'40" 

\ or 35° 0' 0" 



z 



To avoid the negative value of Zj in the first of these solutions, 
we may take for the first value of 

<p + 2, 860° + 199° 34' 40" = 559° 84' 40" 

whence z = 559° 84' 40" - 305° 25' 20" = 254° 9' 20". The se- 
cond solution gives a like result. 

If we suppose ^ in (324) to be limited to acute values positive or 
negative, we take<p = — 54° 84'40", which gives (p + 2= 199° 84' 40," 
or 840° 25' 20", whence the same values of z as before. 

We may repeat the latter part of the work with cos ^ for verifi- 
cation. 



* The solution is, by (828), impossible when -|- is greater than unity; and by 
adding the squares of (822), A^ as m* + n* ; therefore the solution is impossible when 



PLANS TBIGONOMBTBT. 



170. T9 MoUfe the eguoHon 

a on (a + f ) + 5 Bin 00 + ') + e nn (> + «) + &e. B ; (826) 

Deyeloping by (86) and putting 

a an A •{^ b an '{' e mn y'{- ko. cam 

aOQ»A+ bOQ9 0-\- e COB y'\'.iLC^ man 

Has becomeB 

m 008 1 -f- » iin f es g 

which is solyed in the preceding article. The same process applies if any or all of 
the terms contain cosines. 

177. To find k and gjrom the equaiume 



^ sin (a -f- ir) Bs m 
k sin (/?-}- s) s= » 

The snm and difference of these equations axe, by (105) and (106), 

2 A sin [} (« + /?) + 2] cos } (a _ ^) s= m «f » 
2 I; cos [} (a + i9) 4- 2] Bin } (a _ i9) a m — 11 



} 



(826) 



whence 



2*.in[H. + /»)+.]-54 + i^ 



m — fi 



2 k cos [J (a + /?)+«] = . ;" 

*•' ^ ^ ' ^ •* sin } (a — /S) 



. (827) 



from which 2 k and } (a -f )8) + ^ ^^^ determined by Art. 174. The logs, of the 
second members of these equations should be computed separately, for the purpose 
of readily diBCOvering the signs of the sine and cosine in the first members. The 
solution is determinate (according to Art 174) when the sign of k is given* 
From (827) we find, by division, 



tan [} (« + /?) + z\^ ^±^ tan } («-/?) 



(328) 



which requires a less number of logs, than the separate computation of (827), but 
we are obliged to refer to (327) to determine (by an inspection of the second mem- 
bers) the signs of the sine and cosine. 
If we assume 



n 

tan^ fess — 

m 



we may compute (328) by the formula 

tan [i (o + /9) + «] « tan (46«» + ^) tan J (a — fi) 



(829\ 
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In (826) giyen a » 200<>, fi =a l^O^, m a — 0-42846 and n a — 0-20128, to 
And f And k^ k being positiye. 

By (827). 
m+ii —0-62468 
m — n -^ 0-22222 
} (. + ^) 170» 
J(«-i8) 80» 

log (m + n) —9-7956676 
log cos } (« — /S) + 9-9876806 
(a) log2ikBin[}(a+/S) + '] —9-8681270 

log (m — n) —9-8467881 
log sin i (a — /8) +^'898^700 

(h) log 2 ib 008 [H« + /d) + '] —9-6478181 

(a) — (6) log tan [} (« + ;8) + 2] +0-2108140 

J (a 4.^+,) 288°2r88"-6 

f 68«21'88''-6 

(c) log iin [ J (« + /8) + «] —9-9801171 

(a) — (c) ^ log2^ +9-9280099 

2 i 0-8472467 

ib 0-4286284 

178. A more general solution of (826) is the following.* Let > be any angle as- 
tamed at pleasure, and in (171) let 

x«aa + «, y=»^ + «, f'=B> + « 

(distinguishing the f of (171) by an aooent) ; then we shall find 

sin (a— /8) sin (> + «) a . sin (a — >) sin (;8 + «) — sin (/8 — >) sin (a + g) 

In this let y (whose value is arbitrary) be exchanged for y + 90^ ; then 

ain (a — 0) cos (> + s) a — cos (a — y) gin (^ + 2) + cos (/8 — >) 4lin (a + s) 

Multiplying these equations by k and substituting tn and n from (826) 

Jfc sin (a — 0) sin (7^ + 2) ss m sin (> — 0) — n sin (> — a) 
ktm(a — 0) cos (> + 2) ss m cos (>> — ^) — n cos (> — «) 

which (> being assumed at pleasure), determine k and > + '• 
If we take > bs 0, we find 

— msin/S + nsina 

tan 2 ss — — ! 

m cos /S — n cos a 

If>=.«, 

ifc sin (a + f ) ss fii 

_ , , V mcos(a— i»)— n . (881) 

k cos (a + ») aa A-7 i-j; — ^ ' 

\ * ^ Sin (a — 0) 

If y sn 0,ire hare a similar result. 

If ^ SB } (a + /?) we obtain the solution of the preceding article. 
If ib is required, without first finding 2, we haye, by adding the squares of (880) 
ib sin (a — ^) as v^ [in*+ n« — 2 mn cos (a — ^8)] (882) 

* Gauss, l^eoria MoUu Corporum Cttiesttum, Art. 78. 



} 



(880) 



94 
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179. To find k and 8 from ike e^uotumt 



k COS (a -|- f) a: m 



} 



(838) 



T]i68e ftre reduced to the form (826) by Bubstitating 90^ -f ■ ^^ 90^ + i? for a and /?. 
We find, however, by a prooees eimilar to that of Art 177, 



2*rin[}X. + /?) + .] 

2*008 [}(a+ /?) + !] 



n— fit 
iin } (« ^fij 

fi-4- M 

COB J (« — ^) 



(884) 



or 



II 



eot [} (a + j9) + »] B. tan (46« + ♦) tan K« — iJ) 



(886) 



ExAMPU. In (888) giyen a « 280^ 16', ^ « 200O KK, m b — 0-62842, and 
fi a 0*69726, find # and ib, ik being positiTe. 

ilfw. s -B 2070 6' 84"-4 ib B 1-0278648 

180. The more general solution of (888) may be found directly from (172), but 
It will be simpler to obtain it from (880) by substituting 90<> + a for a, and 9(y + fi 
for 0, whence 



* sin (a — /9) sin (y -{- s) as — m cos (y — 
k sin (a — 0) coB (y -{- ') *= m sin 

y being arbitrary as before. 

If y s 0, we find 

— m cos /? + ** ^0* * 
'^m8m0-\' nana 



OB(y-/?)+ficos(y — «) ) 
in(y-i8) — nBin(y-«) j ^***'' 



tani 



Ify = «, 



* sin (a 4" ') = 



— m cos (a — 0) + ft 
sin (a — /?) 



(887) 



ib cos (a-^-g) ss m 

If y ss } (a ^ /?), we obtain the solution (884). 

ff * is required directly, the sum of the squares of (886) giyes 

ife sin (a — /S) s= ^ [m*+ »• — 2 mn cos (a— ^)] 

a^ in Art. 178. 

iSl. The solutions of the preceding articles may be applied to a single equation 
ot the form 

n sin (a 4- 2) SB fft sin (/? -{* ^) 

which is a more general form of (309). For if we'assume 

A; sin (a -I" ^) « f^* 
wa have k an (0 -^^ z) ss n 

whence k and g are found by Arts. 177, 178. 
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182. In like manner, if the proposed equation is 

fl 008 (a 4- 2) zs m 008 (fi + *) 

m 

we assume 

k 008 (a -|. s) as m 

whence k cos {0 -{- 1) sss n 

and k and 2 are found by Arts. 179, 180. As the sign ot k (In this and the preced- 
ing article) may be arbitrarily assumed, there will be two solutions. 

NuMSBiOAL Equations of thb Ssoond ahd Thi&d Dsg&sis. 

188. To tolve the equation 

2*4.^x4- 9 as (888) 

wAtffi q is estentiaUy po9iiiv€f and p either potUvot or n^oHvB. 
We have from (144), exchanging x tor ^, 

tan* } — 2 coseo ^tanJ^+lssO (889) 

and (888) may be reduced to this form by substituting 

z^9y/q 

In which we may take the radical only with the positiye sign, since we may assume 
z and 8 to haye the same sign. We thus reduce (888) to 





^ + 


;.'+■ 


aO 




whioh eompared with (889) giyes 








• 


— 2 coseo ^ 8 


P 


S SB 


tan}^ 


m 


singes- 


p ' 


X aa 


= \/7ta 



(840) 



which giyes two yalnes of ^ less than 860^ and consequently two yalues of x. If 
be the least of these two yalues of less than 860<> (=s 2 »■), all the yalues of ^ which 
haye the same sine are 

0, IT — 0, 2r + 0, 8»'— 0, &o. 
and all the yalues of tan } ^ are 

tan \ 0, cot } 0, tan •} 0, cot } 0, &o. 
Hence the two roots of (388) are found by the formulas 

sin a: ^, a?, =a ^i"tan } 0, «, =ai v'Tcs* J - (84!) 

P 

in which may be always taken < 90® with the sigL' of its sine, and ^ g is to be re- 
garded a^ a positiye quantity. ^ 

As long as 2 ^ 9 is not greater than p, this solution is possible, but when 2 v^ 7 > j?, 
sin is not possible, and both roots are imaginary ; which agrees with what is shown 
in algebra. 
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184. IbwlvethseptaUom 

t^+px-'q^O (842) 

when — q ia eatmtiaUy negatme^ p being either poeitwe cr negaihe. 
We have, by (148) 

tan* i^+2cot^tanH — laO 

and (842) is reduced to this fonn by substituting 

z s g^q 

p 
whence i^ A — ^ t — 1 =b 

y/i 

* 

The xequired soluUon is therefore 

2 cot ^ SB -^, f ss tan } ^ 

or tan^B>X-±y ssa^^tan}^ (848) 

If is the least value of ^, all the values of <p which have the same tangent are 

and all the values of tan } ^ are 

tan } B, — cot } 9, tan } 9, — cot } 0, &c. 
Therefore the two roots of (842) are found by the formulso 

tan B SB ^ , Xj ss ^Y^^'"^ } *» *• = — ^ y cot } tf (844) 

in which, as before, the radical is to be taken as positive, and < 90° with the sign 
of its tangent. 
In this case both roots are real, since tan 9 is always possible. 

185. To solve a numerical equation of the third degree. It is shown in algebra that 
any equation of the third degree may be reduced to one in which the 2d term li 
wanting; we need consider therefore only the form 

2« 4. 02 4. 5 -s (845) 

To resolve this, put 

x = y + f 

we find (8 y « + a) (y + 2) + y» + «■ + 6 =3 

Now X may be decomposed into two parts, y and z, in an infinite variety of ways, 
and we may therefore suppose that y and z are such as to satisfy the condition 

8y2-f a = 

which reduces the first term of the preceding equation to 0, and gives the two con- 
ditions 

y»a=— "I, y* + s«aB — 6 
Put y* ac <|, s* Bs <; ; then we have 
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BO that, by the theory of equations, t^ and t^ are the two roots of an equation of the 



a^ 



second degree in which the absolute term is — -^ and the coefficient of the second 
term is b ; that is, they are the roots of the equation 



If then we find the two roots t^ and ^ of (m) by the preceding methods we shall 
haTO 

x^y + t^y^U + ^t^ (n) 

It will be necessary to consider the sign of a in the equation (m). 
' 1st. When a iapositwey (m) comes under the form (342) and the solution by (^44) 
giyes 

**^^=6-W27' h^^^t^ni^, <.=3-J^ootn 

and by (n) 

«=» J~(^tanJfl-^cot}e) . 

and if we assume 

tan } ^ Bs -^ tan | 9 
this becomes, by (142) 

« « -- 2 / -g- cot ^ 
Collecting these results we hare, for the solution of (845), when a iepoeitwe. 



2 /^ 



tan fl =s — J 5=^ tan J ^ = ^ tan J fl 



— 2 Jjcot^ 




' (S46) 



in which the radicals I — and / -r- are to be considered positiye, and is to be 

taken < 90° with the sign of the tangent. But two of the three values of -^ tan \ • 
being imaginary, the given equation has but one real root.* 

* If r represent the real value of ^ tan ^ 6, and ^i, a^ the two imaginary rootp of 
unity, the real value of s iB 

and the imaginary values are 

or since a, a, = 1 

18 I 
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2d. When a it negatwe tmd — 4 a* < 27 6\ Equation (m) beoom«f 

and is of the form (338) ; its roots are therefore found by (841) which g^yea 

ana by (n) x s / — -|- (-^tan J fl + ^cot } 9J 

or if we pnt, as before, tan } ^ as •^ tan } 0, the solution of (846), tphm a it neg<xU»e^ ii 



2 / a" 
sin0s=3 — — / — ^ tan}^B^tan}0 



'j-f 



2 / — ■=- coseo ♦ 



• (847) 



which ^yes one real root, (the other two being imaginary, as aboye), when sin 9 is 
possible, i. e. when — 4 <»• < 27 b\* 

Substituting the yalues of a^ and a, 

-1 + ^-3 ^_ ~l-^/-8 
^« = 2 '^ 2 

and also r s: tan A ^ — > ss cot } ^ 

r 

we find z^ss I -^ (cot ^ + co8«<5 ^ \/ — 8) 



:, = / g- (cot ^ — cosec ^ v^ — 8) 



!iir finally, z^ being the real root, the imaginary roots are , 

a:, = — ^ ^seo^^— 1 

«. =8 — -^ H ^ — sec v' — 1 

* The two imaginary roots will be found, by a process similar to that employed 
in (the preceding note, to be 

a^ = — -^ — -i-|— cos ^ -v/— 1 



P. = — -^ + -^^|— cos # v' — 1 



in which z, is the retl root found by (847). 
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8d. When a is negative and — 4 a" > 27 5*. In this case sin 9, in (847), is impossible 
and the preceding solution fails. This is the vrredueible ease of Cardan's rule, the 
roots appearing under imaginary forms, although it is known that they are all three 
real. It is, however, readily solved trigonometrioally. 

In Art 77, putting ^ for z, we have 

sin* — f sin ^ 4* } sin 8 ^ SB (m') 

and (845) may be redoeed to this form by substituting 



80 that we must have 



as. 
1^ T •' * 



'J-'. 



in which the radical is to be taken positiTe, so that x and i shall hare the same sign. 
Comparing (m') and (n') we haye also 



b 6 / 27 / 276* 
tsin8^«- or sin8 ^ = -J— j; « J jy 

which is a possible sine in the present case. We may therefore take 

« SB sin ^ 
and the solution is 



•in 8^ 



6 f 27 la 

2-J--y .«2sin^J-^ (848) 



which gives three real roots by the different values of 8 0, which have the same sine 
If is the least of these values, all the values of 8 are expressed by 

2nr+9 and (2n-f l)r — 9 

II being any integer or ; and all the values of ^ are expressed by 

2* , , . 2n4- 1 

♦ — -g-' + i^^ *= — j—'^ — i^ 

Now aU integers are included in the forms 3 m, 8 m 4- 1 And 8 m — l. 
If n ^ 8 m, the above values of ^ are 

0s2m«'-f}9, ^s2in)r-fi«'~ie 
whence 

tnn ^ =s sin } 9, sin ^ ^ sin ^ (r — 

If n = 8 f» -f- li we find in the same way 

sin ^ ss sin } («• — 9), sin ^ ac } 9 

the same as before. 
If n as 8 fit — 1, we find both values to be 

sin ^ — sin i («• -f- ^) 
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go that tnere nre but three different Talmes of tin ^. Substitnting these in ^348), 
ihe three roots of (845), whm a it negaiwt and -^ 4 a* > 27 h\ are found by 






(849) 



«.= — 2 / — ■ |-dnJ(»+«) = — 2 /--| rin(60»+J«) 

in which < 9^ with the sign of its sine, and the radicals are taken with the posi- 
tiye sign. 

EXAMFUS. 

1. SoWe (846) when a a — 6-101816, 6 s-. 5-766578. We find 



log 



4J-S— »• 



002651* 



which being greater than any log. sine, we take its arithmetioal complement and 
proceed by (849). Then 

log sin S3 — 9*9974849 
s:— 880 46' 44'' 



J0 — 270 55'84"-7 
log sin — 9-6705571 



log2 



J-^ 



0-4551811 



logxx —0-1257882 
X, a — 1-885790 



eOo_je 87«55'84"-7 
9-9997155 

0-4551811 

log 2^ 0-4548966 . 
x^=s 2-850889 



— (60O + J 0) — 8204' 25"-8 
— 9-7251024 

0-4551811 

log x, — 0-1802885 
«»»— 1-514549 



2. SoWe (845) when a as — 7, and & s= 7. 

Am. %x as 1-856896, x^ as 1-692021, z. s: 

8. SoWe (845) when a s 1-5, and 6 s — 45. 

Am, The real root 



8-048917. 



8-4168975. 



It may be obseryed that the algebraic snm of the three roots is always zero, in 
conseqnenoe of the absence of the term in af from the giyen equation. This is easily 
shown from (849) where there are three real roots, and from the forms in the notes 
p. 98, where there are imaginary roots. This principle furnishes a simple verifica- 
tion of the Talues found by (849)^ 



* The sign — here belongs to the number of which this is the logarithm. 
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CHAPTER XI. 

DIFFERENCES AND DIFFERENTIALS OF THE TRIGONOMETRIC 

FUNCTIONS. 

186. In the applications of trigonometry,' it is often required to 
compute a function of one angle from that of an angle which differs 
from the first by a small quantity. In such cases it is generally 
most convenient to compute the difference of the two functions, 
which may be applied to either to obtain the other. 

187. To find the increment of the sine or cosine of an angle, corre- 
sponding to a given increment of the angle. 

Let the angle x be increased by A x, (this notation signifying dif- 
ference, or increment of x\ and let the corresponding difference or 
increment of the sine be expressed by A sin x and of the cosine by 
A cos a; ; we have, by this notation, 

A sin re » sin (x + A 2;) — sin a; 
A CO82; » cos [x + Ax) — cos a: 

and by (106) and (108) 

A sin a; » 2cos(a; + i^A2;)sin} A a; (850) 

Acos2;=s — 2Bin(ie + iA2;)sin}Aa? (8^1) 

which are the required formulae. 

We here consider the difference always as an increment, i. e. an 
increase, and give it the positive (algebraic) sign ; its essential sign 
may, however, be negative, and it will then be in fact a decrement. 
Thus, in (351) the second member will be negative so long as 
z < 180^, and therefore the increment of the cosine is negative ; 
that is, from 0^ to 180° the cosine decreases as the angle increases. 
In like manner A sin x is negative when x > 90°, and < 270°. 

188. To find the increment of the tangent and cotangent* We have 

A tan X » tan {x + Ax) -^ tan x 
A cot a? =s cot (a; + A a:) — cot x 

and by (116) and (119) 

A tan X « 7 — , , . = secfa; + Aa;) sec a; sm A a: (352) 

cos (a; + A a;) cos a: ^ ^ ^ ' 

• J. 

A cot a: =s -r—7 — z r— r— « — coscc (x+ Ax) coseca; sin A x (853) 

sin(a? + Aa:)sina; ^ ^ ^ 

i2 
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189. To find the menmeat of tht teeami and eoaeeant. We haye 

A BM « sa see (z 4" ^ ') — BM ' 
A ooeeo X as cobm (z -f* ^ ^) — ws^o x 

or by (180) and (182) 

2 sin (z 4* i ^ 3^) Bin ^ A c ..^ . 

008 {X+ ^Z) OOBX ^ ' 

— 2 COS (z 4- i A z) sin } A z /oecx 

A 00869 « ss * \ t — r^ ' (W>6> 

8in (z 4- A z) sin z ^ 

190. 3h find tho inermntnU of the ogiuaret of the trigonometrie fUnetione correspoeuUng 
to a given increment of the angle. 

We haye 

A sin* X ^ sin* (z 4- A a;) — sin* x 
8BS 008* z — 008* (z 4- A z) 

whenoe by (188) 

A sin* X ^ — A 008* zsssin(2z4-Az)8inAs (868) 

From (116), (116), and (119) we dednoe 

mn (z 4*y) Bin (z — y) 



tan* X — tan* y 



cos* X COS* y 



whenoe 



— Bin (z 4- y) sin (z—y) 
oot* X — oot* y sss \ m ' • " 

sin* z sin* y 

At.a««» '^<f; + ^') A— (867) 

« COS* (Z 4- A Z) cos* Z ^ ' 

— sin (2 z4- Az) Bin A « ,.,^^ 
A oot* z at — . ^ ; . , / . ^ (868) 

am* (z 4- A z) sin* z ^ ' 

From (16) we haye 

800* (z 4- A z) :s tan* (z 4- A z) 4- 1 
see* z s=3 tan* z 4- 1 

the difference of which i^tos 

A BOO* z s A tan* X (869) 

and in the same manner, from (17), 

A ooseo* z ^ A oot* X (860) 

and the yalnes of A tan* z, A oot* z, may be snbstitated in (869) and (860). 

191. When the increment of an angle, or arc, is infinitely 9maUf 
it is called the differential of the angle, or arc ; and the correspond 
ing increments of the trigonometric functions are the differentials of 
these functions. 

The differential of 2; is denoted by dx ; o{ smxhj d sin x^ Jrc. 
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192. To find the differentiah of the trigonometric functions from 
the differential of the angle. 

Let the angle x and its increment Ax be expressed in the unit of 
Art. 11 ; or, which is equivalent^ let x and Aa; be the arcs which 
measure the angle and its increment in the circle whose radius = 1. 
It is evident that the less the arc, the more nearly does it coincide 
with its sine or tangent ; therefore, when Ax is infinitely small, or 
becomes dx, 

sia dx=^dx sin^dx^^ ^dx 

This may be demonstrated more rigorously thus. When dx is 
infinitely small, we have cos dx^ly whence 

sin dx , « 

- — J- =» cos oa: =» 1 
tanaa; 

sin dx » tan dx 

but the arc cannot be less than the sine, nor greater than the tan- 
gent, and therefore 

dx — sin dx = tan dx 

Again, when Ax is infinitely small, or becomes dx^ we must, ac- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by the signs + or — ; thus we must 
substitute a; for a; + dxy or for x+ \dx. 

Upon these principles we find the differentials directly from the 
finite differences (350), (351), (362), (353), (354) and (355) as follows : 

d sin a; » cos a; dx (^6^) 

(2 cos a; » — sin a; (la; (362) 

Jtan X = sec* a; da; = (1 + tan' x) dx (363) 

J cot a; = — cosec* a; da? == — (1 + cot* x) dx (364) 

d sec a; B tan x sec x dx (365) 

d cosec a? = — cot a? cosec x dx (366) 

108. In the same mftimer the equations (856), (857), (858), (859) and (860) glye 

d sin* X as — d cos* x ^tak^xdx (867) 

d tan* z =as d sed* x ss r — dx (868) 

COS* X ^ ' 

2 ^ X - 2 tan x _ ,_^_ . 

as r— dx as 5 dx (869) 

COS*X C08*X ^ ' 

• .• • • — sin 2x - ., .. 

ifoot*x^ d cosec* X ss — ^-z dx (8VU) 

sin* X ^ ' 

= =2^<fa«Z:2«rt^& (871) 

Bin'x sm*x ^ ' 
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194. Although the equations (361), (362), (363), (364), (365) and 
(366), are rigorously true only whendx is infinitely small, they may 
be used when dxis Sk finite difference, instead of the equations, (350), 
(351), (352), (353), (354) and (355), provided dx is sufficiently smaD 
to be considered equal to its sine without sensible error, and is also 
very small in comparison with x. This is very frequently the case in 
practice, and the differential equations are then preferred on account 
of their simplicity. It is only necessary to observe that dx must 
be expressed in arc^ i. e. in terms of the unit radius ; if it is given 
in seconds, it may be reduced to arc by Art. 9. 

195. To find the differential of an angle from the differentials of 
its functions. 

From (361) we have 

dx - ^^^ (372) 

cos a: ^ ^ 

but it is convenient in this case to employ the notation of inverse 
functions, Art. 87. Thus, if y =» sin 2;, 2; » sin ""^y, and the preced- 
ing equation becomes 

In the same manner from (362), &c., we find 

dtan->y = ^ (375) 

<icot-y = f^ (876) 

d8ec->y^ y^^^_l) (877) 



acosec '«=» — . , „ .,< 



(878) 
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CHAPTER XIL 

DIFFERENCES AND DIFFERENTIALS OF PLANE TRIANGLES. 

196. In trigonometrical investigations it is Hfr» 
often necessary to determine the effect of a 
small change in one of the data, upon the com- 
puted parts. Thus, Fig. 29, i{ Aj AB and 
A 0, of the plane triangle ABOy are the data, 
and AC i& subject to an error of CC\ the required parts will be 
subject to errors which are respectivelj, the differences between 
A OB and AO'B, AB Os,niAB O'y B and B C. In the same 
figure, the data may be supposed to be JL, AB and AB (7, and the 
angle ABO may be regarded as subject to the error B 0' which 
produces the corresponding errors in the remaining parts. In the same 
manner, the data may be Aj A By and A OB, A OB being variable ; 
or, Aj A By and B CjB being variable. In all these instances, A 
and A B are constantj while the remaining four parts are variable^ and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane triangUj any two parts being constantj and the rest 
variable, to determine the relations between the increments of the 
variable parts. 

It is evident that the solution of this problem resolves itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli- 
cation of the increments, as the derived triangle. 

197. GasbL a and c constant. The six parts of the given triangle, 
ABOy Fig. 29, being Ay By (7, a, 6, c, those of the derived triangle 
formed by varying all but A and <?, are J., jB + A -B, (7 + A (7, 
a + Aa, ( + A5, and e. In these two triangles we have 

^ + 5 + a = i8o« 

^-f--B + A£ + (7+A(7- 180° 
whence a£ + A(7=0, AjB«-A(7 (879) 

14 
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Also in the two triangles we have 

a — c sia A cosec (m) 

tf + Aa =s tf sin J. cosec {O + aO) (n) 

the half difference of which by (355) is 

A All =a — ^8"^-^ cos ((7+ } A(7) sin J A(7 r ^ 

* sin(7sin((7+ A(7) ^'^ 



|Aa _^ _ jAa ^ a cos ((7+^^(7 ) 
sinjA5 *" sinjA(7 "" sin((7+A(7) 

The half sum of (tn) and (n) bj (131) is 

, , csin J. wn(<7+iA<7)cosiA(7 

* sm(7sm((7+ A(7) 

which combined with (p) gives 

\b.a ^ Aa g + ^Atf 

tanjA^ "" tanjA(7 "* tan ((7 + } A(7) 

From (260) we have 

<? sin ^ 



tan (7 



J — ccosJ. 

whence 

( — <?cos J. » tf sin J. cot (7 

6 + a6 — c cos J. as tf sin -4. cot ((7 + A(7) 

the difference of which by (353) is 

- cAuA sinA(7 

^^ *" . sin (7 sin ((7+ a(7) 

therefore * 



(380) 



(381) 



sin a5 sin A(7 sin ((7 + A(7) 



(382) 
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This equation gives by (135) 

JA6 



sin J A(7 cos J A(7 8in((7+A(7) 
and dividing (380) by this 

Aa_ co8((7+^Ag) 
a6 cos ^ A(7 



(883) 



It is to be observed that the increments (or half increments) of 
the angles must be deduced from their sines or tangents, since it is 
only by these functions that a small angle can be accurately deter- 
mined. Moreover, a small arc being nearly equal to its sine or tan- 
gent, the equations (380), (381) and (382) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to arc by Art. 9, or Art. 54. 

198. Case II. A and a constdnL We have as in the preceding 
case A^ » — A (7; and in the tiro triangles 

ft sin A » a sin B 

(6 + A J) sin JL « a sin {B + lB) 

the difference and sum of which give 

} Ai sin J. » a cos {B + ^ aB) sin. ^ a£ (p) 

(5 + } Ai) sin j1 « a sin {B + } aJS) cos i aB 
whence by division 



(884) 



tan \ LB tan \ aO ^tan (jB + J aB) 

In the same way 

jAg i^e ^ e + jAe .gj..v 

tan i A(7 ^ tan J a5 tan ((7 + J A(7) ^ ^ 

From the equations 

c sin J. » a sin 

{c + A(?) sin-4 « a sin ((7 + A(7) 

we find jA<?sin.4«acos((7+ i A(7)Bin JA(7 (j) 
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which combined with the equation {p) gives, since sin j^A(7s— 8in|ZLB, 

A6 COS (B+^aB) ,3gg. 

AG cob((7+JaC7) ^^ 

From (p) we also have 

jAt _ jAft 6ooB(JB + ^A^) ,gg^. 

sinjA^"" dn JaC" sin-B ^ ^ 

which, when A ( is to be foand from AjS, is more convenient than 
(884). In the same way from (q) 

jAc _ jAc _ eeoQ{0+iAO) .^ggv 

sin J A(7 sin J a£ sin ^ ^ 

199. Casb in* b and e amstant. We have 

cfUn B ^ h sin 
(? sin (5 + aB) = J sin ((7 + A(7) 

the snm and difference of which give 

esin (5+ J A5)cosiA5 = 6 sin ((7 + J A(7)'cos JA(7 {p) 
ccos {B + IaB) sin J A-B = i cos ((7 + J A(7) sin j^ A(7 (?) 

the quotient of these gives 

tan I aB tan (jg + j A^) .gggv 

tan J A(7 "* tan ((7 + J A(7) ^ ^ 

By (224) we have 

a sas J cos (7 + C cos J? 

a + Aa « J COS ((7+ A(7) + c cos(J5 + aB) 

the sum and difference of which give 

a + J Aa = 6 cos ((7+ J A(7) cos i A(7+ (? cos (jB + J aP) cos J aJ5 

— J Aa «* 6sin((7+ jA(7)sin}A(7+ cBin(jB + Ja5) sin JaB 

Q?hese expressions are reduced by {p) and (?) to 

a + }Aa=ccos(5 + J a5)cos J A^cot J A(7(tan JaJ? +tan J a(7) (r) 
— jAa=»(?sin(jB + jA5)cosjA5(tanjA5 + tanjA(7) («) 

and by division 

tan J A (7 cot(S + jA-B) ^ ^ 
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In the same way we have 



i^a a + ^Aa 

tan JaJ? "" cot ((7 + J A(7) 

Since the sum of the three angles is constant, 

A^ + Ai? + A<7=0 
J (aJ5 + A(7) « - } A^ 
therefore by (115) 

tan J A5 + tan J A(7 - ^l^±J^±^ 

^ cos J a5 cos i A(7 



sin ^ A J. 

cosj^ a£cos}A(7 



which substituted in (s) gives 



j^Ag ^ csin(^ + iA^) 
sin J a4 ^ cos J a6^ 



and in the same manner 



(391) 



(<) 



(392) 



i^« „ iBin((7+|Ag) 

Substituting (t) in (r) we find 

einj^O gco8 (B + ^aB) 

sin J A^ a + jAa ^^''^^ 

whence also 4^1^ - - ^'^"(f+^^^ (895) 

Sin J A J. a + J A a ^^^^^ 

By differencing the equation 

a* = 6« + (?* — 2 J(? cos -4 
we find instead of (392) and (393) 

sin i aA a + jAa ^^^^ 

K 
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200. Case IY. A and B constant. We have 

, sini? 
6 = -: — ja 

- , - Bin S , . V 

J + A6 =» -. — J (a + Aa) 

Bin Jl ^ ' 

whence tJ> =» -. — -r Aa 

In this case the third angle Ib also constant and there are bat 
three variables related by the equation 

^* ^* ^' (397) 



sin J. sinj? sinC 

This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (381), (382), 
(383), (884), (385), (386), (387), (388), (389), (390), (391), (392), 
(393), (394), (395), (396), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many cases, 
to solve these equations by succeaaive approximations. 

For a first approximation we consider the increments in the second 
member to be = 0, employing B for B + i aB, &c., and taking 
cos J aJ9 = 1, &c. This will evidently produce but a slight error 
so long as the increments are small as compared with the entire 
parts of the triangle. We then obtain a second approximation^ by 
recomputing the equation in its complete form, employing in the 
second members the approximate values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an infinite number of such 
approximations to arrive at a perfect result; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation is necessary. 

It is also to be observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. This is in fact one of the chief advantages of com- 
puting by differential formulae, rather than by the direct formulas 
applied to each of the two triangles successiyely. 
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Example. 

In a plane triangle whose parts are 

^ = 58° 41' 48".9 jB = 35°ir 3M (7=86° 7' 7 '-7 
a = 6053 6 = 4082 c = 7068 

let A and a be constant while h is diminished by 50*5 ; to find the 
change in the angle B. 

We have in this case a6 = — 50-5 ; and by (387) 

^ 6 cos (.B + J AS) 



• 


1st Afproz. 


2i> Appuox. 


jaj 


- 25-25 




J 


4082 




£ 


85° ir 


85° 11' 


5+iA5 

log J a6 
ar. CO. log. b 




85° 11' 

- 1-4023 

6-8891 


-16' 
84° 56' 

I - 7-5520 


log sin B 


9-7606 


i 


ar. CO. 1. cos (jB + J AjB) 

• log. sin \ a£ 

iA5 


0-0876 

- 7-6396 

-16'0" 


00863 

- 7-6383 

- 14' 56"-8 



It is evident that changing the angle B + i aB by only three seconds 
would not affect the fourth place of its cosine ; a third approxima- 
tion is therefore unnecessary, and we have finally a5 = — 29'53"«6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art. 115. 



Differential Variations, of Plane Triangles. 

202. The equations (380), (381), (382), (383), (384), (385), (386), 
(387), (388), (389), (390), (391), (392), (393), (394), (395), (396) and 
(397) become differential by making the increments infinitely small, 
that is, by omitting the increments when connected with finite quanti- 
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ties by the signs + or — , and substituting the increment itself for its 
sine or tangent, and unity for its cosine, (Art. 192.) The character 
d must also be substituted for A. These changes being made, we 
easily deduce the following differential relations. 

Case L A and e constant. 



dB=' 


-dO 


da da 
dB~ dO " 


a cot 


db db' 
dB~ dO 


a 


da 
db" 


cos 


a eanstant 




dB-^ 


--dO 


db db 
dB dO 


bcotB 


dc dc 
dC^ dB"^ 


c cot 


db 

dc " 


cosjB 
cos (7 



Case III. ( and e eonatant. 

dA + dB + da=0 







dB 


tan 5 












dO 


tan (7 








da 

Ho' 


= — a 


tan-B, 


da 
dB 


= - 


-fl 


ttan 




da 
dA 


= csin 


5 == 5 sin 









dO 
dA 


c _ 

cos Bj 

a ' 


dB 

dA 


— 


b 
a 


cos 



(898) 



(89&) 






► (400) 
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Case IV. The angleSy A^ jB, (7, constant 

da db dc 



sin A sin B sin 



(401) 



203. These differential relations are often employed when the in- 
crements are very small, instead of the equations of finite differences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the result of the first, it is 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in arc. 
Thus if dB is given in seconds we must divide it by R" =* 206264"«8, 
or substitute dB sin 1" for dB. 

dA 

But in such fractions as -7-=, this substitution is evidently unne- 

dJo 

cessary provided the two increments are always expressed in the 

8a7?ie unity as minutes, seconds, &c. 



Example. 
In a plane triangle whose parts are 

^ = 58°4r48".9 5=:85^ir8".4 (7 = 86° T 7"-7 
a = 6053 b = 4082 c = 7068 

suppose b and e to be constant and the angle A to receive the incre* 
ment dA = 20".6 ; find da and dO. 
From (400) we have 

da = dA sin 1" c sin B 

,^ — dA (fcosJB 





**v — — 


a 






logdA 


1-3189 




log (- dA) - 


- 1-3139 


log sin 1" 


4-6856 




logc 


3-8493 


log<? 


3-8493 




log COS B 


9-9124 


log sin B 


9-7606 


• 


ar. CO. log a 


6-2180 


log da 


9-6094 




^og dO - 


- 1-2936 


da 


0-407 




dO - 


- 19"-7 


15 




k2 
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204. The error of employing the differentials in any case may be determined ap- 
proximately by developing the equation of finite differences and comparing it with 
the corresponding differential equation. We shall select a simple example. 

We have from (887) and its corresponding differential equation in (899) 

>,0,(i?+iAi?)^ 
' Sin ^ ' 

A& ss 6 cot ^ A^ sin 1" 
the first of which when dereloped gives 

} a6 = 6 cot -B sin } aB — ^ ^ °^ (f +t^) gin } aJ5 sin J aB 
' * sin B ji « 

or substituting sin } aB = } aB sin 1", sin } aB ^ } a£ sin 1", and also B for 
B 4~ } ^ ^ ^® second term, which will affect so small a term but slightly, 

A& » 6 cot B aB sin I'' — ~ (aj9 sin 1")* 

Comparing this with the differential equation aboTe, the error of employing the 
latter is approximately 

-|.(Ai?sinr)« 

which for A J? = 1*» is — -OOOOIS b. 

It appears from this example that the error is expressed by a term involYing the 
square of the increment ; and if we develop all the equations of finite differences we 
shall find that they differ from the corresponding differential equations by terms in- 
Tolying the squares and higher powers of the increment Hence, employing the dif- 
ferentiaU insiead of the finite differeneee amounts to neglecting the terms involving the squares 
and higher powers of the increments. 

205. The differential relations above obtained, could have been deduced more di- 
rectly from the formulfB of plane triangles by differentiation, employing the values 
of the differentials given in Art. 192. Thus in Case I, A and « being constant, if 
we differentiate the equation 

a ss esm A cosec C 
we have ' da ss e an A d cosec 

^ — e sin ^ cot O cosec C dO 
^^aeotCdO 
M in (898) 

The stud'int may exercise himself by deducing the other relations of (898), (89V), 
and (400) in a similar manner. 
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CHAPTER XHL 

TBIGONOMETBIC SEBIES. DEVELOPMENTS OP THE FUNCTIONS OF AN 
ABC IN TEBMS OF THE ABO, AND BEOIPBOOALLY.* 

206. The investigation of trigonometric series is most readily 
carried on with the aid of a few elementary principles of the Diffiuv 
ential Calculus. All that will be required here will be no more thaa 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem, We shall employ the following expression of this theorem : 

in which fy denotes what f(f/ + h) becomes when A == and 

- ', , ' , 1 &<s-9 ftf^ the successive, differential coefficients, or de- 
ay ay* 

rivatives of /y. 

207. To develop sin a; and cos a; in terms ofx. 

We shall first develop sin (y + x) and cos (y + re) by (402). By 
(361) and (862), if 

/y = 8iny 
, A/v rf sin tr 

tP.fy <2 cos y 

dy^ dff ^ 

d^.fy rf cos y 

1^ d^ — "''y 

* The leading results of tliis Chapter being of very general ntility and constant 
application are printed in the larger type, but as they are not referred to in the 9ab- 
fequent large print of this work, and moreover require a limited acquainuince with 
liie Differential Calculus, the student can omit them at the first perusal, and pass 
directly to Part II. 
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SO that the values of the coefficients of the series (402) recur in the 
order + siny, + cosy, — siny, — cosy, and therefore /(y + 2:) = 

8in(y + a?) = sitiy + cosy-j siny-j-g ^^syj^glg + fcc. (403) 

If we commence with . 

fy =• cosy 

the coefficients will recur in the order +cosy, —siny, —cosy, 
+ siny, and (402) will give 

cos {y^- x)^ cosy — siny -j cosy-y^ + sin y ^-^^ +&c. (404) 

If now we put y = in (403) and (404), sin y =» 0, cos y « 1, the 
alternate terms of the series vanish, and we have 

X ^ 7^ x' 

sin a; = Y - j;^:^ + 1.2.3.4.5 - 1.2-3-4-5-6-7 ■•" *"* ^^^^^ 

cos a; -1-3:2"'" TM^ ~ l-2'3-4-6-6 + **'• ^^^^ 

V 

It may be observed that (406) can be deduced from (405) by dif- 
ferentiation. 

208* The series (406) and (406) are directly available for the con- 
struction of the trigonometric table. For this purpose x in the series 
must be expressed in arc, since (361) and (362), upon which the pre 
ceding demonstration rests, require 2; to be in arc. Art. 9. 

Example. 

Find COS. 10°. Reducing 10° to arc, by Art. 9, we have 

a: = 10 X .01745329 = -1745329 

and computing separately the positive and negative terms of (406), 

1 « 1. - -^ = - .01523086 

^ = .00003866. - =-^. «- - .00000004 



l.a.3.4 --— — i_^6 



1.00003866 - .01523090 

- .01523090^ 



©o&10°= .98480776 

agreeing with the tables, which give .9848078. The student may, 
for practice, verify any other sine or cosine of his table. 
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209. 7b develop tan z m terms ofz. 

Bepresenting the coefficients in the series (405) and (406) by letters, we have 



(4071 



In which 



«•■=« 



1 
1-2 



l'2-8 



&o. 



If we perform the division of the nofaierator by the denominator, we perceive that 
the result will be a series containing only odd powers of z, and commencing with the 
term z. But as the law for the saccessire formation of the coefficients is not easily 
shown in this way, we shall resort to the following process. Assume the series to be 



tan z ss Ct 3! + e* z* -)- Cg z* -4- &e. 
and differentiate it; we find, by (868), after diriding by dz, 

1 4- tan* ZBei+8e.a^-f6e.z'+&c. 
or, since from the dirision of (407) we know that c^ ss 1, 

tan*z ss8e.af4-6e. z*-|-7e,z*-(.9eb^ + &e. 
The square 4>f (m) is 

tan* Z aa Ct Ca 0^ -|- 0t ^ 






which compared with (n) giyes 






z* + &e. 
+ &e. 



8 



*• ■■■ "o" *« *• 



(«) 



(•) 



«f « y («««•+ <W «■+«• «») 

ftc« Ac. 

where the law of derivation is obvious. We have preserved the factor t„ although 
it is equal to unity, in order to render this law more apparent. 

Since the first and last terms of these expressions are equal, as also the terms 
tsqually distant from them, we may write them as follows : 

e.« 1 

«. =■ -g- (c. «i) 

1 
««=» •g-(2(5be,) 



«,ray (2c,C,+ (J,<Ji) 

^-■^(2«,c, + 2c,(Jb) 



Cm = fj (2«, c, + 2c, e^ + c, c,) 
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in whi^ toiwt any ooeffident e^^^ « when n w even, is fzpr«ned bgr ~ terms all of 

n ^ 1 
irhose coefficients are ^ 2 ; and wA«ft n » mM^ by — X — tenns all ef wbose coefll- 

eients ave 2 except the last, wlkieli is 1.* 

If we now Bubstitnte the yalne of e» ^ ], and dednce the nnmerical Talnes of the 
eeefBcienis successlYely, we shall find 

«• 2z* ^ 17 x' 62«» 1882«** 

*"*"' + T + -8T-*--yi6T+-y:RT+ 8'-6*7-9-ll + **- (408) 

210. ^ dbvdap cot x m lenw ^ x. 
If we invert (407) we haye 

•ot X » -T ■ s— (409) 

and the first term of the aetmal division is — » the second tern — (o^ — a^) z, and 

the succeeding terms eYidestly inyolye only the odd powers of x. Therefore let 

cot X sx dtX — <tx* — d^x* — &e. (o) 

The coefficients cannot be determined bj the method of the preceding article in 
coasequence of the negative exponent in the first term ; but they are directly de- 
ducible from those of the series for tan x. We have by (142) 

tan X as cot X — 2cot2x (/») 

Now the series (o) being true for any yalne of x will giro cot 2 x by sabatitntisig 2 x 
for X, whence 

2 cot 2 X =s i- — 2* (f.x — 2* rf,x» — 2« rf.x» — &e. 

X 

Subtracting this from (o) we have by (p) 

tan X = (2*— 1) d,x+ (2* — 1) rf,x» + (2« — 1) rf, x» + &«. 
Designating the coefficients of (408) by c„ e„ e„ &c. we haye also 

tan X SB Ci « + «■ «■ + e^z^ +&Q. 

and the comparison of these two yalues of tan x gives 



Cj C, 0| 



< 



2*— 1 (2 — 1)(2+1)"" 1.8 
2* — 1 *"" (2"— 1) (2«+l) "" 8-6 



• 2« — 1 "" (2»— 1) (2»+ 1) "" 7-9 
&c. &c. 

^ 2»+«— 1 



"* Euler, and after him Cagnoli and others, make these coefficients depend upon 
those of the series sin x and cos x, but the number of given quantities by which 
each coefficient is expressed is double the number required in the method of the t^ixt. 
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Substitatiiig the values from (408) 

«. = 1 ^ = -g *• =■ TF *• 

and redueing the coefficients to their simplest forms, we find the series (o) to be 
1 X z* 2 z* z* 2 ^ 

211. By a process similar to that of Art. 209, but which we leaye to the stadent, 
we find 

«««* = l + T + ^5+2^^8*T + 2'^8^ + **^ (411) 

And from (408) and (410) bj means of the formula 

eosec z ^ } (cot } a; -{- tan } z) 
we find 

1 . "^ , Tz* , 81z» , 127V 
^~* = r + Tr + 2S:8Sr+ 2"^^3^:6T + ?^3^ (4111^ 

212. To develop 8in~^y m f«rww of y. (See Art. 87), 
Let X = Bia""^y (or sin a; = y) ; then by (373) 

dx ___JL_ — n aN— i 

Deyeloping the second member by the Binomial Theorem, 

{fa: 1*3 1-3-5 « , , 

As this contains only even powers of y, the series from which it 
wonld be obtained by differentiation must contain only odd powers 
of y ; therefore, let 

« = «iy + «8y* + ajf' + CL^y' + &c. (n) 

There will be no term independent of y if we limit x to values be- 
tween and ± 90®, for then when y » we must also have » = 0.* 
Differentiating, we have 

^^ = Oi + 3 (i,y« + 5 a^ -f 7 o^y' + &c. 

which compared with (m) gives 

1 1-8 1-3-5 . 

' * The series (418) obtained nnder this limitation expresses but one of the yalues 
of 8in'~*y, but if we denote the series by », we shall haye by (96) the following ex- 
pression, including all the yalues, 

sin"^ y =s n >r + ( — 1)"« 
fi being an integer, positive or negatiye, or sero. 
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therefore (n) becomes 

It is unnecessary to develop cos""^ since we have 

cos *y » -^ 8in *y 

213. To develop tan""*y. Let x =» tan-^y, then by (375) 

^-(l + y»)-» = l-y* + y*-y«+&c. (w) 

from which we infer, as in the preceding problem, that the required 
series contains only odd powers of y ; therefore let 

3:='a^ + a^ + af^' + a^f + &c. (n) 

then ^ = Oi + 3 a^ + 5 a,^^ + 7 djy^ + &c. 

which, compared with (w), gives 

ai = l Sflj — — 1 6aa = l 7ay« — lAc. 
so that the series is 

X = tan~*y = y — J y^ + i y* — 4 y^ + &c. (414) 

214. To compute the ratio (= tt) <jf ^Ae circumference of a circle 
to its diameter. 

We have heretofore assumed this ratio to be known from geometry, 
where it is found by means of circumscribed and inscribed polygons 
which are made to differ from the circle by as small a quantity as we 
please ; but (414) enables us to express its value in a series. We 

have tan— = 1, therefore if we make y = 1 in (414) we have 

But this series converges too slowly to be of any use. To obtain a 
rapidly converging series y must be a small fraction. We might em- 

TT 1 

ploy tan -^ = -—5- (Art. 29), but in consequence of the radical, it is 
o -s/ o 
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simpler to resolve -^ into two or more arcs whose tangents are knqwn, 

and to compute the value of each of these arcs bj the series* To 
effect this let 



then by (128) 



-^ - tan-* t + tan-* f (416) 






whence ^'^riTf (^^^) 

from which, assuming any value of t at pleaaore, the oorresponding 
value of ^ is found. 
If ve take < <- 1, we find f — ^ ; therefore by (416) and (414) 

J-tan-'J + tan-»J 

-{|-r(T)*+T(l)'-*«-} 

A few terms of these series give 

4- » 4686476 + .3217506 » .7858982 
4 

9r « 8.14159 
more accurately tf — 8-14159 26585 89798 

1 8 

If we take * «= -j, we find t' «= -^, but the above supposition is 

uvidently the best adapted for rendering both series sufficiently con- 
vergent.* 

215. To reBolvB sin x and oos x intofadon. 

The series (406) shows that x is a factor of sin s, and gives 



* See Non at the end of this chapter, p. 124. 
IC L 
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and the factors of the aeries within the parenthesis must eyidently be of the form 

1 being a constant, but haying a different yalae in each factor. The required factors 
most be such as to reduce the second member of (p) to zero whenever the first 
member is zero. Now sin x is lero for the yalue x s=s 0, whence z is a factor as al- 
ready seen, and also for x ss ±nn; n being any integer; therefore the general 
yalu«9 of (q) is 

whence A bs n*9^ 

which, substituted in (q), j^ves as the general factor 

1 1— 

Making n successiyely s=s 1, 2, 8, &o., the equation (p) becomes therefore 

«u, = »(l-j^)(l-^)(l-3-^)... (419) 

The factors of cos % in (406) must also be of the form (9) ; but cos x is zero for 
X =s db (2 n-{- 1) -A-f ^ being any integer or zero, and the general value of (g^) is 

(2n+l)>^ ^ 
-4.2* 

whence A s» ^ — %r^ — 

I 

which, substituted in (g), gives the general factor 

, 2* a* 

(2n +!)•«* 

Making n successively := 0, 1, 2, 8, &c., we have 

.o.»-(l-g)(l-^)(l-^)... (420) 

216. Logaarithmie nnes and eotmes. By means of (419) and (420) the logaiithmis 
sines and cosines of the tables are readily computed. 

Put X = m •^, then 

«^'»2-^-2-(^"-FA^^T«H^""6^;--- 

oosm^«(l-5)(l-^)(l-^.)... 
and taking the logarithms 

logsin-^ =log|. + logTO+log(^l — ^j + log(^l---^)+ .. ' 

logooaJ^-l«g(l-5) + log(l-5) + log(l-^:) + . . 
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Deyeloping these logs, by the known formula 

log (1 — n) =a -- Jf (n + } n« + J n* + Ac.) 

(in which M ss modnliu of oommon logs.) and arranging according to the powers of 
m, we haye 



log sin 



mir 



2 



« log y + log «» 



. Jf/l , 1 . 1 , ^ V 



— &o. 



log eos ^ =-m«.y(-.+ - + y. + &c. ) 



-«'.f(y. + -Ji + -Ji + &o.) 

— >&c. 
By fmmtnifig the constant numerical series, and substituting the Talue of the 

anXus M sb '48429 44819 and also of -^, these formulsD become 



mo- 



log sin !^ B 10-19611 98770 + log m 



— m* X 0-17869 64471 

— in« X 0-0146889690 

— «»• X 0-00280 11796 
^ m" X 000042 68460 

— »!•• X 000008 49076 



log cos — s— sa 10 



— m« X 0-00001 76768 

— m"x 0-0000087870 

— fn»X 0-0000008284 

— w" X 0-00000 01841 

— &c. 



(421) 



III* X 0-6867898412 
m« X 0-22088 46860 
in* X 0*14497 48181 
m* X 0-10869 04688 
iii»X 0-0868608766 



— ««X 00728826602 

— «i»*X 0-0620420818 

— m>*x 0-0642868116 

— 9n» X 004826 49426 

— &0. 



(422) 



In these expressions 10 is added to render the logarithms positive, as is usual in 
the tables.* 



» See the preface to Callet's Tables, for the coefficients of these series carried to 
20 decimal places, and for other forms giyen them by which they are rendered still 
more conyenient. 
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Example. 
Compute log tan 9^. We haTe 

mxW^^^ '"^10 logmsB — 1 

and therefore bj (421) 

log sin 90 SB 10*19611 98770 — 1* 

— 000178 69G46 

— 000000 14689 

— 000000 00028 



■B 1019611 98770 — 1-00178 74867 
log sin 90 » 9-1948824418 



217. If in (419) we put z =: ^,ir^ have 



-.^-i-j(.-i)(.-i) (,->.)... 



2 2 



tr /2^--l\ /4^— 1\ /e^--l\ 
■*"2 k"2^~/ k"!^/ V^ng^; ••• 

r (2--l)(2+l)(4-l)(4 + l)(6-l)(6 + l)... 
2 2.2.4.4.6.6.... 

••224466 
whence _ = _._._._.._.._... (42« 

which is WaUi^t ezpreesion of r. 

NoTS to page 121. Com^to^ion of «*. Many other series besides those of Art. 
214, may be £^ven for computing «*. One method of obtaining them is to resoWe 
tan'"'' t and tan"' f into two others, and thus make } r to depend upon three or more 
arcs. From (194) we easily deduce 

tan""* — ss tan-* — ; — + tan—* —r—. r-^ («) 

m fli»4-'^ «»•+'» « + l ' 

11 A 

tan-* — 8s tan-* tan-* -3 — ^^ , , (W 

in which m being giyen, n may be assumed at pleasure. The numerators of the 
fractions in the last terms will reduce to unity when m* -|- ^ ^ divisible by n ; if 
therefore we assume n vadp so as to satisfy the condition 

np SB m*+l (e) 

we shall have 

tan-* — =s tan-* — J U tan-* — } — (d) 

tan-* — =B tan-* taor* (0 

m m — n p — m ^ ' 
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For example, let m ^ 8 ; then m* -[- 1 sslO ssl x 10 sa 2 X ^$ ^<^ that we may 
take fi SB ly /7 ^ 10 ; or n ass 2| ^ ^ 6, whenoe by (d) and («) 



tan-i-tan-i+tan-«i 
= tan-«i-Un-»y 



tan- i + tan- 1 



Substitnting in 


(418) 








• 










jr 

T 


- 


tan-* 


i+ 


tan-« 


i+ 


tan- 


.i 
18 






- 


2 tan' 


2 


- tan" 


-.i 

7 







= 2tan-«l+ tan-i (/) 

» tan- 1 + tan~* j + tan- j (ff) 

The equation (/) was employed by Clausen of Germany, in compnting v to 200 
decimal places, and (^) was employed by Dasb, also of Germany, in computing v to 
the same number of figures. These computations were carried on independently of 
each other, and the results when communicated to Sohumachib, (who gives them in 
the Astronomische Nachrichten, No. 689), were found to agree to the last figure. 
They prove the value previously found by Mr. Rutherford to be erroneous beyond 
the 150th figure. 

By means of the formulae (a), (6), (e), (d) and (e) we may again subdivide the 
arcs as often as we please. Thus, it is easy to deduce 

^ « 2 tan- i + tan- 1 + 2 tan- i 

■= 2 tan"-* U tan-^ V- tan"* — 4- tan~* ■=-=■ 

6 ^ 4 "^ 7 T •'^ 268 

s» 4 tan"-» tan— 1- tan-» k tan— 

SB 4 tan*"* -r- — tan"* . -I. tan""' — 
T 879 ^ 26 



268 



=s 4 tan""* — — tan"~* — 



5 289 

which last is known as MachirCt formula. In deducing it we have reduced the dif" 
ference of two arcs to a single arc by means of formula (a). 
Another method is, to find by trial, or otherwise, an arc a multiple of which is 

MM 

nearly equal to -j-, and whose cotangent is a whole number ; and then deduce the 

T <> 

1* M 
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9> 
difference between this multiple And '^, Thns it is known (from the trigonometric 

tables) that cot 11® 16' as 6 nearly ; therefore by the last formula of Art 79, putting 

1 
tan z ai — . 
6' 



4 tan- 4- 
o 



tan 



,— » 



120 
119 



and by (194) 

tan- 
therefore 



120 w ^ . 120 ^ _^ , ^ 

— — :^ tan ^^— — tan~^ 1 sbs tan" 

119 4 119 ««*»*" 



1 
289 



•^ n 4 tan-« i — tan-* — - 
4 "*" 6 289 



as was fpnnd aboTe. 



If we resolye tan"* -^^ by means of («), {d) and (0), we have m :» 289, 

m* 4~ 1 ^ 57122 s= 2*18' ^ fy», which offers scTeral suppositions for n and^ ; if 
we take n s 18* » 169 and^ sa 2*18* a 888, we find by (e) 

^ =s 4 tan-' i — tan— — 4- tan— — 
4 ""6 70 ^ 99 

which was employed by Butherford. 
If we take n « 1, ^ a 67122, we find by {d) 



j»4tan 



r^ ~. — tan ■ -« tan' 
6 240 



1 
6786! 
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CHAPTER XIV. 

EXPONENTIAL FORMULA. TRINOMIAL OR QUADRATIC FACTORS. 

218. To demomtrate Utder'a formulce 

cos a? = J (e •*'-* + 6 -•I'-*) (424\ 

Bin z = 2V^ ^^'*'~' ""*■"'''"*) (*25^ 

in tahieh e is the Ndperian base of logarithms^ or. 

It is shown in the theory of logarithms that 

where for brevity we write 

(1) = 1 (2) = 1.2 (8) - 1.2.3, &c. 

We have by (406) and (406), employing the above notation, 

^Mt<B ^mm4 >mJv 

^^^ ^^tf^P ^^^^^P ^^^m 

the terms of which are the same as those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (426) ; and it is evident that we shall make 
them positive by substituting 

a;*=a— flj* or a?"«2\/ — 1 

which gives 

^ yA ft 
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whence 



But 



= — x/ — 1, z^ — — r- = — a;%/— 1 



therefore 

cos 2J — %/ —I sin X = e-*^'-* (427) 

If in this equation we substitute — x for a?, we have, by (56), 

cosa? + %/ — lsina? = e*»^-» (428; 
The sum and difference of these equations are 

2 cos a? = e • »'-i + «-• V-^ (429) 

2 v' — 1 sin a: « «*»^~i — g-^i'-i (430) 

whence (424) and (425). 

219. The quotient of (430) divided by (429) is 

\/ — 1 tan a; = ^ . _, , — _^ . . = ^^ . , , ., (431) 

220. If we put 

y =s g*>^-i =s cos a? + >/ — 1 sin a; (432) 

we have y""* = e~* ^^ "^ = cos x — %/ — 1 sin a: (433) 

and (429) and (430) become 

2 cos a; = y + y~^ (434) 

2 %/ — 1 sin a: = y — y-i (435) 

If mx be substituted for x in these formulae, we have 

ym _ ^nup 1^ -1 = cos wza; + \/ — 1 sin ma; (436) 

y-« =r g-wa? y -1 =- COS mx — \/ — 1 siu TWX (437) 

2 cos mx = y'* + y-** (438) 

2 V — 1 sm mx-^y^ ^ y-~ (439) 
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221. Moivre'B Formula, The value of y~ from (432), compared 
with (436) gives 

(cos a; + \/ — 1 sin x)^ = cos ma? + \/ — 1 sin mx (440) 

which is Moivre's Formula. It shows that the involution of the ex- 
pression cos a: + %/ — 1 sin a? is effected by the multiplication of 
the angle. 

Again, if we multiply (432) by 

cos a?' + %/ — 1 sina;' = «*'•' * 
we have 

(cos a: + \/ — Isina;) (cosa:' + \/ — Isina:') = e^***'^*'-* 

= cos (a? + a;') + \/ — 1 sin {x + x') 

which shows that factors of this form are multiplied by the addition 
of the angles. 
We have also 

(cosa;+\/— lsina;)(cosa;— \/— lsina;)=co8'a;+sin*a;=e°= 1 (441) 

222. Oeneralform of Moivre^i Formula. As long as m is an integer, both members 

p 
of (440) can have but one yalne ; but if m ss -^ the first member becomes 

_p 
(oo8z + ^ — 1 8inz)f = ^ (cosz + ^ — Isina:)' 

which has q different yalnes* in consequence of the radical of the degree q, while 
the second member 

P P 

008 -^ « -f- \/ — 1 sin — « (a) 

9 2 ^ 

has but one yalne. 

In order that both members may haye the same generality, as should be the case 
with eyery analytical expression, it is necessary to suppose that we take for the arc 
X not merely the arc less than the circumference which has the giyen sine and cosine, 
but also all the arcs which haye the same sine and cosine ; that is, c denoting thc> 
circumference, all the arcs 

af, 2 + ^» X -^ 2 c, X •\' Ze, &c. 
Now there is an infinite number of these arcs, but only q of them can giye different 
values to (a) ; for all the yalues of the arc in (a) will be 

Z^ L ,+ ^i, Zx+ i^ ^x+ I?— !^^ 

q q q 9 2 9 9 

iL. + ?£l, Z,+ (i+iLPi, &c &c. 

9 9 9 9 

* That is q yalues real and imaginary; thus it is shown in algebra that ^a' = 4~ ^ 
and-o; ;/«•= + «. a( -^+/-^ ) and a (^-' -/-=:^ ) , 
^a*=s + fl, — &, + a^ — 1, — a^ — 1 ; &c. 
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But ^x 4- 2^ zss ^ x-U pe has the same sign and cosine as ^ x; 

q q ^ 9 



x-L \iJiI — LlL ass ( £.x4- — ) 4- ve the same sine and cosine as ~ar+~-,&o.; 



q ' q \q ' g ^ ' ' q ' q 

80 that after the first q terms of the aboye series, the same valnes of the sine and 
cosine return ad • infinitum. Representing, therefore, the circumference by 2 r, 
the equation is entirely general under the form 

(cosx + v^— lsin«)T=co8^(2n»+x)+v^— lsin^(2nsr+«) (442) 

in whidwn is any number of the series 0, 1, 2, 8 q — 1. 

223. Trigonometrie expresaions of the real and imaginary roots of unity. 
If 2 » in (442) it gives 

(l)T"=oos^ 2n»r+ v' — lBia^2nir (448) 

or (!)• = cos2ffin» + v/— l8in2TOn» (444) 

III being fractional or integral. If ^ s= 1, (448) giyes 

yi=:oo8— + v^-lBini^ (446) 

q q 

which expresses the q roots of unity by making n successively 0, 1, 2, 3 . . , q — 1. 
Por example, let j' = 4, (445) gives for 

nssO, 4^1bbcos04-^ — IsinOssl 

n = 1, fiascos— +^ — Isin — =^ — 1 # 

nsB5 2, v^lsscostr+v^^lsinxsa-.l 

Jw 3w 

^ + V'-lsin-^ 



n = 8, ^l=cos^ + v^ — Isin?^ =-.^ — 1 



as found in algebra. 
If X = ~ in (442), it gives 

/ > iA. iii(4n+l)jr , ^ , . i»(4n+l)»' ,j.»x 

(v/— 1)* = cos — i — ^ ' + ^ — 1 sin —^ — 2 C^*^) 

which shows that an imaginary term of any degree can be reduced to a binomial of 
the form -4 + ^^—1. 
If X = a- in (442) we find 

(— 1)- = cos TO (2fi + 1) «• + ^ — 1 sin TO (2 fi + 1) IT (447) 

224. To reduce an imaginary quantity of the form (a + * \/ — 1)* *0t the form 

Let k and x be determined from the equations 

k cos X = a, A; sin X ^ 6 

Dy Art. 174 ; then, by Moivre*s Formula, 

. (a + 6 ^ — 1)* = A:* (cos x + ^ — 1 sin x)* 

= ft* (cos TOX + \/ — 1 sin mx) 
and putting ^ =3 ft* cos tox, 5 = ft* sin tox, 

(a+hy/^lY'=:A + B^^l 
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225. To find the quadratk {trinomial) fctcton of the exprestion sT* — 2 f "* oot ^ 4" ^ > 
m being integral. 
By (438) and (484) we ksve 

jf*" — 2y^co8mx4-l ^® 
S^ ^2y eo8x +1 aO 

Therefore if we pat yssi, fiKB^2fir-(-^»orxBa ^^, we haye ^ • 

^ — 2«^ooB^+laO (448) 

i» —2« oosi.^5ii^+l «0 (449) 

A.8 these two equations exist at the same time, they hare oonunon roots, and the 
second is therefore a divisor or factor of the firsts but this factor has m yalnes in 

Zn It ^ ^ 
consequence of the m yalnes of cos j_Z- (Art 222), fonnd by making 

n =s 0, 1, 2, 8 . . . m — 1. Therefore the m quadratic factors of (448) are all ex 
pressed by (449), and we have 

ir» — 2*" cos ♦ + 1 B3 ( 1^ — 2f cos — + 1^ 

x(i'-2«cos ^^+^ -r l) 



(^-2.cos.i^Ul) 



X . 



(»'-2,eoB ^^'"-^)'+* +l) (460) 



226. To obtain the simple factors of (448), we haye only to find the two simple 
factors of each of the quadratic factors in (450), or to find the two factors of the 
general quadratic (449). Now, by the theory of equations, if c, and a^ are the two 
roots of (449), the first member is equal to 

(« — «»)(« — «W) 
but we haye by (482) 

I > i . 2«ir+f , . - . 2n«-4-^ 

ss=jfsscosx4'\/ — lsin« = cos ■ f- y/ — 1 sm -^ 

fn fn 

which giyes the two yalues of z by the double sign belonging to v^ — 1. Therefore 
the simple factors of (448) are all included in the form 

g^ I cos —5— ±: v^— 1 sin — ~^) (453) 

\ fn tn / 
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EXAMPLBS. 

1. Find the quadratio and simple faoton of 

«• — 2i»+l 
Here m = 2, 2 cos ^ » 2, cos ^ &s 1, ^ ss ; and by (460), 
«• — 2;^+ 1 = (a* — 2*008 0+1) (i* — 2» COST +1) 

= (a--.2f + l)(i-+2* + l) 
by (451) 

= [«— (cosO + ^— 1 Bin 0)] 

X [» — (cob — v' — 1 «^ ^)] 
X [« — (cos T + v^ — 1 sin t)] 
X [« — (cob r — y/ — 1 sin r)] 
«(,-l)(«-l)(*+l)(*+l) 

2. Find tbe factors of s* + 2 i* + 1. Here m ss 2, 2 cos ^ » — 2, ^ sa «r, and 

«• + 2 «• + 1 = (:^ + 1 ) (i* + 1) 

8. Find the factors of 2* — 2* + 1. 
«• — 2*+ 1 = (i» — 2 2 COS 80* + 1) (i* + 2« cos 80« + 1) 

= (2' — 2^8 + 1) (2* +2^^8+1) 

= (2-}v^8-.}v^-l)(*^}v^3 + Jv^-l) 

X(*+J%/8 + }^-l)(«+J^8-}^-l) 
4. Find the factors of i" ~ 22" + 1. 

2«_22"+l = (;^— 22+1) (i«+ 2+1) (i«+2+l) 

«(2-i)v« + J + J^/-3)«(2 + j-.j^~a)» 

227. To find ih% quadratie faetort of sf^ — 1 when m it odd. 
In (450) let ^ ss 0, it becomes 

(2« — !)•= («-rl)*X (i» — 22C0S-^+l) 

X («• — 22C0S-^+l) 

x(^-2«oo8 ^<''~^)'' +l) (462J 

Now m being odd, m — 1 is eren, and the number of trinomial factors in (452), 
exolusiye of (2 — 1)*, is even ; but 



2(«— 1)»- f^ 2w\ 

— ^ ^— =s COS 1 2 jr ) = cos 

m \ m / 



2ir 
cos _ 

m 



so that the first and last of these factors are equal. In the same manner it is shown 
that any two of these factors equally distant from the first and last are equal ; 
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therefore, uniting these equal factors and extracting the square root of both m^m* 
bers, we have, when m it odd. 



-l = (*-l)x(^-2«cos^+l) 



x(^-2.co.if + l) 
X • • • • 

228. lb find the quadratic f retort off* — 1, when m ia even. 

When m is eyen, m — 1 is odd, the number of factors in (452), exolnsiTe of (s — 1)*, 
is odd, and th« middle factor will not combine with anj other. Thii faotor is the 



(?) 



andcotttains 



2 



(y-) 



COS = COS r sBs — 1 

m 

and is therefore equal to 

so that muting the remaining factors, and extracting the square root, we haTS, 
iphm m is even. 



^_ 1 _ (,_ 1) (,+ 1) X (<■ — 2. 00. ^ + l) 



X 



(^_2,eo«&5^+l) (464) 



229. To find thefaetort off ■)- 1, when m k'Odd. 
Ib (460) let ^ ^ r, it gives 

(«»4. !)• = (i«-2«co.-^+ l) 

x(^-2»co.^ + l) 
X • • • 
x(^-2,c<„(^'"-^)' + l) 

and it is easily shown, as in the preceding articles, that the factors equally distant 
from the first and last are equal, and that the middle term \a^ •\'29'\-l sb{Z'^\Y' 

M 



184 PLANE TKIGOWOMETRT, 

9eiice we find, vhen m it odd. 



X • • • 

X (a*— 2«eo8&i=?^4.l) (456) 



280. To find ihefaet&n tfsf* + 1, whenm it wen. 
The same process giyes 



X (a^ — 2«cei-j^+l) 



x(5'-2icos(-^!i=li^+i) (my 

281. The simple fftetovs of (458) end (454) ere obtained from (451) bj putting 
I ss 0, and those of (455) and (466) bj putting ^ =b v. There irill be found pairs 
of equal factors a» in the precedii^ articles, but all the different simple factors will 
be found by taking only the positiye sign of the radical ^ -« 1. 
- 282. Any ftmotion of the form i^ — 2p s^ 4" 7 ™^7 ^^^ ^® resolyed into quad- 
ratic factors. It is only necessary to reduce it to one of the preoeding forms. By 
Tesolying the equation 

i*"_2/>;^4-; aaO (467) 

we shall find from its two yalues of ^ . , 

and if we put the absolute term in one of these factors ss ilz a"* (according to its 
sign) it becomes 



■m 



tf"* 



(5-=^0=""('*=^^) 



in which z =s ag^, and the factors of this last expression may be found by one of 
the preceding articles. 

If, howeyer, the yalues of 2f" in (457) are imaginary, i. e. if />* < g, this method 
fails to discoyer the real quadratic factors, and we must proceed as follows. Put 
q as a^ then the proposed function becomes 

P 
in which g sss as^; and since in the present case j9 < a"*, -% is a proper fraction, 

and we may put il szs cos ^, which reduces the giyen fonction to the form (450). 
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CHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. MULTIPLE ANGLES. 

233. Thi true deyelopments of sin mz and eos tnx in series, when m is not re- 
Btricted to integral yalnes, were first obtained bj Pointot, and form the subjeot of a 
memoir read by him before the French Academy of Sciences, in 1823.* The fol- 
lowing problem is the basis of these investigations. 

234. To develop {k -f- \/^ — 1)**! *» a teriet of ascending powert of k. Let 

and asBxime 

s as A.+ A^k ^ A^J^ + A^l^ , . . .4-^Mib». . . . 

Differentiating (a) and putting 






S'ss 



dz 

dk 



we find 



.'-m(*+^*._l)'^x(l+-^)- 



mx 



v/(**-l) 
the square of which gires 

m«i«_(iti — !)«'• = 

IHfferentiating this and putting 

(2/ 



%/(*•-!) 



w 



«" = 



dk 



we find, after diyiding by /, 

m*« — */ — (*■ — 1)«" = 
Again, differentiating (6) twice, wp find, 

/ s=-4, + 2^*+8^,A*. . . . + n.4„A^*. . . . 
«" =! 1.2^+ 2.8^,*+ 3.4 A**. . . + («— 1) «A**^ . . 
Substituting in (d) the values of 2, a', 2", given by (6) and (0), we have 



« 



} w 



= mMo 



+ 1.2^, 



- ^i 
+ 2.8-4, 



*+i»*i4, 

— 2^, 

— 1.2 A 
+ 3.4 A^ 



KT • • • • 



*» 



• . • * 



— fl ^n 

— (n-l)n^n 
+ (n+l)(n+2)^,+. 

in which each of the coefficients of the powers of k must be zero. To discover the 
law which governs these coefficients, it will suffice to examine that of the general 
term, or the coefficient of A:", which is 

K-n«) A^-^r (»+ 1) (» + 2) A^ =0 
whence 



^n\% =* — 



III' 



(n + l)(» + 2) 



* See the published memoir, " Reeherches tur VAnalyte des Seetioru Anffulairei,** 
Paris, 1825. 
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80 tliftt from the first coefficient, A„ we find by making n s=s 0, 2, 4, 6, &e«. 



^ = 



w* 



1-2 



_ m« — 2* m«(f»«~ 2*) 

^* 84"""**== 1-2-8-4 ^* 

_ TO* — 4* TO* (to*— 2*) (to* — 4 *) 

^"""" 6-6 ^*™ 1-2-8-4-5-6 "*• 

and from the second coefficient, A^ we find by making n =s 1« 8, 6, &o. 

• TS" • 2^8n ■*' 

. "'•-g* .. _ K-l')(m'-8')(w'-6*) , 

' 6-7 •" 2-8-4-6-6-7 * 

&c. 
Therefore, if we put 

1'2 1'2'8'4 l*2*o'4-6*D- * 

. -*"-~M~* ■*■ 2^84^6 * *^' 

the equation (b) becomes 

z^A.K+A,K' 

and it only remains to find A^^ and A^. In (a), (6), (c) and (e), put A; s=s ; we find 

2 = (v/ — 1)"* = ^. / = TO (v' — 1) "*-* = ^i 

Therefore we have, finally, 



2 = (4+ ^ A* — 1)"* = (^ — l)** Jr+ (v/ — 1)-^ TOiT' (468) 



236. To develop {y/ 1 — A* + ^ \/ — 1)** *** * *enM of ascending powen ofh. We 
have 



(^1 — A* + A ^— !)"• =(v'— 1)- (A + v'^* — ir 
therefore by (468), exchanging k for A, 



(^ 1 _- A* + A v^ — 1)« = (v^— 1 )« [(v^ — l)** ff+ (^ — l)"*-" mSq 

in which ^ and H' are what JET and K' become when A is put for k. Ooabining 
the imaginary factors in the second ihember, observing that 
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(which must not be put equal to unity, since m may be a fraction, and unity has 
imaginary roots,} and also thai 

we haye 



(v/l--A*+A^/— ir=(l)* J5r+^— 1 (1) • mS' (459) 

in which 

„• _ 1« (m» — 1«) («• — 8*) .. . 

286. To develop the eine and eotine of the miiUy>le angle in a eeriea of ascending powere 
of the cosine of the simple angle. 

When tn is an integer, this problem requires us simply to deyeHop sin mx and 

cos fnz in a series of powers of cos x ; but when m is a firaction ^ -^j the angle mx 

has q Talues which haye the same sine and cosine, (Art. 222), if we consider x tc 
represent all the angles which haye the same sine and cosine as the simple angle. 
We shall therefore employ Moiyre*s Formula in its general form (442), or 

(cos a; + V* — 1 sin z)"* ss cos m (2 n r -|- a;) -)- \/ — 1 sin m (2 n r 4* «) 
Putting A; s=s cos z we haye by (458) and (446), 



(cosz + ^— l8inz)»= (A; + ^*"— 1)« 
= (\/ — !)"• K+ (v/— 1)"— m K* 

Comparing the real and imaginary terms of these two yalues of (cos x •\-^ — 1 sin z)«*, 
we haye 

/o . X (^ (4«'+l) 5r\ _ , /(» — 1) (4n''+l) jr\ 
C08»(2n3r + z) = oos^ -^ ^ ' J . K+ oos P iA^_JL_Z_- j . m K* 

8in»i(2nT+z)=a8m^— i — ^ — L^J . Jr+ sin ^^ Ll^ — ^ ^ J.mK' 

P 
If m is a fraction r= — , each member of these equations reoeiyes q yalues by 

taking successiyely for n, or n', the numbers of the series 0, 1, 2, 8, . . . q — 1 ; but 

we are now to show what yalues of n and n* correspond to each other in the two 

If 
members. Let x =s -^, then k bs 0, KsbI, K* bs 0, and we haye 

m(4fi+I)r m(4n'+l)ir 

cos — ^ -^ ^ 88 COS — ^ — -^ ^ 

. m(4fi + l)y . fii(4n'+l)jr 
Bin -^^ — J—l- = sin ^ ^^ ^ 

18 M2 
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therefore these two angles can only differ by some multiple of 2 ir, or we mnst 

haye 

m(4fi+l)y m(4n^+l)r , « ., 
2 2 T ^^ ^ 

whence m (n — n') sss n" 

p 

bat m being a fraction ^, and n, n' numbers of the series 0, 1, 2, . . . q — 1, we 

cannot haye m (n — n') equal to an integer n", unless it is zero ;* therefore 

It — n' sa 0, n sa n' 

and the aboye deyelopments are 

00. m (2 »,+ «)=co. ( !l(i!Lti)5). K+ 00. ( ('"-1)(^^"+1)' ). ^. (40,) 

«nm(2«,+,)-ri, C"('''+'^'- ).Jr+rin( ('"-'n^"+')" ).»jr' (461) 

in which , . 

T^ , «• • , fn«(»i* — 2«) ■- . 

-g^=^-T2"^^' '+ l'2-8-4 oos«x-&c 

JK" = cos z 2^^"^^ *+ ^ 2i^ cos* a:- Ac. 

It hence appears that, in general, it requires the combination of two series to ex- 
press the cosine and sine of a multiple angle in powers of the cosine of the simple 
angle, when m is fractionsl. 

287. WTien mii an mUger, one of the terms of (460) and (461) will always become 
lero, and we shall haye but a single series to express the function of the multiple 
angle. The first members become in all cases 

cos (2 fiift «* -)- *'^) ^ cos mz 

sin (2 mn jr -(- f*^) ^s sin vtix 
and the second members yary according to the form of m. In (460), if 

m Bi 4 fn'^ COB mz sts K 

m ^ 4 m' 4* If o<)B mz =s mK' 
m :s 4 m' 4- 2» ooB mx ss — K 
m SB 4 m' 4- 8, cos mz ^ — mK*^ 

and since when m is eyen, the series K terminates, and when m is odd, the series K' 
terminates, these four equations are all finite expressions, and will giye the equations 
of Art. 76, by making m ss 1, 2, 8, &c. 

In (461), if 
fl» ss 4 m', sin mz ss — mK' 

m SB 4 m' -f* ^> sin mz ^ JT 
m^4m'-)-2, sinmz^ mK' 
m «B 4 m' -f- 8* sin mz «ss .^ JT 

* Since — is supposed to be reduced to its lowest terms, p and q are prime to each 

other , tnerefore, if =-^ ^ is not zero, q must diyide n — n' ; which is impoa^iblo, 

since the greatest yalue of either n or n' is ^ — 1. 






(462) 
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Tn these fomraln, howeyer, the series do not tenninate, but by differentiating 
(462) we find for 

m ^ Am\ sin mx as — in sin z (cos x — — jj-g cos" x + &o.) 

i»* — 1* 
flisa4fii'4-l» sin ms BBS sins (1 =-^ — co8*x-{-&o.) 

HI &a 4 m'+ 2, sin mz sa m sin x (cos x ^^g — cos* x -}- &c.) 

i^t 1% 

HI saa 4 m' 4- 8| sin «« ■■ — sin x (1 t^ — cos^ x + &o.) 

aQ of which terminate and giye the equations of Art. 75. 

238. To develop the erne and eotme of the multyfle angle in a eeriee of aecendmff powere 
yf the tine of the eimple angle. 

We take as before 

(cos X -{- ^ — 1 sin x)*" 39 COB m (2 ft T 4- 3;} 4* %/ — Isin m (2 nir -|- ^) 
Patting A as sin X, we have, by (469) and (444), 

(COSX+ v^— 1 ttn«r = (v/^l^^^ + A^ — 1)« 

« (!)• ff+^~^l (1) ~enff' 

SB COB mfiV . J74~ v^ — 1 sin tnn'ir . ^ 

+ ^ — 1 cos (f» — 1) nV . mM' — sin (m — 1) n*ir . mff' 

Comparing the real and imaginary terms of these equations, 

cos III (2iiT+ x) aa COS mn'w , JST— sin (m— 1) n'lr . wJET' 
sin m (2 fir -|- x) = sin fii fi' r . ^T^- oos (fii — 1) fi' «■ . m ^' 

and to find what yalues of n and fi' correspond, let x cs 0, then A^ sin x :s 0, JST &■ 1, 
fiT' sa 0, and we haye 

oos 2mnir bb cob mfi'sr 
8in2fiifi«'CB siufii fi'r 

from which we infer that 2 fit fir sa fn fi'r, or 2 fi =i fi', and hence 

cos m (2fi)r 4- ^) ^^^ cos 2 mfiir . J7 — sin 2 (fii — 1) fis* • mET (464)' 

sin fn (2 fir 4- 2) &» sin 2 fnfi r . ^4" ^^^^ 2 (m — 1) fir • mff' (466) 

in which m being a fraction ss ~, fiis any number of tho Beries 0, 1, 2, 8, ... ^ —1 ; 
and ^ 

J5r«l— -— sin«x4 1^.8-4 rin^g—fto. 

J7' ea Bin X sin* x 4- ^ ^ / ) , ■ / sin* x^ &o. 

*" ««* 2^g D*i* *-r 2'8*4-5 

289. When mie an integer, the first members of (464) and (465)< become cos am 
and sin fiiz ; and the coefficients of the second members contain only multiples of 
2r; therefore we haye 

cos mx a i7 sin fiix aa fnff' 

•But the series IT terminates only when m is eyen, and the Beries J7' only when m !• 
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odd, and we must also employ the derivatiyes of these equations to obtain finite 
pressions in all cases ; thus we have also 



sin ITU ss — 



dff 

mdz 



cos mx 



dx 



Therefore differentiating the series M and ff', we shall hare, when 



m sst 2m\ 



m" 



cos mx ^ 1 — -s-o* ^^* ^ ~^ ^^' 



Ill Bs 2 III' 4- 1, cos mx sscoszTl ^s — sin*«4-&o.) 

\ 1«2 1 



(466) 



m ss 2 m'y 



sin mx ss III COB X (sin x ^^ — sin" x + &c.) 



ill* — 1* 
m^ 2m''\- 1, Binmxssm (sin x ^^ — sin* x -f- &c.) 



(467) 



all of which terminate, and giye the equations of Arts. 77 and 78. 

240. To develop the eine and eotme of the mtdtiple angle in a eerief of ascending powers 
of the tangent of the simple angle* 

"We haye 

008 m (2 nr 4- a;) -f- %/ — 1 sin i?i (2 lur + s^) = {^^ * + \/ — "^f^ «)"* 

sa cos* X (1 + \/ — 1 tanx)» 

Expanding by the Binomial Theorem, and putting 

r-l-^C";-^) tan'^+^^^-^H^TJ^H^-g) tan'. -to. 
1.2 ^^ ' 1*2*8*4 ^^ 



JRf X HI (f» — 1) (« — 2) . , , . 

T' BB m tan X ^ =-4-^ L tan* x + &c 

l*2*o 



we haye 

cos i» (2 fijr + x) + v^ — 1 sin III (2 nsr + x) = cos"* x (r+ y^— 1 2") 

But the imaginary and real quantities are not yet distinctly separated in the se- 
cond member, for m being fractional cos*" x has a number of imaginary yalues. If 
we designate its real yslue by cos"* x, all its values are included in the expression 

cos"* X (!)"» = cos™ X (cos 2iiiii'r+v^ — l8in2 inn'r) 
which, substituted above for cos"* x gives 

cosiii(2 lur+a^) +%/ — Isin iii(2 nsr-^- ^) =scos"*x (cos 2 mm* 9 . T — sin 2 imiV . T') 

+ v^— lcos~x*(sin2iiin'ir. T-\- coB2mn'ir.T') 

Comparing the real and imaginary terms, we now have 

00s m(2nir'\' z) as cos"* x (cos 2 mn'ir . T — sin 2 iniir . T') 
sin m (2 n«- + a^) = cos"* x (sin 2 mn'ir , T-{' eoa2 mn'ir . T') 

and it is shown as in the preceding problems that n =s n', whence 

008 m (2n9r+x) ss cos"* x (cos 2 mnir . T — sin 2 ififiT . T') (468) 

0miii(2ii9r4- x) ss COS"* X (sin 2 mnr. ^+ 008 2 ififijr. rO (469) 
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in which m being a fraction =s -^, n is any number of the series, 0, 1, 2, ... ; — 1 ; 

9 ^ 

and cos"* z denotes onlj the real value of ^(cos xy, 

241. By the diyision of (469) by (468) 

. V tan 2 mn jr. 7*4. 7" ,^„, 

tan«i(2na- + x) = T= — 5 -^--=7 (470) 

^ ' ' T — tan2mnjr. T'' ^ ' 

242. When mit an integer, both the series T and T' terminate, and in all oases 
COS 2 mn T s 1, sin 2 urn sr a ; and (468), (469) and (470) give 

• cos mz SB cos"» X . T (471) 

sin mz == cos"» z . T* (472) 

tan mz =s ^ (478) 

which last expression embraces all the equations of Art. 79.* 

248. Before the memoir of Poinsot, deyelopments were given for the multiple arcs 
in series of descending powers of the sine or cosine of the simple arc ; but he has 
shown that these developments are impossible, except when m is integral, and in this 
case the series are the same as the preceding, with the terms written in inverse 
order. 

244. To develop any power of the cosine of the simple angle m a eeries of sines or cosines 
of the multiple angles, the cosine of the simple angle being positive. 

If y =s cos z 4- y/ — 1 sin z, we have, by (484) and the Binomial Theorem, 

(2 cos z)"» = (y + trT = y" + «y^ + '"^'"J"^^ jr-* + && 

and by Moivre's Formula, 

y« s=s cos «i (2 iiT + *) 4" %/ — 1 sin m (2 fiT + *) 
fny^-* SB m cos (m — 2) (2n jr-|- z) 4* ''^ \/ — 1 sin (»i — 2)(2njr-{-x) 

"^""^^ y— = "ILi"^ cos (m-4) (2 » r+z)+'!iJ^^-l dn («-4)(2« ^x) 

&c. &c. 

Therefore, if we put 

P^n»^ = cos m (2 fiT + z) + m cos (m — 2) (2 nsr + *) + &«• 
-P'tnjr+« ^ sin m (2 nv -{' x) -{^ m aia (m — 2) (2 nir -{- x) -{^ &c. 
we have 

(2 cos z)« = P.„^ + v' - 1 P\„ ,,^ (a) 

Now m being a fraction (2 cos z)^ has imaginary values, but when cos z is positive, 
it will have at least one real positive value, and then (2 cos z)*" being understood to 
lenote only this real value, all the values are included in the formula 

(2 cos z)"» X (1)"* = (2 cos z)*" (cos 2 mnV + v^ — 1 sin 2 mn'v) 



* Although the formulso for multiple angles require, in general, the combination ot 
two series when m is not an integer, yet there are certain cases, even when m is a 
fraction, in which one or the other of the series will disappear. See the memoir of 
Poinsot, cited at the beginning of this chapter. 



142 PLANE TRIQONOMETRT, 

Therefore we haye 
(2 008 x)"» (oos 2 win sr + \/ — 1 sin 2 mn' jr) sbs P,n» +:^+- \/ — 1 P'%nic^9 
CoiAparing the real and imaginary terms, 

(2 COS x)"» cos 2fnnV = Pt»w+« 
(2 008 x)* sin 2 mn'w = !*,«»+■ 

and to find the corresponding yalnes of n and n', let x ss 0, then (2 cos z)*" = 2*", 
and .t2ie series become 

P»„» Bs 008 2 fim «■ (1 -(- m •{ ^ "^ ^ + &c.) 

BB 008 2 wwijr (1 + 1)"* 

BB 2*" 008 2 mnr 
and in the same way 

P'anr SB 2 *" Bin 2 mit sr 
Therefore onr formnln become 

2"* 008 2 fwi'sr =s 2^ 008 2 mn r 
2*" sin 2 fimV SB 2"* sin 2 mnir 

and as in former cases, it is shown that n as n\ so that we have finally 

(2 cos x)- = ^V^' (474) 

^ ^ 008 2 mnsr ^ ' 

(2 oos x)« » -r* " 'ti (476) 



From this it appears that the real and positiye value of (2 cos x)**may be expressed 
either by a series of cosines or by one of sines of the multiple angles, and by 
comparing (474) and (475), we haye the following constant relation between these 
series. 

•P'tmr-M ,. sin 2 mny 
P««»+« oos2miur 

245. If n = 0, (474) gives 

(2 cos x)"»:i=P, = COS mx + m cos (to — 2) x -| ^—= ^ cos (to — 4) x + &c. (476) 

which may be employed as the general development of the real value of (2 cos x)*", 
when X < -^. 

246. The same supposition of n = 0, gives sin 2 mn r ss 0, and (475) gives 
therefore, 

= i>', = 8ih TOx4-TOsin(TO — 2)x + ^!-i^^p-isin(TO— 4)x + &c. (477) 

a remarkable property of this series of sines of multiple arcs, which holds for all 
values of to, provided « < -o"* 

247. To develop any power of the cosine of the eirrpU angU in a teriea of nnet or eottMS 
of the multiple angles, the cosine of the simple angle being negative. 
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If the denominator of ti is even, there is no renl Talne of (2 oos x}"* when oos x 
18 negatiye ; bnt we may put 

(2 cos «)« = (— 2 fosx)« (— 1)« 

= (— 2co8 «)« [008 m (2 n' + 1) r + ^ — 1 sin f» (2n'4- 1) w] 

which, snbstitated in equation (a) of Art. 244, giyes . 

( — 2 cos x)*" 008 m (2 n' 4- ^) ^ =™ i» n»+« 
(— 2 008 x)« sinm (2 n' + 1) r as P'^nw+a 

Making x s= «-, cos x ^ — 1, ( — 2 cos x)*" =» 2"*, and the series become, by the 
process shown in Art. 244, 

P{%n+t)M = 2'»«cosTO (2n+ l)jr 
^(•n+o, =2«sinm(2n+l)ir 
and we haye 

2"» cosm (2n' + !)«• = 2'» cos m (2 n + l)jr 
2« sin m (2 fi' + 1) jr = 2'» sin »i (2» + 1) jt 

whence, as before, n ss n', and our formuln are 

(- 2 COB x)« » — — ^5" '-^-rr (^78) 

^ ' COS m (2 n + 1) y ^ ' 

(- 2 cos x)- « -, ^'"'1',, (479) 

^ ' sm m (2 n 4- 1) V 

by which it appears that the real yalue of ( — 2 cos x)*" is also expressed either by 
a series of cosines or of sines of multiple arcs, which series haye the constant re- 
lation 

P'%n,^M ^ gin wt (2 »,+ 1) <r 
i\n»+« cosm(2»+ l)3r 

248. IT n a 0, (478) and (479) giye 

P 1 

( — 2 cos x)"» ss — - — = (cos mx 4- m COS (m — 2) x + &o.) (480) 

^ ' cosmir oosmr ^ / • / \ / 

pf 1 

(— 2co8 x)« = .,-JIL- 8 . » (sin wx + wi sin (m — 2) x 4. &c.) (481) 

sin m ie sin tnir 

In this case sin m »• is not zero, unless m is an integer, so that the series P^ does 

not become zero when x > -^, and both (480) and (481) maybe employed as the true 

deyelopments of ( — 2 cos x)"*. 

^49. When m is an integer, the series (476) and (480) always terminate at the 
(m 4- l)th term ; and, since in (480) cos myr sss "±2!, according as mis eyen or odd, 
and ( — 2 cos x)"* = zt: (2 cos x)"* in the same cases, both (476) and (480) becon:« 

(2 cos x)* = cos »ix4- m cos (m — 2) x 4 — 5 cos ("» — 4) x 4- &o. (482) 

But the series (481) becomes zero, so that (482) is the only series by which 
(2 cos x)'" can be deyeloped in functions of the multiple arcs, when m is intem**^ 
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260. To develop any power of the sine of the timple angUj in a eeriet of sines or cosines 
of the muUiple angles. 

If j^ Bs COB z + v/ — 1 sin z, wo have, by (435) and the Binomial Theorem, 

(^ _ l)m (2 sin «)"• = (y — jr*)« 

— y« — mjr-*+ ^-^^^^^^^ jr-* — &c. 

in which y^, y*""*, &c. have the same values as in Art. 244, but the signs of the 
coefficients are alternately •\- and — , so that if we put 

Q^nn^x = COS m (2 n jr + z) — m cos (m — 2) {2mr-\-x)-\- &c. 
C«nir+« = sinm (2n jr + z) — m sin (ill — 2) (2 n jr + z) + &0. 

we have 

(v/ — 1)™ (2 sin Z)m = C.«» + .+ \/— 1 C'-r+. 

Substituting the value of (y/ — !)"» by (446), and comparing the real and imaginary 
terms, we find 

(2 sin z)« cos ^ ^ ^ ^ ft»»+» 

(2 sin z)*" sin —i^ — ^ — ^— = C,n» + « 

and if we make z ^ -^r-, we shall find by the process frequently employed above, 
that n ass n' ; whence 

(^'^')"= co,}M;n+l). (««) 

('^ "'')"= , in } ^4" +1). (*«^) 

80 that the real value of (2 sin z)*" may be developed in either the cosines or sines 
of the multiples. The two series have the constant relation 

^tnir+x _ sin ^m (4n+ l)y 
^•n» + x cosjfw (4n4. !)»• 

261. If n = in (483) and (484), « 

0. 1 

(2 sin z)"» = ~ — = = (cos wiz— m cos («i— 2) z+ &c.) (485) 

^ ^ cosJmT cos } fiifr ^ ^ j ^ i \ t 

C ~ 1 

(2 sin z)*" = -:-^ — = -r—. (sinmz — wsin (m — 2)z+ &c.) (486) 

^ ' sin } m T sin J f» ?r ^ ^ ' ' ^ ^ ' 

♦ 

both of which series are applicable when m is fractional. 

252. When mis an integer, one or the other of the series (485), (486), will always 
be zero, according to the form of m, and there will be but one series to express 
(2 sin z)"». 

Tf m =: 4 m', (2 sin z)"» = cos mz — m cos (m — 2) z + &c. (487) 

m s= 4 m' + 1, (2 sin z)"» = sin mx — m sin (w — 2) z4- &c. (488; 

m = 4m'-f-2, (2sinz)*»= — (cos mz — m cos (to — 2)z4-&c.) (489) 

»ft = 4TO'4.3, (2sinz)'»=s — (sinwiz — TOsin (to--2)z+&c.) (490) 
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268. The series (486) and (486) become zero when m is an integer, as follows : 

If. m ^ 2m', ss sin ffi2 — m sin (m — 2) z 4" ^^' (^^^) 

m^2m' -\-l, = cos mx — m cos (m — 2) x + &c. (492) 

The reason why these series are zero is obyions, since thej terminate at the 

(m -{- l)th term, the terms equally distant from the first and last are equal with 

opposite signs, and the middle term of (491) is zero. 

264. Oiven the equation 

tan X ss ^ tan y (493) 

to express x day in a eeriee of multiples of y. 
Substituting the yalues of tan x and tan y given by (431) 



whence 



or putting 






^.y-. _ (i>+l)^*>^--(i>-l) 
"" ^ + 1 — (^ — l)tf«,y-i 



7+1 <«*^ 



^«y 






qfylT' 






Taking the Naperian logarithms of both members, 

2 (x — y) ^ — 1 = log (1 — gr-*i'»'-») — log (1 — y ij^wv-.) 

and developing the second member by the formula 

log (1 — n) =! — » — J n* — J n" — &c. 
we have 

Substituting in the second member by (430), 

X — y = gsin 2y-|- } g*sin 4y + J ?* sin 6y-4- &c. (b) 

The equation (a) might have been put under the form 

1 , 

^(x+y) ^—t ss ? 



1 

1 e-'VfV- 

9 



from which, by taking the logarithms and substituting as before, 

sin2y sin4y sin6y . . 

z + y = ^-^— ^-j--&o. (c) 

In this investigation, we have, in effect, used Moiyre*8 formula, in its limited or 
less general form; but the requisite generality may be given to our results, by ob- 
serving, that (493) would hold if we were to substitute tan x = tan {n'ir+x), tany 
.r^tan (n'V+.v)» and therefore we may substitute fcr the first member of (6), 
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nV + a: — (^''^r-^-y) s=x — y — (n" — n')irssz — y — nw, nbeing (like n'and n") an 
arbitrary integer or zero. Hence, the required general deTelopment of x — y in 
series is 

X — y snir-l-gsin 2y+ }g*8in 4y+'Jy* sin 6y+ &o. (495) 

In like manner, since tan z =s tan (x — nV), tany = tan (y — n'V), we may substi- 
tnte in the first member of (c), x — n'v-{'y — n'V = x + y — '*'»*» *^<1 *^® general de- 
velopment of r-|- y in series is 

Sin2y 8in4y sin6y 

In these formnlss x and y are supposed to be expressed in arc, and to obtain 
z zp y in seconds, the terms of the series must be diyided by sin V, 

256. The preceding problem is particularly useful in finding x when p and y are 
^yen, and x is nearly equal to y ; in which case p is nearly equal to unity, either 

; or — is a small fraction, and one of the series (495), (496) converges rapidly. 



Examples. 

1. Given y = 50° audi? = 1-00066, to find x from (493). 

Taking only the first term of the series (496), and assuming n a= 0, 

2 y =s 1000 log sin 2 y 9*99335 

-00066 , n^-i-i^A 

ar CO log sin 1" 6:31443 
X — . y = 66"-996 log (x — y) 1-81952 

X = 500 1' 6"-996 

2, Given y = 50° and;? ='— 1-00065, to find x from (493). In this case 

_ 2-00066 
^ ^ -00065 
and the computation by (496), if we assume n = 0, is 

2 y = 100® log sin 2 y 9-99336 

1 -00066 



log^— 1^—6-51174 



q 2-00066 ** \ q 

ar CO log sin 1" 5-31443 
X + y = — 65"-995 log (x -*- y) — 1-81962 

X = — y — 66"-995' = — 60° 1' 5"-995 
oy^ if „ -_ i^a:_- 180° — 50° V 5".995 = 129° 58' 54".005. 

In general, (493) is to be solved by (495) when p is positive, and by (496) when^ 
is negative. 

266. CHven the equation 

sin (at + 0) = in sin a (497) 

to eo^ess z in a seriee of multiples of «. 
We deduce as in Art. 168, 

(. . «. m "T" 1 . « 

a; O. } a) as !— T-tan * « 
' ^ ' m — 1 ' 
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which is reduced to (49S) \tj patting 

whence q es , ^ = — 

and (495) becomee 

. Bin* . 8in2«e . sin Set , . ^jnS\ 

, = ^+ _ + „. + _jr + 40. (498) 

which is to be employed when w >. 1 ; and (496) becomes 

«+*=snjr — msin* — Jwi'sin 2^ — |fR?8in8« — &e. (499) 

which is to be employed when m >< 1, n being any integer or lero. 

257. CHoen tike equation 

m sin €t /eAA\ 

tan 2 =ss , . (500) 

1 -f- m 008 A ' 

to expreea z in a senee of multiples of au 
This equation in the form 

sin « m sin « 



cos t 14'''^ 008 « 

gives sin « 4* ''* Bin « COB (t as m 008 2 sin « 

sin f = m sin (<e — u) 

tan («—}*) =» ^^ tan i « 

which Is reduced to (498) by substituting 

m — l 



whence a s 



m + 1 
/>-!_ 1 



J>4- 1 IM 

and the series (495) and (496) become • 

sin « , sin 2(t sin 8 * . . x«./**» 

2 — »:«n«- — — -+-^— ^^_^ 4.&e. (501) 

2 =: n »• + m sin « — } »»• sin 2 * 4- J wi* sin 8 «t — &o. (502) 

258. Oiven the equation 

. m since ,-««. 

tan 2 = — (503) 

1 — in cos a \ / 

to express 2 in a series of multiples of au 

The equation (500) becomes (503) by changing the signs of both m and et ; the 
«ame changes in (501) and (502) give 

sin at sin 2 3t sin 8 at . /r/^-N 

'+* = "' — S--^7S5 — -s^Si — *"• ^^*^ 

z =r II y + wi sin flt 4" } "•* sin 2 < + J !»■ sin 3 et + &o. (505) 
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259. In a plane triangU ABC, given a, b and C, to find A or B by a eeriee of multipUt 
ofC. 

By (262) 

a 

y sin G 

tan A 1= 



1 — r-C08 C 
o 



which, compared with (503), gives, bj (505), 

. a . ^ , a* sin 2 C , a» sin 8 (7 . ^ 

ft being necessarily s= in this case. B is found by the same series, interchanging 
a and b. 

260. In a plane triangle^ ABC^ given a, b and O, to find cbya teriee of muU^lee of 0. 

We have 

(* = a* + 6* — 2 oA cos (7 (507) 

-^=:--- — cos (7+1 



by (461) = r±^ (cos C+ y/— 1 sin 0)1 

X [A— (008(7—-^— 1 sin C)] 

^ =^ [l — -^ (cos (7+ v' — 1 9in C7)'jxri— y (cos C7— -^— 1 sinC7)J 



6' 



Taking, the common logarithms, employing in the second member the formula 

log (1 — n) ^—M{n + in^+i n» + &c.) 

and applying Moiyre's Formula (440) in expressing the powers of oob(7 d= ^ — 1 sin C, 
we have 

2 log — 2 log 6 sa 

— if r^ (cos C+v/— lBinC7) + ^ (oos 2 C+ ^ — 1 ™ 2 C) + &c; l 

— if f-^ (cos (7— v/— 1 sin C) +^ (cos 2 (7— v/ — 1 sin2 C) + &c.] 

1 1 r ix/ « /Y • ** C082 . «■ COS 8(7 , . \ ,„„ 

logc = log6 — if (^ycos (7 + ^.—^— + gr g h&cj (508) 

This series was first giyen by Legendre. The series (495) and (496), upon which 
are based those of the subsequent articles, (Arts. 256, 257, 258 and 259), are due 
to Lagrange. 



PART IL 



SPHERICAL TRIGONOMETRY. 



CHAPTER L 



OENEBAL FOBMULJE. 



1. Spherical Tbigonometbt treats of the methods of computing 
the unknown from the known parts of a spherical triangle. 

It is shown in geometry,* that a spherical triangle may, in gene- 
ral, be constructed when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be computed. 

We shall at first . confine our attention to such triangles only as 
are treated of in geometry, namely, those whose sides are each less 
than a semicircumference, and whose angles are each less than two 
right angles ; that is, those in which every part is less than 180^. 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle ; but, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those angles ; 
and the angles which those sides form with each other are regarded 

^ The student is here supposed to be acquainted with Spherical Geometry, at 
least so much of it as is to be found in Legendre's treatise, or in that of Prof. Peirce, 
i»f Haryard Uniyersity. 
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as identical with the angles of inclination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations in question ought to be deduced 
without any reference to the magnitude of the ]:adius of the sphere. 
In fact, we shall deduce our fundamental formulse from a direct con- 
sideration of the solid angle itself. 

3. In a spherical triangle^ the einee of the sides are proportional 
to the sines of the opposite angles. 

Let ABOy Fig. 1, be a spherical 
triangle, the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes AOBy 
AO C and BO Oj to each other, and 
will be designated by J., B and (7; 
their opposite sides respectively will 
be designated by a, I and c?, as in 
plane triangles. The trigonometric 
functions of these sides will be the same as those of the angles 
BO Oj AO Oy AO By which they subtend at the center of the sphere. 
(PI. Trig. Art. 20.) 

From any point B' in 05, let fall B^P perpendicular to the plane 
AOC\ and through BT let the planes B'PA'^ B'FO'he drawn 
perpendicular to OA and 0(7, intersecting the plane OAO in the 
lines )PA\ P0\ and the pknes AOB, 50(7 in the Knes -l'^', B'O'. 
The plane triangles A'PB\ B'PQ' are right angled at P; and 
OA'B\ OC'B' are right angled at A' and Q'. The angle B'A'Py 
being formed by two lines perpendicular to OAy is the measure of 
the inclination of the planes AOBj AOCy ov oi the angle A\ and 
WQ'P is the measure of the angle (7. 
We hare therefore, by PL Trig. Art. 15, 

B'P 
sm A = sin B'A'P = ^, ., 

BA 

sinO=8injB'0'P=|5^ 



whence 



8in^_ WP BfO' B!Q' 

sin Q ~ BA! ^ B'P "" WA' ^m) 



GENERAL FORMULA 161 

ff(j 

Again, sin a «= sin If 00' = -^7^ 

RA' 
sin c = sin JS'OJ.' = "WrT 

IS u 

sin a B'O' B'O B'O' , . 

wnence — — = 'WrT ^ IdTIT ~ p/^r W 

Bine -o'O jS'uI jff^^ ^ ' 

Comparing (m) and (n), 

sip a sin^ 
sin (? sin O 

which in the form of a proportion is 

sin a : sin (f =» sin A : sin 



(1) 



which is the theorem that was to be proved. 

4. In Fig. 1, A^ a, and e^ are each less than 90^, but the con- 
struction would not vary if any of these parts were greater than 90^, 
except that the points A' and O' might be found in the lines AO^ OOy 
produced through 0; and one or more of the right triangles A'B'Pj 
kCy would contain the supplements of A, a, 0, or c instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PI. Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

5. In a spherical triangle^ the cosine of any side is equal to the 
product of the cosines of the other two sides, plus the continued pro- 
duct of the sines of those sides and the cosine of the included angle. 

Let the plane BA'C, Fig. 2, be k«. 2. 

drawn perp. to OA, intersecting the 
planes AOB, BO (7 and AOO, in the 
linesJL'^; jB'(7'and^'(7'. Then the 
angle B'A'O' = A, and B'OC = a, 
and by PI. Trig. Art. 119, in the tri- 
*ngles A'B'O/, OBV\ we have 

B'O"^ = A'B"^ + AV^ - 2 A'B' . AV' cos A 

B'O'^ -=^ B'^ + 00^^-2 OB'. OO'cosa 
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Subtracting the first of these equations from the second, and ob- 
serving that in the right triangles OA^B\ OA!Q\ 

we have. 

= 20^" + 2A'JS'. A'C eoaA -2 OB' . 00' coaa 

OA'.OA' , A'B'.A'C 

If hence cos a ^ -:^^, — 5^;^/- + ^ ■^. — ^ cos^ 

0B\0O' OB'. 00' 

Substituting the trigonometric functions derived from the right tri- 
angles OA'B', 0A'0\ 

cos a = COS 5 cos c + sin fi sin <? cos A (2) 

which is the theorem to be proved. It may be regarded as the fun- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred deducing 
the two theorems from independent constructions. 

6. In the construction of Fig. 2, both b and c are supposed less 
than 90^, while no restriction is placed upon A and a ; but the equa- 
tion (2) is no less applicable to all the other cases if the principle of 
PI. Trig. Art. 49 be granted. As that principle may not be suffi- 
iig. 3. ciently evident to the student unacquainted with analyti- 
cal geometry, we shall verify it in this case, as follows.* 
1st. In the triangle ABO, (Fig. 3), let b < 90^ and 
c > 90°. Produce BA, BO to meet in B\ forming the 
lune B'B'; then AB'^ 180° — c, and b are both < 90°, 
and the preceding demonstration would apply to the 
triangle AB'O. Therefore, applying (2) to AB'Oj we 
have 

cos (180°- a) = cos b cos (180°-(?)+sin b sin (180°-c) cos (180°— -A) 
or by PL Trig. (64), 

— cos a = — cos b cos (? — sin 6 sin (? cos A 
and changing all the signs 

cos a = cos ( cos c + sinb sin c cos A 

the same result that would have been found by applying (2) directly 
to ABO. 




* Hymer's Spherical Trigonometry. Cambridge, 1841. 
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2d. In the triangle ABO, Fig. 4, let h > 90°, (? > 90° ; 
produce AB and AC to meet in A' ; then A'B andJ.'(7 
being both less than 90°, the formula (2) is applicable to 
A'BG. Therefore 

cos a = cos (180° — ^ cos (180° — c) 

+ sin (180° - h) sin (180° - c) cos A 
= (— cos 6) (— cos (?) + sinJ sin c bos J. 
a= cosi cos c + sin( sine? cos^ 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of the triangle, give the two following 
groups : 

sin a sin jS B sin ( sin A 

sin & sin (7 » sin c miB L (3) 

sin cAnA » sin a sin (7 




cos a = cos b cos (r .+ sin 5 sin c cos ^ 
cos i » cos c cos a + sin (f sin a cos B 
cos (? » cos a cos 6 + sin a sin h cos G 

8. Let A!B'Q\ Fig. 5, be the polar triangle 
of ABO, and designate its angles and sides by 
A\ B\ 0\ a'y V and c'. Then, by geometry, 

^' = 180°-a, a' = 180°-^ 

B == 180° - J, V^ 180° - B 

0' = 180° - (?, c' « 180° - sr 
and applying the first equation of (4) to A'B^O\ 

cos a' = cos V cos </ + sin V sin c' cos A! 
or by PL Trig. (64), 

— cos J. = (— COS B) (— cos (J) + sin -B sin (7 (— cos a) 

— cos -4. = cos B cos (7 — sin B sin (7 cos a 

Changing the signs of this, we have the first of the following group : 

cos J. = — cos J? cos (7 + sin 5 sin (7 cos a "^ 



(4) itfC-. i 




cos jB == — cos (7 cos J. + sin (7 sin j1 cos 6 

cos (7 = — cos -4 cos 5 + sin -4. sin J? cos e 
20 



(5) 
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It is tlius that, by means of the polar triangle, any formula «of a 
spherical triangle may be immediately transformed into another, in 
which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formulae are 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied by cos c is 

cosa cose = cos b cos^c + sin ( sine cos e cos A 

and the second of (4) is the same as 

cos a cos + sin a sin c cos B ^ cos b 
the difference of which is 

sina sin<? cos J? = (1 — cos^c) cos 6 — sin 6 sin e cos ccoqA 
Since 1 — cos* c = sin*c?, this may be divided by sine, and gives 

sin a cos-B = sin e cos J — cos e sin 6 cos J. "^ 

whence sin 6 cos (7 = sin a cos c — cos a sin e cos ^B V (6; 

sin c cos -4. = sin 6 cos a — cos b sin a cos O j 

■» 

If we interchange B and (7, and therefore also b and c, the group 
becomes 



sin a cos (7 = sin 6 cos e — cos 6 sin c cos^ 
sinJ cos JL = sine cos a — cos c sin a cos-B 
sine cos J? = sina cos 6 — cos a sin b cos 



1 



(7) 



10. If (6) and (7) are applied to the polar triangle, they give, 
after changing the signs of all the terms, 



sin A cos b = sin coaB + cos O^sin B cos a 
sin JB cos c = sin-4. cos 0+ cos -4. sin cos J 
sin (7 cos a = sin J? cos A+ cosB Bin A cos e 



(8) 



and 



sin JL cose = sin JB cos 0+ cosjBsin cosa 
sin£ cos a 5= sin (7 cos -4. + cos sin A cos6 
sin (7 cos 6 == sin -4. cos B + coBAmiB cos e 

11. Dividing the first of (6) by the following derived from (3), 



(9) 



sina ainB 
sin J. 



= sin b 
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we find the first of the following group 

sin^ cot £ = sin<? cot& — cob<? cob^ 

sin^cot (7 = sinacote? — cosacosJ? ^ (10) 

sin (7 cot JL = sin 6 cota — cos b cos 

and in the same way from (7), or by interchanging the letters B and 
Oy b and e in (10), we find 



sin^ cot (7=» sin5 cot <? — cosi cos^ 
sin£cotiL= sine; cota — cose cos £ 
sin O cotB B sin a cot i — cosa cos 



(11) 



If (10) are applied to the polar triangle, we find (11), so that no 
new relations are elicited. 

12. The preceding formulae are sufficient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the first of (4) substitute, by PI. Trig. (139), 

cos -4 s= 1 — 2 sin* J A 

we find, by PI. Trig. (39), 

cos a » cos (J — (?) — 2 sin 6 sin e sin* }^ . (12) 

and we have similar expressions for cos b and cos e. 
I£ we substitute in (4), by PI. Trig. (138), 

cos -4 = — 1 + 2 cos* JJ. 
we find, by PI. Trig. (38), 

cos a = cos ( J + c) + 2 sin b sin c cos* J A (18) 

and, of course, similar expressions for cos b and cos c. 

13. Substituting in (5) 

cosa»l — 2sin*Ja = — 1 + 2eoQ*^a 

we find by the same process 

cos ul «a — cos(5 + (7) — 2 sin 5 sin (7 sin* J a (14) 
cos A =• — cos (-B — (7) + 2 sin 5 sin O cos* J a (16) 

which might have been obtained by applying (12) and (18) to the 
polar triangle. 



156 SPHERICAL TRIGONOBiETBT. 

14. If iii (12) we snbstitnte cos a = 1 — 2 sin* } a, cos (5 — <?) = 1 — 2 sin* J (6 — c), 
we obtain Uie first of the following equations ; and the others are obtained by a 
Biznilar process from (12), (18), (14) and (15). 

sin* J fl = sin* J (6 — €)-{- sin b Bin e sin* J A (16) 

sin* } a ss sin* Hb-}- e) — sindsinc oos* } A (17) 

cos* } a = cos* J(6 — c) — sin 6 sin e sin* J -4 (18) 

COB* ^ a =s cos* i ( & 4" c ) 4- 8^1^ ^ 8U1 <? cos* i A (19) 

sin* ^^ s= cos*} (B+ C)+ sin ^ sin C7 sin* } a (20) 

sin*jt^»= oos*} (^— C7) — 8in^sinC7cos*}a (21) 

cos*}-4 = sin* } (B+ C7)— sin^sin (7 sin* } a (22) 

cos*}^ = sin*} (B-^ C)+ sin ^ sin C7 cos* } a (23) 

15. By PI. Trig, we haye 

1 ss cos* i A'\- sin* } A 
COB A ^ COB* i A — sin* } A 
whence 

COB 5 COB e =s cos b COB e cos* } -^ -|- oos b cos c sin* } A 
Bin ( sin c cos ^ ss sin 5 sin e cos* ^ A — sin 6 sin c sin* } A 

the Bnm of which is, by (4), 

coB<a =B COB (5 — e) co8^ } -^ + cos (b -f- c) sin* } ^ (24) 

and Bubstitating 1 — 2 sin* } a, &c., for cos a, &c. 

Bin*}a = Bin*}(6 — c)co8*}-4 + sin*}(6+c)sin*}^ (25) 

cos*} a = cos*} (6— c) cos* }-4 + cos*} (b+ c) sin* }-4 (26) 

In the same manner we deduce from (5) 

C0B-4 = — cos(5— (7)sin*}a — cos (B+ C)co8*}fl (27) 

Bin*}^ = coB*}(^— (7)sin*}a+co8*}(5+ C).cos*}a (28) 

C0B*}-4 =» sin*} (B— C) sin*}a+ sin*}(5+ C) cos*} a (29) 

It is hardly necessary to add that each of the equations (12 to 29) giyes a group 
of three, by applying it successively to the three sides or three angles of the triangle. 

16. From (12) we find 

2 Bin sin e 
If, in PL Trig. (108), we put 

whence 

we find 

cos (6 — (?) — cos a = 2 sin J (a — J + (?) sin J (a + 6 — tf) 

which, substituted in the above equation, gives 

3i„,x^,'^^(«-^-t^)Bi°i(« + ft-^) (80) 

* Sin 6 Sin c ^ 
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Let 8 denote the half sum of the sides, that is, let 

a+b + c^28, ^(a + b + e)^8 



then 



a + 6 — <j=:a + 5 + c — 2(? = 2« — 2(? = 2(« 
which substituted in (30) give 



-6) 
-c) 



Sin' 



sin b sin e 



whence also sin* J -B = ^^ — ; — ^ . ^ - 



sin c sm a 



} (ai) 



^ sin a sin 6 



sm 



17. From (18) we find 



cos a — cos (6 + c) 



cos* i -4. = 0-: — T— : 

^ 2 sm 6 sm c 

and from PI. Trig. (108), by making 

X ^b + Cj y = tf 

i(^ + y) = i(« + *+^), i(a:-y) = i(* + ^ 

we find 

cos a — cos (6 + c) = 2 sin J (a + 6 + c) sin ^{b + c 
which, substituted above, gives 



-a) 



-a) 



COS' 



sin ^ (g + 5 + g) sin ^ (6 + g — a) 



sin b sin g 



(32) 



Introducing, as in the preceding article, « = J (a + J + c), 

__ sin « sin (s — a) 



COS" 



sin b sin g 



C08«|^= 8in«sin(«-5) 



Sin e sm a 



M38) 



^ sin « sin (« — (?) 

cos* i C^= -' W— ^ 

^ sin a sm 6 
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18. The quotient of (31) divided by (83) gives 



tan' i A 



sin {s — b) sin {s ■— c) 
sin B sin (« — a) 

sin (» — <j) sin (« — a) 

tan* 4 jB = ' * — ? r\ — 

* sin B sm (« — 6) 

. ^ sin f « — a) sin (« — 5) 

tan' i (7 = — ^^ ' f \ 

^ sm 8 sm (B — c) 



^ (34) 



19. From (14) we find 

sin* ^a^ — 



cos ^ + cos (^ + (7) 
2 sin jS sin (7 



from wliich, by PI. Trig. (107), we deduce 



. ,- -cos^(^+Jg+ (7)cos|(jB+(7-^) 
^'^t<^- sinJJsina 



(85) 



and if we put 



sm' 



. _ — cos <y COS {8 — A) 
sin 5 sin (7 



. ai r ^ —cos /S co s (/y— jg) 

sin (7 sin J. 



sm 



; (36) 



. ,- __ — cos /g COS (S—O) 

m J (? — ; -j : z^ 

sm A sm B 



sm 



The first member of each of these equations being a square, the 
second member must be essentially positive, although its algebraic 
sign is negative ; in fact, since by geometry 2/S> 180*^, /S> 90°, 
cos S is negative, and — cos *S' is positive. 

20. From (15) we find 

« 

SI _ COS J. + cos (jB — (7) 
^^^ i^- 2smBsmO 

from which we deduce, by a process similar to the preceding, 



cos' 



^ cosH^-Jg+(7)cos|(^ + jg-(7) 
^ sin jB sin 



(87) 
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C08(a8'-5)C08(/S'-(7) 

' Bin (7 sin A 



ym 



cos* J e 



cos {S — ^) cos (a? — 5) 



sin J. sin jS 



21, From (36) and (88) 



tan'} a 



— cos aScos {S — A) 
cos (S—B) cos(>S'- Cf) 



tan« 1 ft - _" COS S C OS {S-B) 

^^ to^ cos'(*Sf- 0) cos (.S - ^) 

«i "" <^Q8 >y cos {S — 0) 

^^ ^^'"cos{S^A)cos{S-B) 



(39) 



We might have deduced (36), (38), (39), by applying (31), (33), 
(34) to the polar triangle. 

22. Napier' 9 Analogies. Dividing the Ist of (34) by the 2d, wo 
find 

tan \ A sin {s — 6) 
tan } B sin (« — a) 

Regarding this as a proportion, we have, by composition and division, 



tan \A-\- tan \ B ^ sin (« — J) + sin (« — a) 
tan } ^ — tan ^B "" sin (« — J) — sin {s — a) 

In PI. Trig. (109), if we put a: = « — J, y=«« — a, whence 

a: + y = 2« — a — 6 = <? 

we have 

sin (g — 6) + sin {% — a) tan^tf 

sin (« — 6) — sin (« — «) ~" tan i (a — 6) 

and by PL Trig. (126), 

tanj^^ + tan}^ sin \{A + B ) 
tan } A — tan I B ^ sin} (^r- B) 



(m) 
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Therefore (m) becomes 

sin i{A + B) tan J c 



Biai{A-B) tan J (a -J) } (40) 

or sin J(J. + 5): sinJ(J. — jB) = tan J(j: tanjfa— b) 

which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (34) gives 

* 1 A 4. 1 i> sin (« — (?) 

tan ^ ^ tan * -B = ^ 

sm« 

or . 1 : tan J A tan J jB == sin « : sin (s — e) 

whence, by composition and division, 



i«) 



1 — tan} J. tan ^B sin« — sin (« — c) 
1 + tan } A tan J 5 "" sin « + sin (« — (?) 

By PI. Trig. (109), if a; = «, y ==« — (?, we have 

sin« — sin (« — <?)__ tan }(? 
sin« + sin («'— c) "" tan } (a + J) 

and by PI. Trig. (127), 

1 — tan^-Atan^jB cos}(^+.g) 
l + tanJAtan}jB '"cos}(J. — 5) 

Therefore (n) becomes 

cos}(J.+J?) __ tanj(? 

cos}(^-jB) " tan}(a + 6) }- (41) 

or cos}(J. +-B):cosJ {A — B) =tan}(? : tan J(a +b) 

which is the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we shall find 

sin i{a + b) ^ cot J (7 

sin } (a - J) "" tan}(J.-£) }- (42) 

or sin J (a + J): sin J (a —J) = cot} (7: tan} (J. — 5) 

cos } (a + 6) _ cot } (7 

cos}(a-6) " tan}(-4 + J5) } (43) 

or cos } (a + J) : cos } (a — J) = cot } (7: tan ^{A + B) 

which are the third and fourth of Napier's Analogies. 
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25. Gautt^s Theorem. If 

p =s COB i e tan. i (A -{- B) P =» cos } (7 cos } (tf — h) 

q =s eoB i e COB i (A -^^ B) Q ^ sm^G oos i(a-{- b) 

r =s sia ie Bln^ (A — B) 22 ss cos } (7 sin } (a — b) 

9 =s Bin ^ e COB i (A — B) 5 as gin } C7 sin } (a -f- &) 

then the products py,q,p y,r,p y,9, qy,r, qy,8^ry(, e, are reapeetwdy equal to the 
products P X ft i* X i2, i* X * « X i2, C X i^, -« X ^. 
Firet, From (8) we haye 

sin e (sin AdcniL B) sss sin (7 (sin a :!: sin 5) 
which, by PI. Trig. (105), (106) and (185), are reduced to 

sin } c cos i e anHA-^ B) coB^ (A — jS) s=b sin } (7cos } {7sin } (a -}- 5) cos |(a — b) 
sin }6 cos }e cos j^ (^ + ^) sin } (A — B) ss sin j^ {7cos } (7 oos i{a+b)BUki (a — b) 

or 

pess F8 and jr ss QB 

Second, From (6) and (7) 

sin e (cos B ^ cos A) sb (Izfz cos (7) sin (a ± b) 
which, bj PL Trig, are reduced to 

sin } e cos } e cos } (^ 4" ^ ^'OB } (-^ — ^) ss sin } C7 sin } t7sin } (a-f- 6) oos } (a+ b) 
sin ^ c cos} c sin} (ul -|- ^) sin} (A — B) ss cos} (7 cos} (7 sin} (a — b) cos } (a^-6) 

or 

qei^QS and iir s PR 

Third. From (8) and (9) 

(1 db cos e) sin (^ ^ ^) SB sin (7 (cos b db cos a) 

which, by PL Trig, are reduced to 

cos}ecos}0sin}(^-{-^)oos}(ji-|-^) =3sin} (7 cos } (7 oos } (a 4" ^) cos}(a"6) 
s]n}esin}esin}(2i — ^)cos}(ji — ^) = sin} (7 cos} (7 sin } (a -f- 6) sin} (a — b) 

or 

pq = FQ and re a R8 

26. 7%e notation of the preceding artieU being eiiU employed, the quaintitiee p*, j*, f*, j^, 
are respectively equal to P*, Q*, i?, S\ 

We haye 

pqXpr=^FQX PR 
and qr as QR^ 

the quotient of which is 

j^ ^ P* whence |» = db P 

and in the same way 9* -= Q* ? = =^ 

f* = J2* r=z±R 

#"=:5« #=Bdb5 

21 o2 
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27. In thete last equations, the poritvoe tign muet he ueed in aUthe teeond membere, or 
the negative iign inaUof them. For if we take 

the equatioiiB 

pq =s PQ, ^ r =s PM^ pe bs P8 

being diyided by this, {^Te 

9^+Q, f^ + JK, i^ + 8 
and if we take 

the same eqnationB, diyided by this, gjiye 

j = — C, r=^^R, »=:— iSr 

We have therefore the following, which are generally cited as Oauu^e Equationa. 

cos \emi.\{A-\- B) ^^ co%^ C QW^{a — h) 
COS } e cos } (il -f- ^) := sin } C7 cos } (a -f- 6) 
sin } e sin } (^ — B) =b cos } C7 sin } (a — b) 
sin } e cos } (il — ^) =b sin } C7 sin } (a + ^) 



(44) 



or 



(46) 



COS } e sin } (Jl -I" ^} '^^ — ^^^ } t7 cos } (a — h) 
cos } e cos J (^ -)- ^) ^ — sin } C7 cos } (a 4~ ^) 
sin } e sin } (ul — B) = — cos } (7 sin } (a — h) 
sin } e cos } (Jl — B) = — sin } C7 sin j^ (a -f- &) 

If, howeyer, we consider only those triangles whose parts are all less than 180®, the 
first of these groups, (44), is alone applicable, for we must then haye j? =s ^ P ; since 
60S } c, sin ^{A-\' B), cos } (7, cos ^ (a — h) are then all positiye quantities. The use 
of (46) will be seen in the chapter on the solution of the general spherical triangle. 

Napier's Analogies, (40), (41), (42) and (48) can be deduced directly from (44). 

Additional Fobmuuc. 

28. We shall here add some formulsB which, though not so frequently used as the 
preceding, are either remarkable for their elegance and symmetry, or of importance 
in certain inquiries of astronomy and geodesy. 

29. The product of (80) and (82) giyes 



Put 



then 

and in the same maimer 

the quotient of which is 



, , - 4 sin t sin {e — a) sin (j — b) sin {e — c) 

sin ^ — . — =77 — ' — « 

sin* 6 sm* e 

n* ^ sin « sin (« — a) sin (« — b) sin (« — c) 

2n 



(46) 



(47) 



Bin.i ss 



sin£ ^ 



sin A 
sin^ 



sin b sin e 



2n 
sin a sin c 

' sin 6 



(48) 



which is our first theorem. Art. 8. As (48) was obtained from (80) and (82), aaci 
these from (4) without the aid of (8), we may consider the whole fabric of spherical 
.trigonometry as resting upon the fundamental formulsB (4). 
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80. We haye also flrom (85) and (87) 

. ^ __ -~4co8 5ooB ( S-'A) cos (S-'B) cos (5— 0) 

and if 



sin* -fi sin* C 



J\r* SB — COB 5coB (S^A) cos (i8^— -B) ooa (S-^ 0) 

2N 



From (48) and (61), 



n 

5r 



Bin a KB -; — , 

sin ^ sin (7 
Bin a Bin 5 sin e 



sin^ 



Bin^ 



sin O 



(49) 

(50) 
(51) 

(62) 



81. If we deyelop (47) and (50) by PL Trig. (178) and (174) 

4 n* =1 — cos* a — cob* b — cos* « 4~ ^ ooB a cob 6 cos c (58) 

4-y* ass 1 -— cob* j4 •— COB*jB — COS* (7 ^ 2 COB j4 COB ^ COB C (64) 

82. The following simple resnlts are easily dednced from the equations (81 to 88) 

cos } il cos } ^ sinf 

sin} C' "^ sine 



cos } ul sin } ^ tan {4 — a) 

COS J C? ton c 

Bin } uA cos } ^ sin (» — b) 

COB J C 



sme 



■ (M) 



(66) 



sin } ^ sin } ^ sin (« — e) 
sin} C sin « 

sin } a sin } 6 — cos S 

COB } c sin 

sin } g COB } 6 cos (5^ — A) 

sin i e sin O 

cos } g sin } 6 cos (S — B) 

sin }c sin C 

cos J fl cos J ft COB (^ — O) 

cos J c sin C 

88. By means of (65) and (56) we can deduce expressions for the fonctions of 
9f $ — a, &&, in terms of the angles, or of S, 8 — A^ &c., in terms of the sides 
We have, from (51), 

. 2iV If 

sin ^ sin jB 2 sin | j4 cob } j4 sin } ^ cos } ^ 

which, snbstitated in (55), ^tcb 

sin 8 : 



IT 



2sin}X8in}£ suk^C 

Bin (* — CJ = _ ;,--; • - — . =— >>, 

^ ^ zcosf^cosj^sin} C/ 

whence, by interchanging the letters, we have also sin (« — a) and sin (« — 6). 



(67) 



,'681 
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Again, we haye 

Bin (« — e) = Bin « 008 c — 008 « sin 
whenee 



Bin # 008 g — Bin(< — c) 



008 

Bine 



008 



wliioh, by (55), is reduced to 

COB I ^ 008 } ^ COB c — Bin } jj Bin ^ ^ .f,^. 

008 9 — SnJC ™' 

and from the equation 

008 (« — e) ^ COB « 008 e -f" Bin « Bin 
we find, l^ Bubstituting (55) and (59), 

/. X — sin 4 -4 Bin J jB COB c + cob iAooslB ,tuv^ 

(»-«) = S5j^ (60) 

To eliminate e from the eecond members of (59) and (60), we haye, by (5)* 

COB 04- oobA cos B 

COS e = ' J ' — B 

Bin ^ sin ^ 

whence 

^^- I A ^^^ I n COS t7 + COS A cos B 

cos } j1 cos } jB cos e = . « i ^ . , » • 
' ' 4 sin }^ sin }^ 

..... n cos (7 4- cos ul cos B 

Bin } j1 sin t ^ cos e = —3 4— j s— 5- 

' ' 4 cos } ^ cos } ^ 

which, substituted in (59) and (60), giye 

— 00s A + cosB -{-COB G—1 _ 1 — Bin' jA — sin* j B^ sin* } (7 ^g,x 
^'^^ ' — 4 sin J ^ sin J ^ sin } C "" 2 sin } ^ sin J ^ sin } C7 " }^^^ 

. _^ . __ cos ^ 4- cog ^ ~ cos C^ + 1 cos* I ^ + cos' } ^ — cos' } ( 7 ,^-y 

COS {8 «^ — 4 COS j ^ cos } 5 sin J (7 ~" 2 cos } ^ cos } J? sin J (7 ^ ^ 

From the preceding we easily deduce 

^^ 2 y sin c .gg. 

eos ^ 4" cos ^ -|- 008 (7 — 1 cos e — tan } A tan } ^ ^ ' 

, . ___^ 2 iV sin c .^. 

^' *^ ■" cos ^ + cos ^ — cos (7+ 1 ■" cot } ^ cos i ^ — 008 e ™' 

84. The equations (57 to 64) applied to the polar triangle, giye, 

— cos ^ = 5 i — ?-TT^ ^ (66) 

2 cos } a cos } 6 cos } e ^ ^ 

(cos iSf — C^ = g-^— 5 .^-5-^ ,— (66) 

^ ' 2Bm}asin}6 cos Jc ^ ' 

. g, sin } a sin } 5 cos C7 + cos ^ a cos ^ b ,«_. 

8m =r ^ =-! £ i— (o7) 

cos J c ^ ' 
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. ^ 1 + COB a + COB 5 + COB e cob* } a + cob* } & + eoi> j e — 1 .^. 
^ 4 000 ^ a COB } 6 COB \c ^^ 2 cob ^ a cob \ h oob ^e ^ * 

• /jff /^ — 1 — oog g — COB ft + COB c Bin* ^ o + Bin* } ft — Bin* \ e .^^. 

™(^— W— 4flittJa8inJftcoBj« "" 2BinJaBinJftooBic ^'"* 

1 4- cos a 4- 008 ft + COB ^ OOB C 4- cot ^ a oot J 6 ^ ' 

2ii- BJn 0^ /i»o\ 

cot (5— C5 = X^THSTS^ir^orft+lSl = oo8C7+taniatanift t*^' 

95. From (78) we find 

- . - 2 COB } g COB } ft COB I C — COB* \a — COB* t ft — 008* j g + 1 ^-•g. 

2 cos ^ a COB ^ ft COS ^ e ^ ' 

- , . „ 2 008 1 a COB 1 ft cos i e + cos* J a + cos* J ft + oob*J e — 1 .^.. 
1 + Bm5 = 1 2co8iacoBiftooBie <^*> 

Ihe nnmerftton of which may be reduced by PL Trig. (178) and (174), by making 

%^\a^y wa\b^Mmm\e^ whence v b } (a -f- ft -f e) s ^ «, « — x = } («^a), 
&o. : therefore, 

l-8in5»^'^>*'">^*7^^'^t<'""/^'^H*--^) (76) 

cos j^ a cos ^ ft cos } e ^ ' 

14- osn J_ ^^^'**°^'*^*~ ''^^^^^*'"^^^*^*-^^ (76) 

A -p Diu «i -B cos J a COB } ft COB } c ^ ' 

The product of these equations reproduces (69) ; their quotient is, by PL Trig. (164), 
taas (46*' — I 5) a tan j^ « tan jf (« ~ a) tan jf (« — ft) tan i (« ~ e) (77) 

86. Cagno}i% Equation, — ^Multiplying the first equation of (4) by cos A, we find 

008 a 008 A OB cos ft cos e cos ul-{<Binftsine — sinftsine sin* A 

and firom (5) in a similar manner, 

COS a 008 A =s — cos j9 cos C7cosa-f-sinS8in(7 — sinJffsin sin' a 

Observing that by (8) we haye sin ft sin c sin* ul bs sin J9 sin (7 sin* a, 

these two equations give, 

sin ft dn e 4* 008 ft COS 6 cos ^ ^ sin jS sin C — cos jS cos (7 cos a (78) 

a relation between the six parts of the triangle, first given by Cagnou. It is a 
property of this equation that either member ia a/unedon which hoe the tame value m a 
gioen epherieal triangle and iu poUxr triangle. Thus, if we distinguish the fides and 
avgles of the polar triangle by accents, we have* 

sinftsine-f-oosftcoseoosulaBsin ft^sine^-f^oosft^ cos e^ oos A^ (79) 

• Bee Matfaematieal MonfUyi (Cambridge, Mom^ tqL L p. 282. 



166 SPHERICAL TRIGONOMETRY. 

87. Sh de(hi»t theformukB of plane trianglet from those of tpherical triangUa. 

The analogy of many of the preoeding formolse with those of plane triangles is 
inffioientlj obtions. We can, in fact, deduce the plane formalsd from those of this 
chapter, by regarding the plane triangle as deteribed upon a sphere whose radiut ii m- 
fimU^ the triangle being an infiniUJy emaU portion of the sphere. The quantities a, h and 
c, must, in this case, express the absolute lengths of the sides ; and the angles which 

a h c 
they subtend at the center of the sphere, expressed in arc, will be — , — , — , r be- 

T T T 

a c 
ing the radius of the sphere. When r is very large, — t — , — , are Tery small, and we 

T T T 

a a 

may express the yaluea of sin — , cos — , &c. approximately, by one or two terms of 

their expansions in series, PL Trig. (405) and (406), and if their values be substi- 
tuted in our spherical formulsB, we shall obtain approximate relations between the 
sides and angles of the triangle. If we then make r infinite we shalJ obtain exact 
relations between the sides and angles of a plane triangle. 
Thus we haye 



sinJ? b b 4',. . *•.!, 

and making r infinite, we find the formula of PL Trig. 

sin^ a 

sin £ b 
In the same manner 

cos^-cos^cos- l«_ + &o.«(^l«_-_ + _«&o.) 

008 A ass . sa 

" We 

and making r infinite, we have the formula of PL Trig. 



008 2l as 



2 be 



FormuUs that inyolye only the sines or tangents of the sides may be reduced im- 
mediately to the plane formules by substituting a, 5, &c., for sin a, tan a, &o. Thus. 
(81 to 84) give the corresponding formulsB of PI.' Trig, by omitting the symbol »m. « 
and (40), (41), by omitting the symbol tan, when these symbols are prefixed to sides 
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CHAPTER IL 

SOLUTION OF SPHERICAL RIGHT TRIANGLES. 

88. When one of the angles of a spherical triangle is a right 
angle, the general formalsd of the preceding chapter assume forms 
that are remarkably analogous to the relations established for the 
solution of plane right triangles, and equally simple in their appli- 
cation. 

89. Let (7=90°, Fig. 6. From (3) we 
have 

. sina . 

smA^ - — sin O 

but since (7— 90*^, sin (7«» 1 ; therefore. 



ng. 0. 




. sina 

sin -4. =a-= — 
sine 



and, in the same manner. 



ainjB 



sin ft 
sine? 



>m 



that is, the 9%ne of either oblique angle of a spherical right triangle 
is equal to the quotient of the eine of the opposite side divided by the 
sine of the hypotenuse. Compare PL Trig. (1). 
40. From (11), we find 



cos JL» 



sin J cot(? — sin -4 cot 
cosi 



but if (7« 90% cot (7-» 0; therefore, 



. sin i cot tf , 

cos A = — —i — = tan b eoie 



cos 5 



or 



cos J.«" 



tan b 
tan e 



eosB 



tana 
tan e 



(81) 
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that is, the cosine of either angle is equal to the tangent of the adja- 
cent side, divided hy the tangent of the hypotenuse. Compare 
PL Trig. (1). 

41. From (10), we have, 

. sin 6 cot a — cos J cos (7 

cot A == : — 79 

sine/ 
which, when C =» 90°, becomes 

A . , sin 6 

cot ji = sino cot a a= r 

tana 

or, taking the reciprocals, 

A tana _ tan J .^^. 

tan-4.=-: — T tanJ? = -^ (82) 

sin sma ^ ' 

that is, the tangent of either angle is equal to the tangent of the op- 
posite sidcj divided by the sine of the adjacent side. Compare 
PL Trig. (1). 

42. From (5), we find, 

. . cos 5+cos (7 cos J. 
cos sm (7 

and if (7= 90^ 

. . cos5 . _ cos J. ,^„ 

sm A = J- sin -B = (83) 

cos cos a ^ ' 

that is, the cosine of either angle, divided by the cosine of its opposite 
side, is equal to the sine of the other angle. In PL Trig, we have 
sin ^ » cos B*, 

43. From (4), we have, 

> cos <? = cos a cos J + sin a sin b cos 

or, when = 90°, 

cos (7 = cos a cos b (84) 

that is, the cosine of the hypotenuse is eqv^l to the product of the co- 
sines of the two sides. In PL Trig. <?* = a* + 6*. 

44. From (5), 

cos (7+cosJ.cosjB 

cos C = ' : 1 — * — n ^ 

sm^sinjS 
or, when = 90°, 

cos J. cos -B . _ ,__ 

cos tf == - . — 1 — : — ^ = cot-4. cot J5 (85) 

sin -A Bin -o ^ ' 
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hat is, the cdHne of the hypotenuse is equal to the product of the c<h 
tangents of the two angles. In PI. Trig., 1 = cot J. cot B. 

45. No difficulty will be found in remembering tbe preceding for- 
mulas for spherical right triangles, if they are associated with the 
corresponding ones for plane triangles : thus, 



In plane right triangles, 

a - A 

e 



BinJ.=» — 
e 



fxnB 



C08J.SS — 



6 
e 



COBjB 



a 
e 



a 



tan-4. = -Tr- 



tan^s — 



6 
a 



tiaA = cos By sin jB » cos ^ 

c> = a« + 6* 
1 = cot^cotjB 



In spherical right triangles. 

. . sin a . _ sin 6 
sin-a = -; — sm^ = -T — 



cos J. 



sin c 



tan( 
tan c 



sine 



cos-B = 



tana 

X^HC 



. tana 

tan A = -: — r 

Bin 6 



^ tan 6 
tanjB=s — 



COSjB 

sinJ.=»-r-r sinjB 



Bin a 



cos^ 



cos 6 cos a 

cos <? s cos a cos 6 

cos (T a cot ^ COtjS 



46. Napuf^i SuUt, By puttmg these ten equations under a different form, Napier 
contrived to express them all in two rules, which, though artificial, are yerj gene* 
rallj employed as aids to the memory. 

In these rules, the complements of the hypotenuse and of the two oblique angles 
are employed instead of the hypotenuse and the angles themselves. The right angle 
not entering into the formulso, they express the relations of five parts, but in the 
rules the five parts considered are a, 6, co. e, co. A and co. B. Any one of these 
parts being called a middU part, the two immediately ac^aoent may be called atffa- 
cent paru, and the Remaining two, oppotUe parts. The right angle not being considered, 
the two sides including it are regarded as ac^acent parts. The rules are : 

I. The tine of the middle part it equal to the product of the tangents of the a^'acmt 
parte. 

n. The tine of themiddlepart i» equal to the product of the eosmet of the apposite parte. 

The correctness of these rules will be shown by taking each of the fite parts as 
middle part, and comparing the equations thus found with those already demon- 
strated. 

1st. Let CO. e be the middle part ; then co. A and oo. B are the ac^acent parts, 
a and h the opposite parts, and the rules ^ve 



or 



eos e s^ ootA cot J? 
COS e SB COS a cos b 



sin (co. e) s= tan (co. A) tan (oo. B) 
sin (co. e) ^= cos a cos b 

which are (85) and (84). 

2d. Let CO. A be the middle part ; then co. e and b are the acyacent parts, oo. B 
and a the opposite parts, and the rules give 

An (co. A) =s tan (co. e) tan 6 or cob A wa cot e tan6 

sin (co. A) «s cos (co. B) cos a cos il ^ sin S cos a 

22 P 
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In the same mumer, if oo. B is taken as the middle part* 

sin (oo. B) ss tan (oo. c) tan a or oos B =s oot e tan a 

sin (oo. B) &s oos (oo. A) oos h oos ^ is sin Jl oos 6 

and these four equations are the same as (81) and (83). 

8d. Let a be the middle part ; then oo. B and b are the acljaoent parts, oo. A 
■ad 00. c the opposite parts, and the rules giye, 

sin a ^ tan (oo. B) tan h or sin a =b oot B tan 6 

sin a =r cos (oo. A) oos (oo. e) sin a s: sin ^ sin c 

In the same manner, if 6 is taken as the middle part, 

sin ( =s tan (oo. il) tan a or sin 6 :s oot ^ tan a 

sin 6 = cos (oo. B) oos (oo. e) sin 5 =: sin ^ sin e , 

and these four equations are the same as (80) and (82). 

It appears, therefore, that these rules include all the ten equations preyiously 
preyed ; and they include no others, since we have taken each part suooessiyely as 
the middle part. 

In the application of these rules, it is unnecessary to use the notation oo. A^ oo. B^ 
00. e, since we may write down at once sin A for oos (oo. A)^ &o.* 

47. In order to solve a spherical right triangle, two parts must 
be given, and from the equations of Art. 45, that equation must be 
selected which expresses the relation between these two parts and 
the required part* 

When Napier's Rules are employed, it is only necessary to determine which of the 
three parts — the two ^yen and the one required— is to be taken as the middle part. 
« These three parts are either all ac^acent to each other, in which case the middle 
one is taken as the middle part, and the other two are adjacent parts ; or one is 
separated from the other two, and then the part which stands by itself is the mid- 
dle part, and the other two are opposite parts. ''f 

48. In order to distinguish the functions of parts less than 90^ 
from those greater than 90°, it will be necessary carefully to observe 
their algebraic signs, according to PL Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguity 
is removed by either of the following principles. 

* If we employ as the fiye parts, the hypotenuse, the two angles, and the comple- 
ments of the two sides including the right angle, these parts wUl be the complements 
of those used in Napier's Rules, and we shaU haye 

Mauduit's Rulbs. — ^I. The eotme of the middle paH it equal to the product of the eo- 
tangents of the adjacent parte, 

n. I%e cosine of the fhiddlepart is equal to the product of the sines of the opposite parts. 

With a little attention at the commencement, howeyer, and by obserying the ana« 
logy exhibited in Art. 45, the student will find that he will haye little use for eithet 
of these artificial rules. 

f Peirce's Spherical Trigonometry. 
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49. In a right spJierical triangle^ an angle and its opposite aide 
are always in the same quadrant^ that iSy either both less or both 
greater than 90®. For, by (83), 

C08^ 



Bin A 



cosb 



in which, since sin ^ is always positive, {A < 180®), cos B and 
cos b must have the same sign; that is, B and b must be either both 
less or both greater than 90®. 

50. When the two sides including the right angle are in the same 
qtiadrantj the hypotenuse is less than 90®, and when the two sides 
are in different quadrants^ the hypotenuse is greater than 90®. 
For, by (84), 

cos (T «■ cos a cos b 

in which, if a and b are in the same quadrant, cos a and cos b have 
like signs, and cos e is positive, that is, c < 90® ; but if a and h 
are in different quadrants, cos a and cos b have different signs, and 
cos e is negative, that is, e > 90®. 

We proceed now to the solution of the several cases. 

51. , Case I. Q-iven the hypotenuse and one angUj or c and A^ 
Fig. 6. 

To find a. The relation among the three 
parts, <?, Ay and a, (as in PI. Trig, with the 
same data), is given by the sine of A ; and 
by Art. 46, 

. - Bina 

sin A « - — 

smc 

from which we find* 

sin a B sin c sin J. (86; 

There will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as A. 

To find b. The relation among the three parts, er, Aj and 5, (as 
in PI. Trig, with the same data), is given by the cosine of A^ or, 

tan& 
from whichf tan 5 » tan c cos ji (87) 




* TMb equation would be found by Napier's Rules, taking a as the middle part 
t We find the same result by Napier's Bulee, taking oo. ^ as the middle part. 
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To find B. We have, by (85),* 

cos (? = cot -4. cot B 

from which cot B = j = cos e tan A (88) 

cot -4 ^ ' 

The quadrants in which I and B are to be taken, will be deter- 
mined by means of the signs of tan 6 and cot B^ according to PL 
Trig. Art. 40. 

Chech. To guard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methods. In many oases, however, we may test the accuracy of 
several operations by a single formula, which may be called the 
ehecJc. In the present instance, when the three parts, a, i, and B^ 
have been found, we should have, by (82), the relation 

sin a 1= tan 5 cot JB 

80 that if the work is correct, we shall find 

log sin a B log tan 6 + log cot B 

Examples. 

1. Given e « 110^ 46' 20'', A = 80^ 10' 80", to solve the triangle. . 

By (86). By (87). By (88). 

c, log sin 9.9708106 log tan - 04210061 log cos - 9-5498045 
4, log sin 9-9935833 log cos + 9-2320794 log tan + 0-7615038 

log sin a 9-9643939 log tan 5 — 9-6530855 log cot B - 0.3113083 

log tan h — 9-6530855 

Chech, log sin a + 9-9643938 

Ans. a = 67° 6'52".7, I = 155°46'42".7, B = 153° 58'24".5 

2. Given c = 120°, A = 120° ; solve the triangle. 

An%. a = 131° 24'^34".7 h = 40° 53' 36".2 B = 49° 6' 23".8 

62. If A = 90<^, we must also haye, by (85), c = 90°, and then 

„ 

tan & sss -^ tan jB = -g- 

80 that h and j9 are both indeterminate; that », there is an indefinite number of 
triangles which satisfy the given Tallies of e and A y but since 

cos B a=s cos 5 sin Jl ass cos b 
we always have S =s 5 ; and since 

sinaassincsin^ssl 
we have a = 90% and aU the parts of the triangle are equal to 90®, ex^pt b and B. 
If only c is given s 90®, aU the parts of the triangle are equal to ^0°, except A 
and a ; and we have A^ a. 



* Or by Napier's Bule8» taking co. « as the middle part 
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53. Gasb n. Cfiven the hypotenuse and a side^ or e and a. 
To find A. We have by (80), 

Bin -4. a= -: — = cosec esma (89) 



Bmc 



To find B. By (81), 

tana 

cos B =» ; = cot e tan a (90) 

tan 

To find b. By (84), 

cos tf =B COS a cos b 

cos € 

from which cos 6 = = cos e sec a (91) 

cos a ^ ^ 

Check. We have between ^, jS, and 5, the relation 

cos jS = sin J. cos i 

Examples. 

1. Given c = 140°, a = 20° ; solve the triangle. 

By (89). By (90). By (91). 

c,log cosec 0.1919325 log cot — 0-0761865 log cos — 9-8842540 
a, log sin 9-5340517 log tan + 9-5610659 log sec + 0-0270142 

log sin A 9-7259842 log cos B — 9-6372524 log cos ( — 9-9112682 

log 6inA + 9-7259842 

Cheek, log cos B - 9-6372624 

Ana. A^ 32° «'48"-l 

5 = 116°42'23"-8 

&-1440 36'28".4 

2. Giyen e = 101*> 16' 16".7, b = 115° 42' 38".5 ; find A. 

Ant. ^ = 65° 32' 56".4 

64. When a^e and oonsequentlj both ^ 90^, sin il ss 1, Asss 90^, and 



cos jS as -7- COS 5 ^ rr- COS J9 =r COS 6 

BO that £^b, but both are indeterminate as in Art. 52. 

p2 
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55. Case III. GHven one angle and its opposite sidey or A and a. 
We shall have 



sin J.= -T 



Bin a 



sme 



whence sin c = cosec A sin a 



(92) 



tan J. 



tana 
sin 6 



sin 5 B cot ^ tan a 



(93) 



sin5 = 



cos J. 
cos a 



sin jS B cos A sec a 
Cheek, sin ( B= sin (? sin jB 



(94) 




In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ambiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

If AB and AC he produced to meet in A\ ABA' and 
AC A' are semicircumferences and A^^A'; the triangles 
ABC and A'BC both contain the given parts A and a, 
but c\ V and B' are respectively the supplements of c, 
h and B, It must not be inferred that in every case all 
the required parts are less than 90^ in one triangle, and 
greater than 90° in the other ; but the proper values for ' 
each triangle must be selected by Arts. 49 and 50. 



Examples. 

1. Given A = 100°, a = 112° ; solve the triangle. 

An%. c= 70°18'10".2 ) ( (? = 109°41'49".8 

i = 154° 7'26".5 [^ or ^ 6= 25°52'33".5 

.8 = 152° 23' r'.3 J 15= 27°36'68".7 

2. Given A = 80°, a = 68° ; solve the triangle. 

Ans. tf= 70°18'10".2 ) f (? = 109°41'49".8 

6= 25°52'33".5 [^ or < 6 = 154° 7'26".5 

5= 27'^36'58'^7 ) t 5 = 152° 23' 1".3 

3. Given B = 150°, I = 160° ; solve the triangle. 

Ans. c = 136°50'23".3 ) r (?= 43° 9'36".7 

' a= 39° 4'50".7 /^ or -{ a = 140° 55' 9".3 

^= 67° 9'42".7 ) t ^ = 112°50'17"'3 
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56. Case IV. Given one angle and its adjacent side^ or A and (. 
We shall find the required parts by the equations 

cos 5 =» sin -4. cos h (95) 

tan a » tan A sin h (96) 

cot e = cos -4. cot 6 (97) 

Chech* cos B = tan a cot e 

Examples. 

1. Given A = 80^ 10' 30", I = 155° 46' 42".7 ; solve the triangle. 

Am. 5 « 153° 58' 24".5 
a=: 67° 6'52".6 
tf = 110°46'20".0 

2. Given B = 152° 23' 1".8, a = 112° 0' 0" ; solve the triangle. 

An%. -A -100° 

J = 154° 7'26".5 
c^ 70°18'10".2 

57. Case Y. Q-iven the two sidea^ a and (. 
We find the required parts by the equations 

cos tfs=cosacos6 (98) 

cot -4. = cot a sin b (99) 

cot B — siaa cot b (1^0) 

Check, cos e = cotlcot jS 

Example. 

Given a = 116°, b = 16° ; solve the triangle. 

Ans. c = 114° 55' 20".4 
A= 97°39'24".4 
5= 17°41'39".9 

58. Case YI. Given the two angles^ A and B. 
The required parts are found by the formulae 

cos c == cot J. cot B (101) 

cos a = cos J. cosec B (102) 

cos b =s cosec A cos B (1^3) 
Check, cos c = cos a cos 6 
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Example. 
Given A « 60» 47' 24".3, B = 57° 16' 20".2; solre the triangle. 

Ant. e = 68° 56' 28".9 
a = 54° 32' 32".l 
S = 51° 43' 36".l 

Additional Fobmuljb fob the Sokution ov Spherioal Bight Tbianqles. 

69. As in plane trigonometry, cases occur in which particular solutions of greater 
accuracy than the ordinary ones are required. (PI. Trig. Art. 112.) 

60. From (89) we find 

1 — sin ^ sin e — sin a 
1 4- sin ^ sin e 4- si^ A 
which by PI. Trig. (154) and (109) is reduced to 

^ 1 ^; — tan i{c+a) ^ ^ 

which will give a more accurate result than (89), when A is nearly 90®. 

61. From (91) we find 

1 — cos h COS a — cos c 
1 + cos h cos a -\- cos c 

or . tan* J 6 = tan } (c + a) tan J (c — a) (105) 

which may be employed instead of (91) when b is small, or nearly 180^. 

62. From (90) we find 

1 — cos B tan c — tan a 
1 + cos B tan c + tan a 

ton-M = '!°;'l''i (106) 

Sin (c + «) 

which may be employed instead of (90) when B is small, or nearly 180°. 

63. By similar transformations the formul» (101), (102) and (103) become 

X « 1 — cos (.4 + .B) ^^^^^ 

tan* } C C3 ) A ry, (107) 

^ cos {A — B) ^ ' 

tan* J a = tan [} {A + B) — 46°] tan [45* + J (4 — B)"] (108) 

tan* J 6 = tan [J {A+ B) — 45°] tan [45o — J (^ — B)\ (109) 

We have also, by (14), 

. . , — cos (A 4- B) — cos O 

sin* * c = jr— ; — A ' T» 

'' 2 sin ul sin .& 

which, when ^ 90°, becomes 

• • 1 — cos (Jl 4- -B) „.,-. 

sm* } c = — jr-^ — \ Tp^ (110) 

2 sin -4 sin jB ^ ' 

and from (15), in the same manner, 

__ cos(4 — B) ,,^,. 

COS* } c = Q ♦ Vi . p (111) 

^ 2 sin u4 sin B ^ ' 
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of which (110) may be used when c is small, and (111) when e is nearly 180®, in- 
stead of (101). 

64. The equattons (92), (93), and (94), of Cask III. giye 

tan* (46<»— }5) = tan } (^ — a) tan } (^ + a) (114) 

The roots of these equations having the double sign, we may take the angles 
45° — } 0, etc. either with the positive or negative sign, whence the two solutions 
of the problem, as in Art. 65. 

65. Some of the solutions may be adapted for computation by the table of natu- 
ral sines. Thus from (86), (95), and (98), 

sin a s= } [cos (c — A) — cos (c -(- -4)] (H^) 

cos5 = J [sin (ft 4- ^) — sin (6 — A)] (116) 

COB e sss } [cos (o + 6) -(- COS (a — 6)] (117) 

66. The following relations are occasionally useful : 
From (83) we have 

cos a sin A cos A sin 2^ 



cos 6 sin jB cos B sin 2 j8 
From (80) and (83), 

sin B sin u4 cos A sin 2 ^ 

sin e sin a cos a sin 2 a 
From (80) and (84),"^ 

sin A sin a cos a sin 2 a 



cos b sin c cos c sin 2 <; 



(118) 



(119) 



(120) 



67. Various relations may be deduced from the general formulae of the preceding 
chapter by making C s= 90°. The following are easily obtained : 

sin (e — a) s= cos e tan h tan \B ss cos a sin b tan } B 

sin (c -f- a) ss cos c tan b cot \ B s= cos a sin b cot J B 

cos (c — a) = cos b ■\- sin a sin b tan ^ ^ 

cos (c -{- a) =: cos b — sin a sin b cot ^ B 

sin (a — 6) = 2 sin c sin } (^ + ^) sin i{A—B) 

sin (a -f- 6) = 2 sin c cos J (^ -|- 5) cos J (^ — B) 

. ^ cos ^ a cos 16 ^ sin ^ a sin ^ 6 

■in 5 = ? — = — ^— cos 5 = ^^ — i — ^- 

cos ^ c cos ^ c 

tan ^ = — cot } a cot } 6 (121) 

QUADRAXTAL AND ISOSCELES TRIANGLES. 

68. The polar triangle of the right triangle is a quadrantal triangle, one fide (tlic 
side opposite the angle C) being equal to 90°. The solution of such triangles is «:« 
simple as that of right triangles, the formulas for the purpose being obtained from 
the preceding, by the process of Art. 8. It is unnecessary to produce them here, as 
quadrantal triangles are generally avoided in practice, and when unavoidable are 
readily solved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right triangles by a 
oerpendicular from the angle included by the equal sides. 

28 
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CHAPTER IIL 

SOLUTION OF SPHEBICAL OBLIQUE TBIANQLES. 

69. In the solution of spherical oblique triangles, a required part 
may sometimes be found by its sine, in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the fol- 
lowing principles, some of which are demonstrated in geometry. We 
still consider only thos6 triangles each of whose parts is less than 180®. 
I. The greater side is opposite the greater angle, and conversely, 
n. JEach side is less than the sum of the other two. 

III. The sum of the sides is less than 360°. 

IV. The sum of the angles is greater than 180°. 

V. JSach angle is greater than the difference between 180° and 
the sum of the other two angles. 

For, by IV., A + B+ 0> 180° 

. . i 

whence, ^>, 180°,- (5 +.(7) 

But if jB -f C> 180°, we have, in the polar 
triangle, A'B'0\ Fig. 8, by II., 

a'<b'+c' : 




180° -A< 180° -B + 180° - 

-^<180°-(5 + (7) 
A>{B+ (7)-180° 

VI. A side which differs more from 90° than another side^ is in^ 
the same qv-adrant as its* opposite angle. 
For, by (4), we have 

. cos a — cos 6 cos <? 

cos A = ; — j~-' 

sm sm c 

In which the denominator is always positive. If, then, a differs 
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more from 90^ than b or than Cy we have, (neglecting the signs for 
a moment)^ 

cos a> cos J or > 008 (? 

and still more cos a > cos ( cos c 

Hence cos a being numerically greater than cos b cos c, the sign of 
the whole numerator, and therefore the sign of cos A^ is the same 
as that of cos a ; that is, A and a are in the same quadrant. 

VIL An angle which differs more from 90° than another angle^ 
ie in the same quadrant as its opposite' side. For, by (5)^ 

cos J. + cos B c os O 

cos a ^ -' — =D~"^^ — 7y 

sm B sm (J 

in which, if A differs more from 90° than B, or than (7, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIIL In evert/ spherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VI. and VII. 

IX. The sum of two sides is greater than, equal to, or less than, 
180°, according as the sum of the two opposite angles is greixier than, 
equal to, or less than, 180°. In other words, the half sum of two 
sides is in the same quadrant as the half sum of the opposite angles. 
For, by (41), 

tan \{a + b) cos J (J. + -B) = tan Jc cos J {A — B) 

the second member of which is always positive, so that tan J (a -*- 6) 
and cos \{A'\- B) must have the same sign. 

70. Case I. Ghiven two sides and the in- ^,9, 

eluded angle, or b, c and A. (Fig. 9.) 

First Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts b, c, A and the required part a is ex- 
pressed by the first equation of (4), 

cos a = cos c cos b + sine sin 6 cos A -(m) 

by which a 'may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a ; but we should thus be • required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by the table of log. sines exclusively, we employ the process of 
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PI. Trig., Arts. 1T4, 175. Thus, let A be a number and $ an aux- 
iliary angle such that 

i sin ^» sin 6 cos J. ^ 

k cos ^ = cos 6 J 

then (m) becomes 

cos a as i (cos e cos ^ + sin ^ sin ^) 

= k cos {c — <p) {m^ 

so that k and $ being found from (w) we may find a by (m'). But we 
may eliminate k by dividing the first equation of (m) by the second, 

and substituting in mf the value of i = , whence we have, for 

cos$ 

finding a. 



tan $ = tan b cos A 






cos (c — ^) cos i > (122) 

V cos a = — ^^ 

cos$ 

which are the formulae commonly employed.* 

To find -B. The relation between 6, c, -A and -B, is, by the first 
equation of (10), 

^ sine? cot 6 — cose cos A , ^ 

cot B = z — 1 (n) 

This may be adapted for logarithms by the process above em- 
ployed, but to assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin (, whence 

cot jB = "^^^ ^ ^^^ 6 — cos c sin h cos J. 

sin 5 sin J. 



which by (wi) becomes 



^ i sin (<? — $) , ^ 

cot B = . : . / (n) 



sin 6 sin A 



or substitutme the value of ft = — i , the formulae for find- 

7> ^ sm <p 

mg B are ^ 

tan ^ = tan 6 cos A ^ 

^^^^_8m^^-^)cot^ 1(123) 

sin $ I 



* We might have assumed A: sin ^ = cos 5, h cos ^ = sin ft cos A^ which wonid 
have reduced (m) to cos a = * sin (c + ^). In this way all the solutions that follow 
may be varied. 
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In the use of these formulae, as indeed of all that follow, the 
signs of all the functions must be carefully observed, according to 
PL Trig. Arts. 37 and 40. 

We may take ^ between and 180®, less or greater than 90®, 
according as the sign of its tangent is positive or negative ; or we 
may take it numerically less tl^an 90® in all cases, but positive or 
negative according to the sign of its tangent, (PL Trig. Arts. 37 
and 174). 

Check. The quotient of (n) divided by {rnTj is 

coiB tan(g — ^) 
cos a ~ sin ft sin A 

which multiplied by the following, from (3), 



gives 



sin a sin ^ a sin i sin A 

tan « cos jB s= tan {c — ^) 



(124) 



by which the values of a and jB, found by (122) and (123), may be 
verified. 

71. If a and were required, the solution would evidently be 
similar, only interchanging b and e?, B and 0. By the fundamental 
formulae we should have 



cos a » cos b cos c -f sin 5 sin (; cos A 
sin b cos c — cos ft sin c cos A 



cot (7 



(0) 



sin c sin A 



and denoting the auxiliary angle in this case by ^ the logarithmic 
solution would be 



tab ^ =» tan c cos A 

cos (ft — ;c) cos e 



cos a 



cos;^ 



^ ^ sin (ft — ;^) cot A 

cot G = ^ : 

sm;^ 



Chech, tan a cos (7 = tan (ft — ;^) 



. (125) 



J 



18S SPHBBICAL TEIGONOMETRY. 



t 



Examples. 

1. Given i = 120° ZV 30'', c = 70° 20' 20'^ ^ « 50° 10' 10^' ; 
find a and B, 

By (122). 

J - 120° 30^30" log tan h - 0-2297071 
A = 60^ 10' 10" log cos A + 9.8065322 

<p = 132° 36'44".2* log tan <p - 0-0362393 
c = 70° 20' 20"-0 
tf-<p = -. 62°16'24".2 

By (122). By (123), By (124). 

log 008 (c — ^) + 9-6676893 log sin (c — ^) — 9-9470804 Ipg tan (c — f) — 0-2798410 

tr 00 log 008 f — 0-1698898 ar oo log sin f -}- 0-1881506 log tan a + 0*4291648 

log COS 5— 9-7055761 log cot ul + 9-9212038 logoos^— 9-8501762 

log 008 a+ 9-5426552 log cot ^—0-0018847 Check, —0-2798410 

a = 69° 84' 55''-9 ^ s= 185o 5' 28''-8 

2. Given 6 = 120° 80' 80", e = 70° 20' 20", A = 50° 10' 10" ; 
find a and 0* 

An%. a « 69° 34' 56".9 
(7= 50° 30' 8"-4 

8. Given h =« 99° 40' 48", e = 100° 49' 30", A = 65° 33' 10" ; 
find a and B. 

Arts, a = 64° 23' 15":0 
5 = 95° 38' 4\0 

4. Given h = 99° 40' 48", e = 100° 49' 30", A = 65° 33' 10" ; 
find a and O. 

Am. a = 64° 23' 15".0 
(7=97°26'29".l 

5. Given h « 98° 2' 20", e = 80° 86' 40", A - 10° 16' 30" ; 
find a and (7. 

^n«. a = 20° 13' 30".l 
(7=30°35'56".7 

72. If £, C and a were all required, we might find a and C by 
(125), and then B by Art. 8, which gives 

Bin a : sin i s sin Aimi B 

. _ sin 5 sin ^ 

or sin B = ; 

sin a 

-" V;e may also take p = -- 47'' 23' 15"-8, whence <? — ?=: 117° 43' 35' 8, ¥hicl» 
will give the same values of a and B as found in the text. 
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Of the two values of B less than 180° given by this formula, the 
proper one may generally be selected by the principles of Art. ,69. 
There are cases, however, in which all the conditions there given are 
satisfied by both values of 5,* and on this account it is preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case I. Given 6,* c and A. Second Solution ; when the two 
remaining angles are required, or when the three unknown parts are 
all required. 

We have, by Napier's Analogies, (42) and (43), 

sin J (i + <?) : sin J (6 — <?) = cot J A : tan J (5 — (7) 

cos J (J + c) : cos J (ft -- (?) = cot J J. : tan \{B+ 0) 
whence 

t-H^-^) = £||^jcotiA (126) 

tanH5+(7) = "£ifc|cotM (127) 

which determine J (5 — C) and J (-B + (7) ; then the half difference 
added to the half sum gives the greater angle, and the half differ- 
ence subtracted from the half sum gives the less angle. 

If c > 6, we may write <? — 6, (7 — jB, in the place of 6 — c, 5 — (7. 

We may now find a by either of Napier's Analogies, (40), (41), 
which givef 

* By Art. 69, VI., if b differs more from 90® than c, B is in the same quadrant 
as h, and aU ambiguity is removed. If e differs more from 90® than h, we may fina 
a and B by (122) and (128), and then G by the formula 

. - sin c sin A 

sin c7 =s : 

sin a 

O being taken in the same quadrant as c, - 
f We may also find a from any one of Gauss's Equations (44), which become, in 

the present case, 

cos } a sin } (jS 4~ ^) = cos \ A cos ^ {b — e) 
cos } a cos ^ (^ -I- ^) ^ <^^ } ^ c^B } (^ ~f~ ^) 
sin } a sin } (i? — C) t=s. cos } -4 sin J (6 — c) 

sin \ a cos i {B — (7) =s sin } ^ sin J (6 4~ ^) 
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Examples. 

1. Given b = 120° 30' 30", c = 70° 20' 20", A = 50° 10' 10"; 
find S, O and a. We have 

J (5 + c) = 95° 25' 25" 

J (6 - c) = 26° 5' 6" 

Jul = 26° 5' 6" 

By (126). By (127). 

ar CO log sin J (J + c) + 0-0019487 ar co log cos |(6 + e)- 1-0244829 

logsin J (} - c) + 9-6273228 log cos | (6 - e) + 9-9569767 

log cot J ^ + 0-3296529 log cot J il + 0-3296529 



log tan J (5 - C) + 9-9589244 
J (5 - CO = 42° 17' 40"-2 
5 = 135° 5'28".8 

By (128). 

ar CO log sin J(£- (7)+ 0-1720227 
log sin ^{B+0)+ 9-9994824 
log tan J( 6 - c ) + 9-670347 1 

log tan Ja + 9-8418522 
J a = 34° 47' 28"-0 



log tan J (5 + C) - 1-3111115 
J (£ + C) = 92° 47' 48"-6 
(7= 50° 30' 8"4 

By (129). 

ar CO log cos ^{B— (7)+ 0-1309469 
log cosJ(5+ C)— 8-6883709 
logtani(6 + c)— 1-0225342 

log tan J a -f 9-8418520 



Ant. B = 135° 5' 28".8 
= 50° 30' 8"4 
a = 69° 34' 56"-0 

2. Given h = 99° 40' 48", e = 100° 49' 30", A == 65° 33' 10" ; 
find Bf and a. 

An». B = 95° 38' 4"-0 
C = 97° 26' 29".l 
a = 64° 23' 15".l 

74. It may be remarked with regard to (128) and (129) that, when b and « (and 
consequently B and C) are nearly equal, a small error in the previous determina- 
tion of the small angle i^B — C)mayprodacealargeoneinlogran^(^— C), and 
consequently in log tan ^ a found by (128). In that case, therefore, (129) must be pre- 
ferred. 

In like manner, if } (i -}- e), and consequently ^(B -\- O), are nearly equal to 
90°, (129) will become inaccurate, and then (128) is to be preferred. 

Formula (128) would fail entirely it B = 0, and formula (129) would fail if 
i (B -{• C) =s 90°, since the second members in these oases would assume the inde- 
terminate form -jr. 

75. Case I. Given h, c and A. Third Solution. When the 
third tide is alone required, the computation by (122) is in most cases 
as convenient as any other ; but there are various other me<Jiods 
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derived from the formulse of the preceding chapter, which have been 
employed with advantage in particular applications. Among the 
most convenient are the following, from (12) and (13) : 

cos a == cos (6 — (?) — 2 sin b sin c sin* J A (130) 

cos a = cos {b + c) + 2 sin 6 sin c cos' J A (131) 

The computation of these requires the use of natural cosines and 
numbers, the signs of which must be carefully observed. 

Example. 

Given b = 99<^ 40' 48^ e « 100° 49' 30", A = 65° 33' 10" ; 
find a. 

By (130).* 

J ^ = 82° 46' 35" log sin» J ^ = 2 log sin } J. 94669752 
j,^ c = — V 8' 42" log sin c 9-9922023 

log sin b 9.9937722 
log 2 0.3010300 

- 2 sin J sin c sin* J ul = - 0.5675181 log 9-7589797 

nat cos (6 — (?) = + 0-9998003 

nat cos a = + 0-4322822 a « 64° 23' 15" 

By (131). 
iA=- 32° 46' 35" log cos« J J. = 2 log cos J il 9-8493748 
b + c^ 200° 30' 18" log sin c 9-9922028 

log sin b 9.9937722 
log 2 0.3010300 

+ 2 sin 6 sin (? cos* J J. « + 1-3689240 log 00363793 

nat cos (6 + (?) = — 0.9366416 

nat cos a « H- 0-4322824 a = 64° 23' 15" 

76. In Art. 14, we haye deduced several formiil» bj which ^ a may be oompated. 
ffe may adapt (17) and (18) for logarithmic compatation, as follows : 

sin* ss iin 6 sin e cos* } A 
8in*Ja = sin«}(6 + c) — sin*0 \ (182) 

= sin[}(6+c) + ^]8in[}(6+c)-0] 

sin* ^ ^ sin 6 sin e sin* } A 
cos*}a3scos*}(6— -e)^8in*^ |- (188) 

= cos [} (6 — c) + 0] cos [} (6 — c) — 0] 
of which (132) is to be preferred when i a < 46®, and (188) when } a > 46®. 

* The computation of (130) is facilitated by the use of a special table (given in 
many treatises on navigation), from which, with the argument A, is taken the loga- 
rithm of 2 sin* i ^ = versin A. [PI. Trig. (4) and (189)]. 
J4 q2 




(m) 
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jjg.9. ^ 77. Case II. Given two angles and the 

included side^ or A, C and h. (Fig. 9). 

First Solution ; when the third angle and 
one of the remaining sides are required. 
-B To find B. The relation between J., (7, b 
-c""^^ and -B, is, by (5), 

cos jS = — cos (7 cos -4. + sin (7 sin JL cos 6 (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 

A sin 9- = cos-4. . 

Acosd* =3 sin A cos h 

then (m) becomes . ; • 

cosjB = h (sin (7cos9- — cos (7 sin &) 

= A sin ((7- 9-) (wO 

or, eliminating A = — — ^> the formulas for finding B are 

cotd-^ tau Acosi ^ 

,ogj- Bin«7-»)co8J . [ (184) 

sin 9- J 

To find a. From the third equation of (10), we find, 

sin (7 cot -4. + cos (7cos^ 



cota = 



sini 
sin (7cos J. + cos (7sin^ cos 6 



sihjisini 
which, by (m), becomes 



(N) 



Acos((7— 9^) , . 

cot a = — ; — \ . J (n) 

sin -4. sin 6 ^ ^ 

.... _ sin^cosft , ,• o ,. 

or, eliminating h = r; — > we have, for finding a, 

cos tj 

I * 

cot 9* ■= tan J. cos g ^ 

_ co&{C—B)cotb \ (135) 

COu (Z "— -. I 

COS 9" J 

As in the preceding case, we may either take 9* always betweon 
and 180^, less or greater than 90^ according as its tangent is posi- 
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tive or negative; or we may take 9- numerically less than 90° in ail 
cases, positive or negative, according to the sign of its tangent. 
(PI. Trig. Art. 174.) 

Check. The quotient of (w) by (w') is 

cot a cot ((7 — i&^) 
cosjB "" sinJ.sin6 

which, multiplied by 



AnB sin a = sin A sin ( 



gives 



tan JB cos a = cot ((7 — B) (186) 

by which the values of B and a, found by (184) and (185), may be 
verified. 

78. If B and c were required, the solution would be similar, only 
interchanging a and c, A and 0. By the fundamental formulae, we 
should have, 

cos jB = — cos J. cos 0+ sin^ sin Ocosb 

Bin A cos 0+ cos J. sin (7 cost 
BiaOsmb 



cote 



(0) 



and denoting the auxiliary angle by ^, the logarithmic solution 
would be 

eot^Bs tan (7 cos 5 

■ sin (J. — A*) cos (7 

cos£= — ^ ^ 

sin^ 



cote 



cos (A — ^) cot 6 



(137) 



cos^ 
Chech tan B ewe ^ cot {A — ^) 

Examples. 

1 Given A = 185° 5' 28''.8, (7« 50^ 80' 8M, b = 69« 84'55".9; 
find B and a. 

By (184). 
j1= 186° 5'28"-8 log tan-4- 9-9986154 

b » 69° 84' 65"-9 log cos b + 9-5426553 

a- = 109° 10' 81".0* log cot 9- - 9.5412707 

(7= 50° 80' 8".4 
(7«;^«:- 58°40'22".6 



* We may also take^ = — 70« 49' 29"-0, :wrhence C— ^ = 121o 19' 87"-4, which 
will eyidentl^ giye the same results as those obtained in the text. 



•f 
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By (184). By (135). By (136). 

logsin (C—^)— 9-9315664 logcos ((7—3-) + 9-7159386 logcot(C7— 3-)— 9-7843722 

ar CO log Bind'+0-0247897 ar oo log cos 3—0-4835187 log tan -B+ 0-0787962 

logcoB -4—9-8601762 log cot b + 9-6708352 . log cos a —9-7056767 

log cos ^+9-8065323 log cot a— 9-7702925 Cheek. —9-7843719 

B= 60<'10'10"-0 a=120O30'29"-9 

An8.B= 60°10'10''-0 
a = 120° 30' 29"-9 

2. GivenJ. = 135° 5'28''-8, (7=50°30'8M, 6 = 69°34'56"-9; 
find B and c. 

An8.B-=^ 50°10'10"-0 

c = 70° 20' 20''-0 

8. Given A = 65° 33' 10", = 96° 38' 4", b = 100° 49' 30"; 
find B and a. 

AnB.B^ 97° 26' 29" 

a= 64° 23' 15" 

.4. Given J. = 97° 26' 29", (7«95°38'4", 6 = 64° 23' 15"; 
find B and a. 

^w«.5= 65° 33' 10" 

a = 100° 49' 30' 

79. If a, c and B were all required, we might find B and c by 
(137), and then a by Art. 3, which gives, 

sin £ : sin^ ;^ sin i : sin a 

sin J. sin 6 ,^^^. 

sm a = ; — s — (138) 

sm^ ^ ' 

Of the two values of a given by this equation, the proper one is to 
be selected, if possible, by the principles of Art. 69;* But as cases 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



* By Art. 69, VII., when A differs more from 90® than (7, a must be taken in the 
same quadrant with A, and all ambiguity is removed. If, then, by A we always 
denote that angle which differs more from 90® than the other giyen angle, we may 
always solve this case by means of (187) and (138), without meeting with any diffi- 
culty in determining the quadrant in which a is to be taken. 
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80. Case II. Given J., (7 and J. Second Solution; when the two 
remaining sides, or when the three unknown parts are all required. 
We have, by Napier's Analogies, (40) and (41), 

sin J (^ + (7) : sin i ( A - (7) = tan J 6 : tan J (a - c) 

cos i{A+ 0): cos J (J. — (?)=* tan J 6 : tan ^{a + c) 
whence 



tan i (a — (?) = -?— f /^ , yy < tan i b 

* 1 / _. X cos J (J. — (7) 

tan J (a + c) = , ) . , ^( tan J b 

" ^ ^ cos J (^ + c7) ^ 



(139) 



which determine Ha — c) and J (a + (?) ; then the half difference 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the less side. If (7> J., we may 
write 0^ Ay <? — a in the place of -4 — (7, a — (?. 

We may now find B by either of Napier's Analogies, (42) and 
(43), which give* 



sm J (a + e) , . ^. 

cot i jB = . , ; ( tan i (-4. — C7) 

' sm i (a — c) ^ ' 



. 1 T» cos 1 (a + c) ^ - , . , >^v 

coti-B = f-) ( tani(ul+(7) 

* cos i (a — (?) ^ ' 



(140) 



(141) 



Examples. 

1. Given A = 135° 5'28".6, (7= 50° 30' 8^6, 5 = 69° 34'56".2 ; 
find a, c and B. 
We have J (A + (7) = 92° 47' 48".6 

J(A-(7) = 42°17'40".0 

Ji = 34°47'28".l 
Then, by (139), 

arcolog8inJ(^+(7)+0.0005176 arcologcosJ(^+(7)-1.3116286 
log8inJ(^-(7)+9.8279768 log cosJ(-4- (7)+ 9.8690535 



log tan J J +9-8418527 

log tan J (a - (?) +9-6703471 

j(a-(?)= 25° 5' 5".0 

a = 120° 30' 30".0 



log tan J 6 +9-8418527 

logtanJ(a + (?) -1-0225348 

J (a + (?) = 95° 25' 25".0 

(? = 70° 20' 20".0 



* We may also find B by any one of Gauss's EquationSi (44), interchanging B 
and Cy 6 and c. 
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By (140). By (141). 

arcolog8iiii(a-c) + 0.8726772 ar^cologcosK a~c) + 0-0430243 

log sin J( a + c] + 9-9980523 log cosJ( a + c) — 8-9755171. 

logtanJ(u4-(7)+ 9.9589234 logtanJ(JL+ (7)- 1-31 11110 

log cot i B + 0.8296529 *log cot \ B +"o^29¥52 1 

J 5 « 26<^ 6' 6".0 

AuB. a = 120° 30' 30" 

• (?= 70° 20' 20" 

5= 50° 10' 10" 

2. Given A = 95° 38' 4", = 97° 26' 29", 6 = 64° 23' 15" ; 
find a, c and B,. 

Ans. a«= 99° 40' 48" 

c = 100° 49' 30" 

B^ 65° 33' 10" 

81. Case II. Given JL, O and 6. Third Solution. When the 
third angle B is alone required^ the computation by (134) is in most 
cases as convenient as any other, but there are other methods (cor- 
responding to those given in Art. 75 for finding a) which may occa- 
sionally be serviceable. By (14) and (15) we have 

cos 5 = - cos {A + 6^) - 2 sin A sin (7 sin' J b (142) 

cos 5 = - cos ( JL — (7) + 2 sin A sin cos» J b (143) 

the computation of which is similar to that of (130) and (131). 

Example. 

Given A = 95° 38' 4", O = 97° 26' 29", J = 64° 23' 15" ; 
find J?. 

By (142). 

JJ= 32°11'37".5 log sin' i 6 = 2 log sin i 6 9.4531022 
^ + (7 = 193° 4' 33" log sin A , 9-9978967 

log sin C 9-9963268 
log 2 0-3010300 

- 2 sin JL sin (7sin' J J = - 0-5602162 log 9-7483557 

— nat cos {A+ 0) = + 0-9740715 

nat cos B = +"0-4138553 5 = 65°33'9".9 



* For the reasons given in Art. 74, (1^1) i8> i^ ^^is example, not so accurate 
as (140). 
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(144) 



- (145) 



82. In Art. 14, seyeral formnlss are given, by which } B may be computed Bj 
(21) and (22) ve have 

sin* J 5 == cos* J (^ — C) — sin ^ sin (7 cos* } h 

,cos* J 5 = sin* J (^ 4- (7) — sin A sin C sin* J 6 . 

which may be adapted for logarithms, thus : 

sin* ^ = sin -4 sin C cos* J 6 * 

sin* } J5 =s cos* i(A — C) — sin* 

= cos [J (^— C') + ^] cos [J (^ — C7) — ^] 

sin* s= sin ^ sin (7 sin* ^ h 
cos* i J5 = sin* J (^ + Cj — sin* ^ 

= sin [J (^ + C) + 0] sin [} (^ + (7) - 0] 

of which (144) is to be preferred when ^ B < 45°, and (145) when \ B> 46°. 

83. Case II. might have been reduced to Case I. by means of the polar triangle, 
Art.;8 ; for there will be known in the polar triangle, two sides and an angle oppo- 
site one of them, being the supplements of the given angles and side of the pro- 
posed triangle. The polar triangle being solved, therefore, by Case I., and its two 
remaining angles and third side found, the supplements of these parts would be the 
two sides and Ihird angle required in the proposed triangle. It is easily seen, also, 
that all the formulae above given for this case might have been obtained by these 
considerations. 

84. Case III. Given two sides and an 
angle opposite one of them; or a, 6, and A, 
Fig. 9. , , . 

' First Solution, in which each required 
part is deduced directly fronp fundamental 
formulae independently of the other two parts. 

r 

To find c. We have, by (4),* 

cos c cos b + Bin c sin b cos A = cos a 
to solve which, let 

A: sin ^ = sin b cos A 

h cos ^ = cos b 
then (m) becomes . 

• h cos {c — cp) = cos a 

or putting c- — (f = ^', 

k cos ^' = cos a 



Fig. 9. 




1 



(M) 



(m) 



1 



("•O 



* This formula has been already employed and adapted for logarithms in Case 1; 
but, for the sake of clearness, it is repeated. The student will remark that a sim- 
ple transformation of (122)gives(146). It will also be observed that the given angle 
and the given side adjacent to it, in each of the first four cases, are denoted by A 
and b, in order that the auxiliaries ^ and * may have the same values throughout 
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The auxiliary ^ will be fully determined by (m), being taken be- 
tween and 180°, and always positive (PI. Trig. Art. 174) ; but, as 
the cosine of an angle is also the cosine of the negative of that 
angle [PI. Trig. (66)], we may take ^' in (rnT) either with the posi- 
tive or the negative sign, so that c = ^ ± ^'. There will thus be 
two values of c answering to the same data, both of which will be ad- 
missible, except when (p H- cp' exceeds 180°, in which case the only solu- 
tion is (? = $ — ^' ; and except when cp' exceeds cp (which would make 
c negative), in which case the- only solution is c = ^ + cp'. 

Therefore, eliminating A, we have for finding c, 



tan ^ = tan h cos A 



cos (p = 



cos ^ cos a 
cos h 



\ (146) 



C = (p =b <p' 

To find 0, We have by (10), 

cos C cos 6 + sin (7 cot A = sin J cot a 

or, multiplying by sin A^ 

cos sin A cos 6 + sin (7 cos J. = sin ^ sin h cot a 

to solve which, let 

A sin 9- = cos A 

h cos 3- = sin ^ cos 6 
then (n) becomes 

h cos ((7 — 9-) = sin A sin b cot a 



J 



(N) 



} 



(») 



or putting (7 — 9- = 9-', 



A cos y = sin A sin b cot a 



}- 



M 



Here 9- will be fully determined, while 9^ found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of (7 = 9- ± 9-', corresponding respectively to the two values 
of c ; but, as before, values greater than 180°, and negative values, 
being excluded, there will in certain cases be but one solution. 

Eliminating h = ^ — > we have, then, for finding (7, 

cos 9- 
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cot 9" = tan A cos b 



> 



(14T) 



cos d^ = COS 9° tan b cot a 
- 9- ± 9-' 

To find B. We have several methods : Ist, directly by (3), 

. sinJ-sinJ 

sm B = : (1181 

sin a ^ 

which gives two values of 5, supplements of each other, correspond- 
ing respectively to the two values of c and (7. We shall presently 
see how to determine which are the corresponding values of c^ 
C and B. 

2d. In (123), ^ has the same value as in (146), and therefore put- 
ting in (123), (? — ^ = ^', we have 

^ sin cp' cot A ,^^^, 

cot B = ^^ (149) 

sm ^ ^ ' 

which gives two values of B by the positive and negative values 
of (p'. 

3d. By (124), 

cos B s tan ^' cot a (^^0) 

which also gives two values of B by the positive and negative values 
of ^'. 

4th. In (134), 9- has the same value as in (147), and therefore put 
ting in (134), (7 - & = 9-', 

_ sin y cos A /^,-^N 

cos B = T—K — (151) 

sm 9* ^ ' 

which gives two values of J?, as before. 

5th. By (136), 

cot jB = tan y cos a (152) 

which gives two values of J?, as before. 

The formula (149) shows that when ^' is positive, cot B and cot A 
have the same sign, that is, B and A are in the same quadrant ; and 
that, when ^' is negative, cot B and cot A have different signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to 9-'. Hence, that value of B which is in the 
same quadrant as JL, belongs to the triangle in which c = ^ + (p\ 
= B-+ y ; and that value of B which is in a different quadrant 
from Ay belongs to the triangle in which c = (p — <p\ (7 = 9- — 9-'. 
This precept enables us to employ (148) without ambiguity. In the 
25 R 
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ase of (149), (150), (151) and (152), it is only necessary carefully to 
observe the signs of the several terms. 

Ohechs. Of the various formulae above given for finding B, one or 
more may be employed for the purpose of verification. When c and C 
have been found, the most simple check is the following, from (3), 

sin (7 sin J. /^ro\ 

-: =-7 (loo) 

sm <? sin a ^ ' 

which, indeed, might have been employed to find (7, after c was 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VI., if b differs more from 90° than a, 
B must be in the same quadrant as J, and, since but one of the two 
values of B can satisfy this condition, there will be but one solution. 
In that case c and will each be found to have but one admissible 
value. 

86. The problem will be altogether impossible, when a differs more 
from 90° than ^, and is yet not in the same quadrant with A, In 
such case, we should find that ^+^'>180°, and i|) — ^'<0; 
9- + y>180°, 3--^'<0. 

The problem will also be impossible, when sin J. sin 6 > sin a, since, 
by (148), we shall then have sin ^ > 1. 

Examples. 

1. Given a =40° 16', 6 = 47° 44', .1 = 52° 30'; find 5. 

By (148). 

a = 40° 16' ar colog sin a 0-1895350 

h = 47° 44' log sin h 9-8692449 

4= 52° 30' log sin u 4 9-8994667 

B-=- 65° 16' 35" log sin ^9-9582466 
or B = 114° 43' 25" 

2. With the same data, find c and B, 

By (146.) 
a= 40° 16' log cos a+9.8825499 

6= 47° 44' log tan I +0-0414996 ar co log cos 6+0-1722547 

A= 52° 30' log cos 4+9-7844471 

(p= 33°48'51".4 log tan (p+ 9-8259467 log cos <p+ 9-9195204 

({('=±19° 30' 29".0 log cos <p'+9 9743260 

c== 63°19'20"-4 
e-= 14°18'22"-4 
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By (149). Oheele. (150). 

4) = 33°48'51''-4,arcolog8in(p+0'25453281ogcota+0-0720848 
<p'=± 19°30'29".0 log8in<p'±9.52366761ogt»n(p'±9.5493427 
A= 62<'30' 0" Iogcot^ +9-8849805 ±9-6214275 

A= 66° 16 



jB.=. 114° 43 



'25''-1 I logcot^±9-6631809 logco8£±9-6214275 
An». e - 53° 19' 20"-4 ) { e '=' 14° 18' 22"-4 



I' 20"-4 ) 
)' 34"-9 J 




B = 65° 16' 34"-9 j ®' ) 5 = 114° 43' 25"-l 

8. Given a = 120°, 4 = 70« ^ =- 130° ; find C and B. 

By (147). 
a " 120° log oot a —9-7614394 

b = 70° log cos 6 + 9-5340517 log tan b +0-4389341 

A= 130° log tan J.— 0-0761865 

9- = 112° 10' 33".6 log cot d- -9.6102382 log cos ^-9-5768627 

y = ± 53°13'13"-8 log 008^+9-7772362 

O^^ 165°23'47".4 
0= 68°57'19"-8 

By (1-51). Cheek. (152). 

9- = 112° 10'33"-6 ar colog8in9+0-0333755 log cos a-9-6989700 
y==b 53°13'13"-8 Iog8iny±9-90360301ogtan9-'dz0-1263669 
A= 130° 0' 0" log 008^-9-8080675 =F9r8'263369 

B= ^66°13'22"^6 } logco8B=F9-7450460 logcotJ?q=9-8253369 

Am. C = 165° 23' 47"-4 1 f C = 58° 57' 19"-8 

B =. 123° 46' 37"-5 J ""^ t -B = 56° 13' 22"-5 

4. Given a =- 70°, 6 = 120°, A = 130°; find O. 

By (147). 
a = 70° log cot a + 9-5610659 

6 = 120° log cos 6 — 9-6989700 log tan b — 0-2385606 

4= 130° log tan^- 0-0761865 

9- = 59° 12' 37"-0 log cot 9 + 9-7751565 log cos 9- + 9-7091756 

y = ± 108° 49' 35"-l log cos 9' - 9-5088021 

(7= 168° 2'12"-1, taking 9' with the positive sign only, since 
its negative value would render O negative. 
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6. Given a = 99^ 40' 48", b = 64° 23' 15'; A = 95^ 38' 4" ; find 
Cy O and B. 

Ana. (? = 100° 49' 30" 
(7= 97° 26' 29" 
5= 65° 33' 10" 

6. Given a = 40° 5'25".6, b = 118° 22'7".3, A = 29° 42' 33".8 ; 
find Cy C and B, 

Am. c=153°38'42"4) r ^ = 90° 5'41".0 
(7 = 160° 1'24"4 > or < (7= 50°18'55".2 
B = 42° 37' 17".5 J I 5 = 137° 22' 42".5 

7. Given a = 69° 34' 56", b = 120° 30' 30", A = 50° 10' 10" ; 
find c and 0. 

Ans. e? = 70°20'20' 
(7= 50° 30' 8".4 

8. Given a = 120° 30' 30", b = 69° 34' 56", A = 50° 10' 10" ; 
find c and 0. 

Ans. Impossible. 

9. Given a = 40°, b = 60°, ^ = 50° ; solva the triangle. 

An9. Impossible. 

87. Case III. Given a, b and A. Second Solution. We find 
B by the formula 

sin A sin b 

sin B = — ;y— - — 
sin a 

and then by Napier's Analogies, (41) and (43), 

^ , cos i (^ + J?) ^ , , . , , 

tan * {? = f-r-j ^ tan * ( a + 6 ) 

^ cos J (-1 — 5) 2 ^ -^ 

. ^ ^ cos i (a + J) , , ^ ^, 

or by (40) and (42), 

- sin i ( JL + ^) , / , V 

tan * (? = -. — ff-j ^ tan * ( a — J ) 

^ sm J ( J. — ^) -* ^ ^ 

.-^ sini(a + 6). ,,. _,. 

cot I 0= -v-|-) — —j^^ tan i (J. — -B) 

^ sinj(a — 6) ^ ^ ' 

in which we employ successively the two values of By and obtain 
two solutions, except when for one of these values the second mem- 
bers become negative, for \ c and J being less than 90°, their 
tangents must be positive. 



^ (154) 



> (155) 
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We leave it to the student to apply these formulae to the preceding 
examples. 

88. To determine hy inspeeUon of the data a, h and A, whether there are two eolutiont, 
or but one. 

1st. It has already been seen, Art. 85, tliat when b differs more from 90^ than a, 
B mnst be in the same quadrant as b, and there can be but one solution. It remainf 
to show, 

2d. That when a differs more from 90® tiian b, there will necessarily be two solu 
tions. We have, by the first of (4), 

cos a — cos b cos e 

sin c = 

sin b cos A 

Two solntions exist so long as both values of e are positiye, and less than 180®, that 
is, so long as sin c is positiye. Now when a differs more from 90® than 5, we have, 
(neglecting the signs for a moment), 

cos a > cos b > cos b oos e 

therefore the numerator of the above yalue of sin c has the sign of cos a. But by 
Art. 69, VI., a and A are in the same quadrant, and cos a and cos A have the same 
sign ; consequently also, the numerator and denominator have the same sign, and 
the yalue of the fraction, or of sin c, is positive, as was to be proved.* 

Hence, there is but one solution when the side opposite the ffioen angle differs less from 90® 
than the other given side, and two solutions when the side opposite the given angle differs 
more from 90® than the other given side. 

89. Case IV. Q-iven two angles and a side opposite one of them, 
or A, B and h. (Fig. 9). 

First Solution^ in which each required Fig.9. o 

part is deduced directly from the fundamen- 
tal formulae. 

To find c. We have, by (10), 

sinccot h — cose cos J. == sin Jl cot jS 

or multiplying by sin 6, 

sin (? cos 5 -^ cos (? sin 5 cos .A = sin A cot B sin h (m) 

to solve which we take 

i sin $ s sin 5 cos ji ) 

I. ! A M^) 

A; cos ^ = cos J 

* The same proposition may be otherwise proved thus. By the equations (m) 
«nd (m') Art. 84, we have 

cos b . cos a - sin 6 . 

cos ^ ^ — ; — cos if ;^ — ; — * sa -; COS A 

k k sin ^ 

from the third of which we see that k has the, sign of cos ^ ; if then a differs more 
from 90® than 6, that is, if cos a and cos A have the same sign, cos 0' is positive, 
and 0' < 90®. Also since, (neglecting signs), cob a > cos 6, we have cos <^' > cos ^ 
or 0' differs more from 90® than 0. Hence 0' < and 0' < 180® — 0, or — ^' > 
and (^-{- <l> < 180®, or both values of e are between and 180®. 

k2 
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(mO 



(156) 



then, patting <? — $=<(>', (m) becomes 

i sin $' SB Bin J. cot JS sin b 

or eliminating k^ we have^ for finding Cy 

tan ^ = tan 6 cos J. 

sin ^' >= sin ^ tan A cot J? 

Here ^' being determined by its sine, will have two values, sup- 
plements of each other, which being successively added to ^, give 
two values of e. 

When the second member of the formula 

sin ^' « sin $ tan A cot B 

is negative, sin ^\ and therefore ^' is negative, and the two supple- 
mental values of ^' must be successively subtracted from $. « There 
will be two solutions, then, except when one of the values of c ex- 
ceeds 180°, or when one of them is negative. 
To find O. We have, by (6), 

sin (7 sin Jl cos ( — cos Oco&A^eosB 

whence, if we put 

Asind-^cos J. 

A cos 9 » sin ^ cos b 
and also (7 — 9- = y, we have 

A sin y = cos J? 

0^^ + y 

Eliminating A, we have 

cot d* =» tan A cos b 

sin d- cos B 



(^) 



w 



(»') 



Bin 3-' = 



cos A 



' (157) 



As 9^ is also determined by its sine, it will have two supplemental 
values, which will both be added to or both subtracted from 3, (ac- 
cording to the sign of sin 9^,) thus giving two values of (7, except 
when one of them exceeds 180°, or when one of them is negative. 
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To find a. We have several methods : 1st, directly by (3), 
which gives 

sin 6 sin ^ ,^.-«v 

sin a =s — ; — ^~ (158) 

sin ^ ^ ^ 

2d. By (146), where ^ and ^' have the same values as in this case, 

cos ^' cos h 
^^« ^ = cos 9 (1^^) 

8d. By (150), 

cot a = cot ^' cos B (1^0) 

4th. By (147), where d* and d^ have the same values as in this 
case, 

cos y cot h /-./»^v 

^* ^ — ^^^T- ^^^^) 

6th. By (152), 

cos a = cot 3-' cot B (162) 

Each of the last four formulae gives two supplemental values of 
a by the two values of ^' or ^\ employed in the second members. 
From (166) we have 

cos A « ti^n ^ cot b 

which with (169) gives 

cos a sin h 

rrr-A = cos ^' x ~iz~^ 
cos^ ^ sm^ 

The sign of the second member of this equation depends upon 
chat of cos $', since sin b and sin ^ are always positive. Hence 
when cos ^' is positive, cos a and cos A must have like signs ; and 
when cos ^' is negative, cos a and cos A must have different signs. 
A like result follows from the first of (157) and (161) with reference 
to 9-'. Hence, that value of a which is in the same quadrant with 
A belongs to the triangle in which <p' < 90°, 9-'< 90° ; and that value 
of a which is in a different quadrant from A belongs to the triangle 
in t^AtV?A <p'>90°, 9-'>90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it is only necessary to observe the algebraic signs of the several terms. 

Checks. Of the various formulae above given for finding a, one or 
more may be employed for the purpose of verification. When c and 
have been found, however, the most simple check is 
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■ 

sin C sin B 



sin c sin h 



(168) 



which might have been employed for finding Q after c was found, or 
reciprocally, but for the ambiguity attaching to the sines. 

90. According to Art. 69, VII., if A differs more from 90° than 
£, a must be in the same quadrant with A, But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case c and Q will each be found to have but one admissible 
value. 

91. The problem will be impossible when B differs more from 90^ 
than Ay and yet is not in the same quadrant with 5. In such case 
we should find both values of c (and both values of (7) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin ( sin ^ > sin B^ 
since by (168) we shall then have sin a > 1. 

Examples. 

1. Given A = 132° 16', B « 139° 44', I = 127° 30'; find a. 

By (158). 

B = 139° 44' 0" ar co log sin B 0-1895350 

A = 132° 16' 0" log sin A 9-8692449 

I = 127° 30' 0" log sin h 9-8994667 

a = 65° 16' 35".l log sin a 9-9582466 

or a = 114° 43' 24"-9 

2. With the same data, find C and a. 

By (157). 
5= 139° 44' 0" log cos 5-9.8825499 

A^ 132° 16' 0" log tan -4-0-0414996 ar CO log cos J.-0-1722547 
6= 127° 30' 0" log cos J-9-7844471 

9-= 56° 11' 8".61ogcot9-+9.8259467 log sin 9-+9-9195204 

^=tl59°30'2r.o} logsiny+9.9743250 

C,= 126°40'39".6 
(7= 165°41'37"-6 



SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 201 

By (161). Chech (162). 

3- = 56°ir 8".6 ar CO log cos 9-+ 0.2545328 log cot 5-0.0720848 

y =109° 30'29"^0 I ^""^ co8ydb9-5236676 log cot ^± 9.549342 7 
6 "=127° 30' 0" logcoti-9.8849805 =f9.6214276 

"a =^65° 16' 34^9 } ^"^ *'°* «=f9-6631809 log cos a=F9.6214275 

An». (7=126° 40' 39".6 \ ( (7=165° 41' 37"-6 
a = 114°43'25".l J°'^ t «= 65°16'34".9 

8. Giwn A = 110°, B = 60°, 6 = 50° ; find c and a. 

By (156). 
B = 60° logcotjB+9.9614394 

A = 110° logo«8^— 9-5340517 logtan^— 0-4389341 

b = 50° logtanJ +0-0761865 

<p = 157°49'26"-4 logtan(|)-9-6102382 logain<p+9.5768627 

^' =- 36°46'46"-2 I ....... log Bin ^'-^^TTm^ 

<p',=-143°13'13"-8 J '"S" «P 

e. = 121° 2 



'40"-2 \ 
'12"-6 J 



e, = 14°36 

By (159). Check. (160). 

<{) = 157°49'26"-4 arcologcoscp— 0-0333755 log co85+ 9-6989700 
t'l =Il43°13'13''l } l«gco8<P'±9-9036030 log cot<t,'=F 0-1263669 
h'= 50° 0' 0" logcoa 6 +9.8080675 =f9-8253369 

a, = 123°46'37"-5 "I j g ^ ::f9-7450460 log cot a=F9-8253369 
a, = 56°13'22"-5/ ^ ^ 6 -r- 

Ans. c = 121° 2'40"-2\ / c = 14° 36' 12"-6 
o = 123° 46' 37"-5 j ^^ \a = 56° lB'22"-5 

4. Given A = 60°, B = 110°, 6 = 50° ; find e. 

Ans. e = 11° 57' 47"-9 

5. Given A = 115° 86' 45", B = 80° 19' 12", 6 = 84° 21' 56"; 
find a, e and O. 

An$. a = 114° 26' 50" 
c= 82° 33' 31" 
0= 79° 10' 30" 

6. GivenJ. = 61°87'52"-7, jB = 139°54'34"4, 6=150° 17' 26".2; 
find a, e and 0. 

Ant. a= 42°37'17"-5 ) ( a = 137° 22' 42".5 

e = 129° 41' 4"-8 V or ■{ c = 19° 58' 35".6 
C= 89°54'19".0 J I (7= 26°2ri7".6 

26 
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7. Given A = 70°, B = 120°, J = 80° ; solve the triangle. 

An%, Impossible. 

8. Given A = 60°, B = 40°, 6 =» 60° ; solve the triangle. 

A7i%, Impossible. 

92. Case IV. Given -4, B and 6. Second Solution. We find a 
by the formula 

sin 5 sin J. 



sina = 



Bin£ 



and then by Napier's Analogies we find c and C, precisely as in 
Case III., Art. 87, employing successively, in (154) or (155), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 

98. To determme hy inspection of ti^e data A, B and by whether there are two aolutiona 
or but one. 

Ist. It has already been seen, Art. 90, that when A differs mor6 from 90° than B, 
a must be in the same quadrant with A, and there can be but one solution. It 
remains to show that, 

2d. When B differs more from 90^ than A, there will necessarily be two solutions. 
We have, by (6), 

. ^ cos B4- cos A cos 

Bin O =s ' 

sin A COB b 

Two solutions exist so long as both values of G are less than 186°, and both positive, 
that is, so long as sin C is positive. Now when B Offers more from 90° than Ay we 
have, (neglecting signs for a moment), 

cos i? > cos ^ > cos A cos O 

therefore the numerator of the value of sin G has the sign of cos B. But by 
Art. 69, Vn., B and b are in the same quadrant, consequently the numerator and 
denominator have the same sign, and the value of the fraction, or of sin C is always 
positive, as was to be proved.* 

Hence, there is but one eolution when the angle opposite the given side differs less from 
90° than the other given angle ; and two solutions when the angle opposite the given side 
differs more from 90° than the other given angle. 

94. Case IY. might have been reduced to Case III. by means of the polar triangle 
of Art. 8. For there will be known in the polar triangle two sides and an angle 
opposite one of them, being the supplements of the given angles and side of the 
proposed triangle. The polar triangle being solved, therefore, by Case III., and its 
two remaining angles and third side found, the supplements of these parts will be 
the required sides and third angle of the proposed triangle. 

* It may be shown that both values of C will be admissible, by a process of rea- 
soning similar to that employed in the note on page 197, applied to the equations 
of Art. 89. 
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95. Case V. G-iven the three aides, or a, b 
and e. (Fig. 9.) We have three methods 
for computing the half angles : 

Ist. By the sines, from (31), remembering 
that A 

« = i(a + 6+c) 

BiniJl- // «^(^":^)s^^(^-^K 
* >» \ Sin (? sm a / 



* >* \ Sin a Sin J / 



2d. By the cosines, from (33), 

^^ // Bingsin(8-a) v 
* ^' \ sin 6 sin (J / 



cos 



^ N \ sin (? sm a / 

//sin«sin (« — (?)v 

coslC7=s J( : V-Y — '-) 

* >« \ 8in a sin D / 

8d. By the tangents, from (34), 

' '^ \ Sin « sm (8 — a) / 

^ V sm « sin (« — 6) / 

N \ Sin « Bin (« — c) J 



Hf.9. c 




► (164) 



(165) 



K (166) 



When only one of the angles is required, the simplest method will 
be by (165), but if the required angle is less than 90°, it will be 
found more accurately by (164), for then ^ ^ < 45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the least 
labor, since sin a, sin 6, and sin c, are not then required. 
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No ambiguity can arise in these solutions, since the half angles 
must be less than 90^ ; they require therefore no attention to the 
algebraic signs. 

Examples. 

1. Given a = 100°, 5 = 60°, c = 60° ; find A. 

a = 100° 

6 = 50^ log cosec 0-1157460 

c = 60° log cosec 0-0624694 

2 « = 210° 

« = 105° log sin 9.9849438 

« — a = 5° log sin 8-9402960 

2)9-1034552 

IA= 69° r62''.7 log cos 9-5517276 
J. = 188°15'45M 

2. With the same data, find all the angles. 

By (166). 

«=105° 1. cosec 0-0150562 1. cosec 0-0150562 1. cosec 0-0150562 

«-a= 6° 1. cosec 1-0597040 1. sin 8-9402960 1. sin 8-9402960 

«- J= 55° L sin 9-9133645 1. cosec 0-0866355 1. sin 9-9133645 

«_c« 450 1. Bin 9-8494850 1. sin 9-8494850 1. cosec 0-1505150 

2)0-8376097 2)8-8914727 2)9-0192317 

1. tan 0-4188049 1. tan 9-4457364 1. tan 9-5096159 

JJ.«= 69° r52".7 J-B=15°35'37".0 J(7=17°54'59''.l 

Ans. -4 = 138°15'45M -B=31°iri4".0 (7= 35° 49'58''.2 

8. Given a = 10°, 6 = 7°, <? = 4° ; find the angles. 

^w«. ^ = 128°44'45"-1 
5= 33°ll'12"-0 
(7= 18°15'3r'-l 

96. The method by (166), may be put under the foUowing conyenient form. Let 

// ain (i — a) an (a — b) sin ($ — e) \ 
-JV 8in« / 

then - (167) 

P P P 

* Bm(« — ay * sin (« — b) * sin (< — e) 

which are similar to the formulsd of PI. Trig. Art. 146, and are computed in the same 
manner. 
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97. Case Y. GWen a, b and e. Second Solution, If the whole angle is re4ulred 
directly,* we have 

cos a — cos b cos c 
sin b sin e 
which may be adapted for logarithms by an anxlliary thus : 

cos ^ = cos b cos c 



cos 



2 sin J (0 + ^) sin J (^ — a) 

sin 6 sin e 



(168) 



Or thns, 



cot =: 



cos b COS e 
sin a 



cos^ = 



sin (0 — a) 



sin b sin c sin (p 



(169) 



ng.9. 




98. Case VI. Given the three angles, or 
J., B and (7. (Fig. 9). We have three methods 
of finding the half sides : 

1st. By the sines, (36). ' 
2d. By the cosines, (38). 
3d. By the tangents, (39). 
The computations are conducted precisely in the same form as those 
of the preceding case. 

Example. 

Given A = 120°, B = 130°, (7 = 80° ; find c. 

Ana. c = 41° 44' 14''.6 

99. The formnlss (89) may be arranged for conyenient use in the same manner as 
the corresponding formulsB of the preceding case, Art. 96. 

100. Case VI. Giyen A, 3 and 0. Second Solution, We have, by (6), 

cos A 4- cos B cos G 

JOS a == ■ 

Sin B em u 

which may be adapted for logarithms by an auxiliary, thus : 

cos ^ = cobB cobO 



2 cos H-^ + ») cos i (^ — ») 

COB <• — ; = ;: ^j 

Sin B sm C 



(170) 



or, 



tan0 s= 



cos B cos C 



sin^ 



cos (A — ) 
cos a =s -; — p\ ^ — '—T 
sin B sin C cos ^ 



(171) 



* See Note at the end of this chapter, p. 211, for the method of computing many 
of the general formulae of spherical trigonometry directly, without the aid of aux- 
iliary angles. 

S 
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Solution of Obliqub Sphesioal Tbianoles by Means op a Pebpenbiculak. 

101; All the cases of oblique spherical triangles may be solyed by dividing the 
triangle into two right triangles by a perpendicular from one of the vertices to the 
opposite side, and solving these partial triangles by the methods of the preceding 
chapter. Bowditch has given two rules, based upon Napier's Rules, (Art. 46), by 
which the application of this method is facilitated. 

102. Bowditch^ 8 Rules for Oblique Triangles. "If in a 
Kg. 10. Q spherical triangle, (Fig. 10), two right triangles are 

formed by a perpendicular let fall from one of its ver- 
tices upon the opposite side ; and if, in the two right 
triangles, the middle parts are so taken that the perpen- 
^^ dicular is an adjacent part in both of them ; then 

The sines of the middle parts in the two triangles are pro* 
portional to the tangents of the adjacent parts. 
But if the perpendicular is an opposite part in both the triangles, then 
The sines of the middle parts are proportional to the cosines of the opposite parts. 
To prove which rules, let M denote the middle part in one of the right triangles, 
A an adjacent part, and an opposite part. Also, let m denote the middle part in 
the other triangle, a an adjacent part, and o an opposite part ; and let p denote the 
perpendicular. 

First. If the perpendicular is an adjacent part in both triangles, we have, by 
Napier's Rules, (Art. 46,) ' 

EonM = tan A i&np 
sin m s= tan a tB.np 
whence 

sin M tan A tan p tan A 
sin m tan a tan p tan a 

or sin M : sin m = tan A : tan a 

Secondly. If the perpendicular is an opposite part in both triangles, we have, by 
Napier's Rules 

sin Jf s= cos cos p 



whence 



Bin m =s cos cosj? 

sin M cos O cos p oos 
sin m cos o cos j9 ~" cos o 

or sin M : sin m :==. cos : cos o" * ^ 

We proceed to solve the six cases of spherical triangles with the aid of a perpen- 
dicular. It will be seen, however, that Bowditch's Rules are applicable but in the 
first fom* cases. 



* Peirce's Spherical Trigonometry, Art. 44. 
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108. Cask I. Given ft, e iE^nd A. Let the perpendionlar O P, Fig. 10, be drawn 
from Of (that is, in such a manner as to put two given parts in one of the right 
triangles). Then the right triangle A C P gives, by Napier's Rules, if we put 

tan =s tan ft cos A {V^^) 

then taking co. ft and co. a as middle parts in the two triangles, A P ss ^ and 
B P=i c — ([>* are the opposite parts, whence, by Bowditch's Rules, 

cos : cos (c — 0) = cos ft : cos a 
whence 

cos(c — 0) cos ft „„. 

cos a =s ^ ^ (173) 

cos ^ ' 

Again, taking A P and PB as middle parts, co. A and co. B are acyacent parts, 
whence, by Bowditch's Rules, 

sin : sin (c — 0) =b cot A : cot B 
whence 

sin (c — 0) cot A 

cot B = —^ — r^^^ (174) 

sin ^ ^ 

and the formulae (172), (173), (174), agree entirely with (122) and (128). 
The triangle B CP gives as a check 

tan a cos B = tan (c — 0) (176) 

which agrees with (124). 

By drawing the perpendicular from By we may in the same manner obtain the 
formulsB (125). 
The angle C may be found by the proportion 

sin a : sin e =s sin A : sin G 

or if O has been found by means of a perpendicular from B, B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 

104. Case II. Given A, C and ft. Let the perpendicular be drawn as before, 
Fig. 10, and let 

ACP==^, BCP^z O-'^f 

then, by Napier's Rules, 

cot ^ s= tan ^ cos ft (176) 

and by Bowditch's Rules, taking co. A and co. B as middle parts, and therefore 
CO. A GP and co. B CP as opposite parts, 

sin 3 : sin (C — ^) = cos A : cos B 
whence 

_ sin (C — 3) cos A ,^__^ 

cos B = ^ — r-i (177) 



* If -4 P should exceed A B, (that is, if the perpendicular should fall without 
the triangle), JSP would be equal to-4P — AB ^ <f> — c, and the solution could 
be modified accordingly. But the true results will always be obtained by regarding 
BP 0.S negative; that is, by still taking B P s= c — ^ and attending to the signs of 
all the terms as already exemplified, p. 182. 

f ltACP>A OB, B P= 0—A P will become negative, but the true 
results are still found by attending to the signs, as already shown, p. 187. 
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Again; taking oo. A (7Pand co. B CPas middle parts, and therefore co. b and co. « 
%8 adjacent parts, Bowditch's Rules giye 

008 ^ : 008 (C — b) ^ oot 6 : oot a 

whenoe 

cos (C — ^) cot b 



cot a ss 



cos 3 



(178) 



and (176), (177), (178), agree entirely with (184) and (135) 
The triangle B CP gives 

tan ^ cos a = cot (C— a) (179) 

which agrees with (186). 

By drawing the perpendicular from A^ we may in the same manner obtain the 
formulae (137). 

The side c may be found from the proportion 

sin ^ : sin (7 = sin a : sin e 

and Art. 69 ; or c being found by means of a perpendicular from A, we may find a 
by a similar proportion. 

105. Case III. Given a, b and A, Let the per- 
pendicular be drawn from C, Fig 10, as in the preced- 
ing cases, and let -4 P = 0, B P=<f>' ; then, by Na- 
pier's Rules, 

tan = tan b cos A (180) 

and, by Bowditch's Rules, 

cos b : COB a := cos <p : cos <i>' 



Pig. 10. o 




cos 6' = 



cos <p cos a 
cos b 



(181) . 



and then 



c = + 0' 

In Art. 84, we have found, from analytical considerations, that this case admits 
of two solutions, and that the general expression for c is 

c = db 0' (182) 

In fact, let us attempt to construct the triangle with the data a, b and A. Having 

constructed A equal to the given angle, and b equal to the ac^acent side, Fig. 11, lot 

Pig* 11* a small circle be described about (7 as a 

ft 

pole, with a (circular) radius = a ; this cir- 
cle intersects the great circle AB in two 
points, B and B', and both triangles, ACB 
and ACB* contain the same data a, b and A. 
If the perpendicular CP is drawn, we have 
BP = B'P, so that in one of the triangles, 
the side c = AB = AP + PB = <p + <l/, 
and in the other, c = AB' = AP — B'P = <P — 0'- If both points of intersection, 
B and B', fall on the same side of -4, and within 180° of -4, both solutions will be 
admissible. 




To find Cy let ACP = ^, and BCP = y, then by Napier's Rules, 

cot ^ = tan A cos b 



(188) 



SOLUTION OF SPHERICAL OBLIQUE TRLAJJGLES. 209 

and by Bowditch's Rules, 

cot b : cot a =s cos 3 : cos ^ 
whence 

COB ^ St COB 9 tan 6 cot a (184) 

and since in Fig. 11, 

O 8= ACB = ACF+ BCP = d + y, or C = ACS' =: ACP^BCP = » — y, 

we haye 

C7 = ^ It y (186) 

and the formulaa (180), (181), (182), (183), (184), (186), agree entirely with (146) 
and (147). 
After e was found, we might have found C from the proportion 

sin a : sin c = sin ^ : sin C7 (^^6) 

and B is found from the proportion 

sin a : sin 6 =s sin ^ : sin B (^^7) 

The two yalues of B determined by (187), are both admissible when chas two values 
as above. It is also evident, from Fig. 11, that the two values of B are supplemental. 
To determine the corresponding values of e and Bj we observe that, by Art. 49, the 
perpendicular CP is in the same quadrant with A and with CBP and CB'P^ and 
therefore CB^A is in a different quadrant from A, Hence, that value of B which is in 
the same quadrant as A correq>ond8 to the value of c s=s ^ -{- <pi'f and that value of B 
which ia in a different quadrant from A corresponds to the value of c ^ <p — ^'; which 
agrees with what is shown in Art. 84. 

In computing (186), the two values of e must be employed successively, and the 
formula computed twice. At each computation we shall have two values of O found 
from the sine, one of which must be selected by Art. 69. But as the application of 
the principles of Art. 69 is tedious and embarrassing, it is better to find C by (184) 
and (186). 

The formulso (149), (160), (161), (162), for finding B, may easily be deluced by 
Napier's and Bowditch's Rules. 

106. Case IT. Given A, B and b. Let the perpendicular be drawn as before, 
Fig. 10, and let AP =s <p, BP =s <p', then as before, 

tan ^ =B tan b cos A (l^J 

and by Bowditch's Rules, 

cot ^ : cot ^ sss sin ^ : sin ^ 

whence 

sin ^' ^ sin tan ^ cot ^ i ,^^^ 

« = # + *' I (^89) 

which agree with (166). But <p' having two supplemental values determined by the 
sine, c has two values, as already explained in Art. 89. 

To show the same geometrically, let BPy 
Fig. 12, be the acute value of <l>', and about 
(7 as a pole, let a small circle be described 
passing through B^ and intersecting the ^'i 
great circle AB again in B". Let B"C be 
drawn, and produced to meet AB again in 
B'f forming the lune B'B*. Then we have 

^ = 5" = CBA 
27 8 2 
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Fig. 12. 80 that in both triangles, ACB and ACB'^ 

the value of the angle opposite the side h 
^Bf is the same, that is, both triangles contain 
the same data, A, B and 6. Now 
180° = B'E = B'F 4- BP = BP-\r B'P, 

so that BP and BP are supplements of 
each other. 
In the triangle ACB we have 

c == + 0' =: ^P + 5P 

and in the triangle ACB we have 

c=V + ^' = ^P + 5'P 

and hence the two values of c are found by giving ^' its acute and obtuse values 
successively, as already shown analytically. 

By Art. 49, CP must be in the same quadrant with A ; h^nce, if ^ is in the same 
quadrant with -4, P falls between A and J5, as in the figure, and for the same reason, 
between A and B\ But if A and B were in different quadrants, both points, 
B and J?, might fall between A and P. The two values of c would then be found 
by the formula 

^ taking, successively, its acute and obtuse values. In that case, tan A and cot B 
would have opposite signs in (189), sin ^' would be negative, which would make ^* 
negative, so that the true results will be obtained, without reference to a diagram, 
by attending to the signs of the several terms, as already fully exemplified, p. "201. 
To find C, let u4(7P = ^, BCP = ^', then we have, as before, 

cot ^ s tan ^ cos h (190) 

and bjr Bowditch's Rules 

cos A : cos B = sin ^ : sin ^ 
whence 

sin d cos B 



siny = 



- (191) 



cos A 

which agree with (157). It is evidentfrom Fig. 12, that BCP and BCP^ are sup- 
plemental, and that the remarks above made with reference to 0' apply also to ^. 
After c was found, we might have found C by the proportion 

sin 6 : sin c = sin B i vol C (1^2) 

and a is found by the proportion 

sin ^ : sin ^ 3= sin 6 : sin a (198) 

The two values of a found by (193) are both admissible when c has two values. 
From Art. 60, it follows that when BP is acute, a must be in the same quadrant 
with CPy that is, (Art. 49), in the same quadrant with A ; and when BP is obtuse, 
a must be in a different quadrant from A. That is, that value of a which is in the same 
quadrant with A, belongs to the triangle in which ^' < 90°, and that value of a which is^ 
a different quadrant from A, belongs to the triangle in which ^' > 90° ; which agrees with 
Art. 89. 

The formulae (159), (160), (161), and (162), for finding a may easily be deduced 
by Napier's and Bowditch's Rules. 
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107. Gasb y. GiTen a, b and e. The perpendicular Tig. is. 

cannot be draim, in this case, so that two of the giyen 
parts shall be in one triangle ; nevertheless the case can 
be solyed by means of a perpendicular. Let the perp. 
be drawn from any angle, as C, Fig. 13, and as before, 
put AP ss ^, J?jP ss ^' ; then by Bowditch's Bules, 

cos f : cos ^' =s cos 6 : cos a 

, cos 0' — COS COS a 

whence 




} (IM) 



COS 0' 4" ^^^ ^ ^^^ ^ "^ <^B ^ 

or, by PL Trig. (110), 

tan}(0-|-0')tan}(0— 0')sstani(5-|.a)tan}(6 — a) 

whence, since ^ + *' = ^> 

tan } (0 — 0') s= tan i (5 + a) tan } (& •— a) cot j^ e 

which determine } (^ — 0') and } (^ -f- 0') whence and 0'. The angles A and B 

are then determined by Napier's Rules. 

108. Case VL Given A, B and C. In Fig. 18, let -4CP = 3, BOP = ^ ; then, 

by Bowditch's Boles, 

sin ^ : sin d' a=E cos ^ : cos J? 
whence 

sin 9 — sin 3^ ces A — cos B 



sin d -f- Bin d' cos ^ -{- 'oos B 
or, by PI. Trig. (109) and (110), 

^i^ = t«.}(i»+^)ta.J(i»-iO 

whence, since <» 4" ^ = ^» 

tan}(^ — y) = tan}(iB4.^) tan J(5 — ^) tanj a | .jgg. 

}(^ + y) = }C7 J 

which determine \{^ — y) and } (^ + ^') ^^^ therefore 3 and y. The sides a and i 
are then found by Napier's Bules. 

Note kefebred to ov page 205. 

Compuktiion of Spherical Formula by the Gauesian Table, 

The Gaiueian Table is a table, first suggested by Gauss, for readily computing the 
logarithm of the sum or difference of two quantities, when the logarithms of these 
quantities are given. 

If p and q are the two numbers whose logarithms are given, p being the greater 
number, (or log j? the greater logarithm), we have, in the first place 



i'+? = j(i + f)=/.(i + |-) 



If, then, we put x = •^, we have 

2 



or 



log! == log/? — log J 

log {p+q) — log q + log (1 + «) 

log (p+q)= logp+ log (l + — I 



212 SPHERICAL TRIGONOMETRY. 

Downes's Table XXII., with the argument log x, the difference of the given logar- 
ithms, gives log (1 -f- x)t which being added to log q, the less logarithm, gives the 
required log. sum, or log (p -f- q)- Table XXIII., with the argument log x, gives 

log f 1 -| J which, being added to logp, the greater logarithm, gives the required 

log. sum. Either table may, in general, be employed, but one or the other may be 
found more convenient in a particular application, and therefore both are given. 
Again, we have 



P 



i'-i) 



P 
BO that, putting, as before, z =s •=--, we have 

9 
log X = logp — log q 

log (p — q)=: logp + log (^1 ^y 

Downes's Table XXIV., with the argument, log x, gives log (l j which, being 

added to the greater logarithm, gives the required log. difference, or log (p — q). 

With these tables, then, we may readily compute any of the preceding formulso 
which contain two terms in the second member, without the aid of auxiliary angles. 

Examples. 

1. Given b = 120o 80' 80", e = 70° 20' 20", A = 50° 10' 10" ; find a. (Same 
as Ex. 1. p. 182). 
The formula is 

cos a = 008 6 008 e 4~ Bin & sin e cos A 

which will be thus computed : 

log cos b — 9-70657 
log cos e + 9-52698 

log q — 9-23250 

log sin b + 9-93529 
log sin c + 9-97391 
log cos -4 + 9-80654 

logp + 9-71674 

log;? — log J = log X — 0-48324 

The terms p and q have opposite signs, and although, by the formula, they are to be 
added (algebraically), an arithmetical difference is required. By marking the signs 
of all the quantities, as above, we shall always know whether a sum or difference 
is required by the sign before log x. In this case this sign being negative, we are 
to find a difference, and therefore, by Table XXIV., we take 

log ^1 — L\ 9-82694 

logp + 9-71574 

log cos a 4- 9-64268 
a = 69° 34' 52" 
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2. ^th the same data, find B, The formula is 

^ _ one Got b — COB e cos A 

COtBsB ; 3 

which miiBt here be put under the form 

, _ sin 6 cot 6 ^ . 

cot 3 as — ; — eo8 e cot A 

BinA 

and is thus computed: 

log sin + 9*97891 

log cot b — 9-77029 

ftr CO log nn il 4~ 0*11467 

log p — 9*86887 

log (~ COS e) — 9*52698 
log cot A + 9*92121 

log q — 9*44814 
log j> — log j' = log z + 0*41078 

where the sign before log x bdng posidTe, the tables for log. sum must be used. B^r 

Table XXII., we haye 

log (1 + x) 0*56825 

(which is to be added to the less log.) log q — 9*44814 

log cot B — 0*00189 
or, by Table XXIIL, we have 

log ^1 + iL) 0*14262 

(which is to be added to the greater log.) log /> — 9*86887 

log ootB -^ 0*00189 
B = 1360 5' 81" 

In these isolated examples, the labor of computation is yerj little less than with 
the use of an auxiliary angle, as on p. 182; but the Gaussian Table has greatly the 
advantage when the same formula is to be repeatedly computed with successive 
values of one of the data while the others remain constant. Thus, in the first of 
the preceding examples, if successive values of a are to be found corresponding to 
successive values of A, while b and c are constant, log q will be constant, and log x 
will take successive values, corresponding to those of log cos Aj so that after the 
first value of a is found the succeeding ones are rapidly obtained. On the other hand, 
as the auxiliary ^ in the formulee (122), depends upon Af the whole process would 
have to be repeated in finding each value of a. 

For other forms of the Gaussian Table, see the original table, (to five places of 
decimals), by Gauss, published in Zaoh's MonatUche Oorrespondenz, Nov. 1812 ; Mat- 
thiessen's, (to seven places), Altona, 1817 ; in Vega's Sammlung mathematitcker Ta- 
fdn, (five places),' Leipzig, 1840; Zech, (seven places), Leipzig, 1849; Shortrede's 
Collection of Tables, (seven places), Edinburgh, 1849 ; Gray's Tables for the Oompu- 
tation of Life Contingencies, (six places), London, 1849 ; Schumacher's BulfstafeXn^ 
new ed. (four places). 
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CHAPTER IV. 



SOLUTION OP THE GENERAL SPHERICAL TRIANGLE. 

109. Wi have thus far, following the usual course, considered those spherical 
triangles only whose sides and angles are less than 180°. In the applications of this 
subject in astronomy, howcTer, it is often necessary to consider triangles whose 
sides or angles exceed 180°. (For example, the right ascension of a heayenly body, 
admitting of all values from 0° to 360°, may be one part of such a triangle). We 
may, it is true, in such cases, always substitute another triangle whose parts are the 
supplements to 180° or 860° of those of the proposed triangle ; but this mode, 
although very generally regarded as the simplest, is not really so in the cases 
alluded to. The construction of figures for discovering the supplemental triangles 
is often embarrassing and liable to mistake, while the solutions, when obtained, are 
mostly deficient in generality, and can only be regarded as solutions of the particular 
cases of a general problem. But if we proceed by a method that is as applicable 
when the parts of the triangle exceed as when they are less than 180**, we may in- 
vestigate a problem under the simplest supposition of the values of these parts, and 
rely upon the generality of the method to cover all the particular cases. 

110. We shall first endeavor, in an elementary manner, to give the* student a eon- 
oeption of the nature of the general spherical triangle. 

lig. 14. 

Let ABC, Fig. 14, be any spherical triangle whose parts 

are all less than 180° ; then the remainder or eomplement 

of the sphere is also a spherical triangle whose sides are 

a, b and c, and whose angles are 360° — A, 860° — By 

and 860° — C, We shall distinguish these triangles from 

each other by means of accents, writing the letters mthin 

the triangle to which they respectively belong, as in 

Fig. 14. ' The sides are common, but when referred to as 

sides of A'B'C, they will be denoted by a', h' and <f. 

Again, one of the sides may exceed 180°, as the side a of the triangle ABCf 

Fig. 15. In this triangle, it is evident that we must have A > 180°, so long as J?, 

(7, 6 and c are each < 180°. In the triangle A'J^C we have A' < 180°, while 

«>180°, C">180°. 

fig. 16 






If we next suppose two of the sides to exceed 180°, as a and 6, Fig 16, these sidei 
intersecting in two points whose distance is 180°, the figure ceases to present the 
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triangle as an enclosed surface, but it will presently appear that such triangles are 
solved by the same general methods that apply in other cases. To form a just con- 
ception of the triangle in this case, we may conceive Fig. 16 to be obtained fron 
Fig. 16 by carrying the point A along the arc CA produced until it crosses the side a 
the points A and B may then be joined either by an arc less than 180°, as in Fig. 16, 
or by its supplement to 860°, as in Fig. 17, in pig. 17. 

which last case every side exceeds 180°. In ^^-i" '''--A' 

these figures, to avoid confusion, the point A q, /^ n^ /X 

is not plaped in its true position according to ^^v / \ / \ 

perspective. / \ / \ / \ 

In each figure we have two triangles, whose >v I U/ I 

sides are common, and whose angles are sup- \ ^"^W jT"^! ] 

plements to 360°. It will be easy to trace the \ \ / / 

two triangles signified by -4-S (7 and -4 '^'(7', by \. N^>^ y^ 

remarking that the letters in each case are all ^ — -^^^■-^£^— ^^"^ 

on the same side of the perimeter of the triangle. 

We may go farther, and suppose the arc joining A and i? to be a circumference 
-f- the arc AB, or any number of circumferences + -4^ ; and similarly the angles 
may be supposed to be altogether unlimited ; but since the relative positions of any 
three points of the sphere must be fully determined by arcs and angles less than 
860°, nothing is gained by passing beyond this limit. 

111. AU the formula of Chapter I. art applicable to the general spherical triangle. 

This proposition might be considered as established by the principle of PI. Trig. 
Art. 49, but it is also very easily established by a continuation of the process of 
Spher. Trig. Art. 6, where the fundamental equation was shown to apply to all 
triangles whose parts are less than 180°. 

It was proved in Art. 29, that all the equations of Chap. I. may be deduced from 
the fundamental one, 

cos a = cos h cos e -|- sin h sin e cos A (m) 

We have then only to prove the generality of this single equation. 

1st. Let all the sides be < 180, but A' >180°, Fig. 14. The formula being true for 
&e triangle ABC^ we have 

cos a s cos 6 cos e -^ %m h fnn. c cos (360° — A') 

ar in the triangle A'BfC, by PL Trig. (76), 

cos a' = cos h' cos c^ •{- sin h' sin e^ cos A* 

2d. Let a>180°. Fig. 15, and produce a to complete the great circle. The triangles 
ABC and A' EC are respectively the difference and sum of a hemisphere and the 
triangle A!ik^ all of whose parts are < 180°. In the triangle A!xk we have, in terms 
of the parts of ABC, 

cos (860° — a) :b cos h eos c -|- sin 6 sin e cos (360° — A) 

and in terms of the parts of A'BC\ 

cos (360° — a') = cos V cos € + sin V sin c' cos A! 

both of which reduce to the form (m). But it is here necessary to show that the 

formula may also be applied to each of the other angles : thus the triangle Aik 

gives 

cos h = cos (360° — a) cos t + sin (360" — a) sin c cos (180° — B) 

cos 6'= cos (360° —a') cos c'+ sin (860° —a') sin c'cos (-B' — 180°) 
both of which reduce to the form (m). 



216 



SPHERICAL TRIGONOMETRY. 



8d Let a> 180^ 6>180^ Fig. 18: these arcs intersect at i, and the triangle 

ii'^f gives 

riff.18. c 




008 (a — 180°) =: COS (b — 180«) cos c + sin (6 — 180®) sin e cos (360« — A) 
cos (flf— 180«>) =s cos (b' — 180'') cos & + sin (6' — 180°) sin c' cos A' 

which reduce to the form (m) ; and in the same way the formula applies to the an- 
gle B. We have also 

cos c =s COS (a — 180*>) cos (b — 180«) 4. sin (a — 180*>) sin (6 — 180<>) cos 1 

and since cos t = cos C7 ss cos (860® — C) ^ cos C, this also reduces to the form 
(m) for both ABC&adA'B' C. 

4th. Let a > 180°, b > 180<», e > 180®, Fig. 19 ; the side e being produced to 
complete the circle, the triangle ikl gives 




eoa (a — I8O0) = cos (b — 180<») cos (86OO— c) + sin (b — 180°) sin (360*>— c) cos I 

and since cos I = cos (180® — A) ss — cos A := cos (A' — 180®) = — cos A', this 
reduces to the form (m) for both ABC and A* B C'\ and in the same way the for- 
mula applies to the angle B. We have also 

cos (360® — c) = cos (a — 180®) cos (6 — 180®) + sin (a — 180®) sin (6 — 180®) cos i, 

and since cos t = cos C = cos C\ this reduces to the form (m) for both ABC 
and A B C. 

The cases in which the angles or sides exceed 860® are included in the preceding, 
in consequence of PI. Trig. Art. 46. 

112. The preceding demonstration, though tedious, has the advantage of giving a 
definite conception of the figures which our formulas represent. But perhaps the 
most satisfactory (as it is the most elegant) method, is to rest the demonstra- 
tion of our fundamental equations themselves upon the principles of analytical 
geometry, and, for the sake of those who are acquainted with that subject, we add 
the following investigation : 

Any point of the sphere may be referred by rectangular co-ordinates to three 
planes passing through the centre of the sphere at right angles to each other. Let 
O be the centre of the sphere, Fig. 20, and AB G 9, spherical triangle upon its 
surface. Let one of the co-ordinate planes, as X F, coincide with the great cir- 
cle ^^, and let the axis of X pass through B. If CP be drawn perpendicular 
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U die plane JTT, and CP' and PF* to the axis OJT, the co-ordinates of the 
pomt C are 

X = OP, y s PP, z^QP 

ng. 20. Fig. 2L 





the yalnes of which {0 C being taken :b 1) are 



% ^ cos a 

y sa sin a cos B 

s as sin a sin j9 

If now the axis of JT be made to pass through A, Fig. 21, without changing 

the position of the plane JT JT we shall have for x', y\ /, the co«ordinates of (? referred 

to the new axes, 

x' ss cos 6 

y' ^ — > sin 6 cos A 

/ ^ sin 6 sin ^ 

The axis of t being nnchanged, the relations between x', y', and x, y, are expressed 
simply by the formulas for the transformation of co-ordinates in a plane ; the in- 
clination of the new axes to the first is here expressed by e, and the formolie of 

transformation are therefore 

X ss x' cos e — y' sin e 

y SB x' sin e -{- y' cos t 

sabstitnting the values of the co-ordinates, we have at once the three following 
fundamental equations : 

cos a s=s cos e cos 6 -{- sin e sin 6 cos A 
sin a cos j9 ^ sin e cos h — cos c sin h cos A (n) 

sinasinJ9sB sindsin^ 

which are identical with (4), (6), and (8). 

118. Haying established the complete generality of our ftmdamental equations, 
we may now employ for the solution of the general triangle any of those deduced 
from them in Chap. I. 

As a single trigonometric fonction is not sufScient to determine an unlimited 
feflgle or arc, (PI. Trig. Art. 63), it becomes necessary in most cases to deduce ex- 
pressions for both the sine and cosine of the required part. 

It will be found that aU the six cases of the general triangle admit of two eoluiioruj 
bui that they aU become determinate, when, in addition to the other data, the sign of 
the sine or <osine of one of the required parts is given. In the practical applications in 
astronomy, .'t mostly happens that the conditions of the problem supply this sign. 
28 T 
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114. Casb L GiyeiL b, e and A, First Solution ; yrhesi one of the remaining an- 
gles, as Bt and the third side a are required. The relations between the giyen and 
required parts are 

cos a =s COS c cos h '\- wn.e sin h cos A 
sin a cos B as sin e cos h — cos t sin b cos A ' (1^6) 

sin a sin B ^ sin 6 sin J. 

The signs of the second members will be known from their computed numerical 
values ; the sign of cos a is therefore known. If the sign of sin a is also 
giTcn, the quadrant in which a must be taken will be known ; the second and third 
equations will determine the sign of the sine and cosine of J?, and therefore the 
quadrant in which B is to be taken. 

In like manner, if the sign of either cos B or sin Bva given, that of sin a becomes 
known, and the problem is determin|kte. If no conditions are atttached to the re- 
quired parts, there must be two solutions. 

The numerical solution will be conducted as follows : The Vf^lues of the second 
members (or simply their logarithms) are to be separately computed, and their 
signs carefully noted ; then the quotient of the 3d by the 2d (or the difference 
of their logs.) will give tan B^ and hence B^ which will be taken in the quadrant 
indicated by the signs of the sine and cosine. Then the Sd divided by sin B, 
or the 2d by cos i?, will give sin a, which, agreeing with the value from the 
1st equation, will serve to verify the correctness of the whole process. 

This solution may be adapted for logarithms by the methods employed in the pre- 
ceding chapter. 

Ist. Let k and ^ be determined by the equations 

A; sin ^ ^ sin 5 cos A 
h 008 ^ a= cos b 

k being a positive number (PL Trig. Art 174) ; then 

cos a z^ k cos (c — ^) 
sin a cos ^ = & sin (e — <f) 
sin a sin j9 sss sin 6 ein A 



(197) 



2d. Eliminating /b, and taking ^ < ISO^, (PL Trig. Art. 174), 

tan ^ s= tan 5 cos ^ (^ < 180®) 

cos b , 
008 a ss cos (c — ^) 

cosi . 

Bin a COB B =: sin [e — 6) 

cos ^ ^ ' 

sin a sin ^ = sin 5 sin ^ 



• 



(198) 



8d. If tit quadrant m which hit to be taken it given, we may give the preceding 
equations the following form : 



tan ^ sss tan b cos A 
tan a cos B := tan (e — ^) 
sin ^ tan A 



tan a sin ^ =s 



cos ( « — 



(^ < 180°) 



- (199) 
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4th. If both a and b are less than 180^, as not unfrequently happens in the appli- 
cations of this problem, let 

k sin a 

sin 4 k 

then m end n are both positiTe numbers {k being positiye) and (197) {^tob 

m sin ^ s= cos A 
m cos ^ =s cot b 

n sin ^ =3 sin ^ tan il }- (200) 

n cos jS ss sin (c — ^) 
cot a as cot (c — ^) cos JS 

CAmA;. We find 



sin f c — 
sin^ 


*) 


= 


sin a 
sin b 


cos 
cos 


B 
A 


= 


tan^ 
tanjff 


cos (c — 


♦) 


= 


cos a 


■ 








cos (P 


cos 6 



(201) 



besides which we may employ, in connection with (200), the equation sin a sin ^ 
s-s sin 6 sin ^ ; or in connection with (197) or (198) the equation tan a cos ^ ss 
tan (c — <p). Or when (197) and (198) are employed, we may find a both by its 
sine and its cosine. 

115. The angle C may be found in the same manner as B, interchanging B and C, 
b and e, in the preceding formulsB. But when B and (7 are both required, i^e Se- 
cond Solution to be given presently is preferable. 

Example. 

Given A = 261» 16' b ^ 46® 64', e = 188o 82', and a < 180«>; to find a and B. 
We shall first employ (197). The first column of the following computation, con- 
taining the symbols expressing the operations to be performed, should be prepared 
before opening the tables : 

A 261«> 16' 
b 46° 64' 
e 1880 82' 

log sin ^ — 9-9949852 

' log cos ^ — 9-1818744 

log sin 5 -f 9-8562008 

log cos 5 35 log A; cos <p -\- •9-8425648 

log sin beoBAsps log it sin ^ — 9-0875762 

log tan ^ -^ 9-1950204 

log cos ^ + 9-9947886 

logA; +9-8478212 

3610 5'42"-6 
♦ c — * 147° 26' 17"-4 



* As^>«, we take cbb 188° 82' +860°, so that e — ^ may be a positiTe angle : 
but it would be equally convenient to take e — ^ = _ 212° 88'42"-6. 
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logBin(c — 0) +9-7300614 

log ooB (c — 0) — 9-9257808 

log* 008 (c — 0) ss log COS a — 9-7786616 

a 126«> 26' 6"-6 

(1) log sin 6 sin ^ s=s log sin a sin J? — 9*8611860 
log A sin (c — 0) ss log sin a oos B + 9-6787726 

log tan 5 —0-2728684 

B 298° 6' 26"-8 

log sin a + 9 •9056861 
log sin jS —9-9455009 
(1) Check, log sin a sin jB —9-8511360. 

If a were not limited, we should have two solutions, the second being 

a = 283« 84' 68"-4, £ = US® 6' 26" -8. 

We shall next give the computation by (200), which is applicable to this example, 

since both a and b are less than 180^. ' 

A 261« 16' 

b 45<> 64' 

e 138® 82' 

log cos A s= log m sin — 9-1618744 

log cot b &= log i» cos + 9-9863640 

log tan — 9-1960204 

361° 6'42"-6 
c — 147»26'17"-4 

log tan ^ + 0-8185608 

log sin —9-1897634 

log tan ^ sin s= log n sin ^ — 0-0033142 

log sin (e — 0) =: log n cos B + 9-7809614 

log tan ^ —0-2723628 

B 2980 6' 26"-9 

log cos 5 +9-6731379 

log cot (c — 0) — 0-1947789 

log 008 B cot (e — 0) sz: log cot a — 9-8679168 

a 1260 26'6"-7 

116. Cass I. Giyen 5, e and A. Second Solution ; when the two angles B and C, 
or when all the remaining parts are required. We have, by Gauss's Equations (44), 

cos } a sin j^ (J? + 6?) = cos J (6 — c) cos J A 
cos } a cos j^ (^ + C) ssz cos } (5 + c) sin } J. 
Bin } a sin } (^ — C) ss= sin } (6 — c) cos } ^ 
sin } a cos j( (^ — C) &= sin } (6 + e) sin J j4 
From the first two we deduce } (J? + C) and cos } a, and from the second two 

^{B — C) and sin J a, whence B^ C and a. The problem becomes determinate, aa 

before; that is, when a is limited by one of the conditions 

a < 180°, or a > 180° 
for then the signs of both cos i a and sin } a will be known.'*' « 

* By Art. 27, Gauss's Equations may also be taken with the negative sign when 
the triangle is unlimited, as in the group (46), but the same final results are ob- 
tained from either (44) or (45). See note at the end of this chapter, p. 227 - 
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EXAMPLS. 

Same as in Art. 115. a < 180^. 

A 261<» 16' 

b 46° 64' 

188« 82* 

} (6 — «) 46« 19' 

ilb+e) 92« 18' 

i A 180O 88' 

log d = log COS i(b^c) + 9-8892719 

log e s= log sin } (6 — e) — 9-8592898 

log / s log cos I (6 + e) ~ 8-5874694 

log y =8 log sin | (b + e) + 9-9996749 

log cos } ^ — 9-8187250 

log Bin ^ ^ + 9-8801808 

log (f cos } ^ :^ log cos } a sin } (^ -f (7) — 9-6529969 

log / sin J -4 s=s log cos } a cos } (-S + (7) — 8-4676497 

log tan j (5 + (7) + 1-1868472 

\{B-\- G) 266° 15' 58"-0 

log sin } (5 + C) — 9-9990771 

log cos } a -f 9-6539198 

J a 68° 12' 88"-8 

log 6 cos } ^ =s log sin } a sin } (B — (7) -f 9-6729643 

log y sin ^ ^ ss log sin j^ a cos } (B — (7) -f 9-8798562 

log tan } [b — C7) + 9-7931091 

} (J? — C7) ^ 81° 50' 28"-7 

log sin J (5 — C) + 9-7222788 

Verification, •{ log sin } a + 9 •9506855 

\ a 63° 12' 38"-8 



I 



l:E 



B = 298° 6' 26"-7 

Ant. -^ (7 x= 234° 25' 29"-8 

126° 25' 6"-6 



117. If a only is required, we may find it by one of the methods of Arts. 75 and 
76 ; and if the sign of sin a is given, the solution is determinate. If the sign of 
sin j9 or of sin (7 is giyen, we find that of sin a by inspecting the equation 



sin A sin b sin A sin e 
sin a ^^ 



%mB sin (7 

118. Case II. Given Ay C and b. Fir at Solution; when the third angle Bt and 
one of the remaining sides (as a) are required. 
The general relations between the given and required parts are 



cos B ss — cos C cos A-{- ain OsmA cos b 
sin B cos a ^ sin (7 cos A -{- cos C sin A cos b ^ (208) 

sin j9 sin a =s sin ^ sin 6 



i(2( 



which are solved in the same manner as (196). The problem is determinate when 
the sign of either sin B, cos a, or sin a is given. 

t2 
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Adapting (208) for logarithms, we find 
let 



2d. 



*k sin ^ s=: cos A 
k cos 3 =: sin ^ cos 6 
C08^= A; sin ((7 — ^) 
sin B cos a rs A; cos ((7 — 9) 
8in^8ina=ssinJ.sin6 

cot ^ ^ tan A cos b 
cos A 

• » . cos A ,f. _. 

sin j& cos a == -: — - cos ( C/ — ^) * 
sin d ^ ' 

sin ^ sin a ss sin A sin 6 

Ad. When the qwidrant in which £ is to be taken is given .* 

cot ^ s= tan A cos b 
tan B cos a s= cot ((7 — ^) 

tan 6 cos ^ 



{h positive) 



\ (204) 



(3 < 180«>) 



> (205^ 



(3 < 180«) 



tan ^ sin a SB 



(206) 



sin (C — 3) 



4t]^. IF^en ^ and B are both less than ISO^*, let 

h 



P^ 



sin A 



y = 



sin j9 



then p and j^ are positiye n1^nbers, and we have from (204), 

p sin 3 = cot A 
p cos 3 ^ cos b 
^ sin a = tan b cos ^ 
q cos a =s cos (C — 3) 
cot^s: tan ((7 — •&) cos a 



I (207) 



Cheeks, We haye 



cos (C — 3) sin ^ cos a tan & 

cos 3 sin u4 cos b tan a 

sin (C — 3) cos 5 

sin 3 cos A 



J 



(208) 



* The same factor k is used here and in (197), although the auxiliaries ^ and 3 are 

different. To show that k has the same yalue in (197) and (204), let the squares of 

the equations 

A; sin ^ ss sin d cos A A; cos ^ s= cos b 

be added ; we find 

J^ (sin* + cos* 0) = A;* = cos* b + sin* b cos* ^ s=s 1 — sin* b sin* A 

and in the same manner, from the equations 

A; sin 3 = cos A A; cos 3 =: sin u4 cos b 

we find 

Ai* = 1 — sin* b sin* A' 

and therefore, in both cases, A; = ^^ (1 — sin* b sin* A) 
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besides which we may employ, with (207), the equation sin ^ sin a a= sin ^ sin 5 ; 
or with (204) and (205), the equation tan B cos a z= cot (C — d). Also, when 
(204) or (205) is employed, we may find B both by its sine and its cosine. 

These formulae are computed in the same manner as those of preceding case. 

119. Case II. Given A, and b. Second Solution ; when the two sides, a and e, 
or all the remaining parts, are required. We employ Gauss's Equations in the fol- 
lowing form : 



sin } ^ sin } (a -{- e) s= cos } (^ — C) sin } h 

sin J B COB J (« + c) as cos J (-4 + ^) cos J h 

cos } B sin ^ (a — c) =a sin J (.4 — C) sm^h 

cos J B cos } (a — c) ^ sin J (-^ + O ^^^ J * 



1 



(209) 



which are solved in the same manner as (202). 

EXAHPLB. 

Given A = 121o 86' 19"-8, G = 42° 15' 13"-7, b = 40° 0' 10'.', and B > 180°. 

By (209). 

b 40° 0'10"-0 

A 121°36'19"-8 

G 42°15'13"-7 

}(^ — C) 39° 40' 33''-0 

i(.4+ G) 81°55'46"-7 

J 6 20° 0' 5"0 

log d = log cos } (u4 — C) + 9-8863038 

log e = log sin J (^ — C7) + 9-8051224 

log/ = log cos \{A+ C) + 9-1473326 

log^ = log sin I [a + C) + 9-9956776 

log sin i 6 4-9-5340806 

log cos i 6 4- 9-9729820 

log <; sin i 6 = log sin } J? sin } (a + c) + 9-4203844 
log/ cos J 6 a= log sin J 5 cos J (a + c) + 9-1203146 

log tan J (a + c) + 0-3000698 

J(a+c) 63°23'8"-3 

log sin } (a + c) + 9-9513526 
log sSniB + 9-4690318 

^B 162° 52' 28" -6 

•log (— « sin } 5) =: log (— cos } B) sin H« — «) "^ 9-3392030 
»log {—g cos J 6) = log (— cos J B) cos \\a--e) — 9-9686596 

log tan \\a — c) + 9-3705436 

j(a_c) 193°12'32"-9 
a = 256°35'36"-2 
^Ans. \ c = 230° 10' 30"-4 
5= 825°44'57"-2 

* The sign of each of these factors is changed because B > 180°, and cos ^ Bia 
negative. 

f It was necessary to increase i {a '\- c) by 360°, to obtain c. The correspond- 
ing value of b would be 616° 35' 36" -2. See note at the end of this chapter, p. 227- 



224 



SPHERICAL TRIGONOMETRY. 



120. When B only is required, we may employ the methods of Arts. 81 and 82, 
which are determinate when the sign of sin B is given ; or when that of either sin a 
or sin c is given, since we may then find that of sin B by inspecting the equations 

. - sin ^ sin 6 sin C' sin 6 

sm B = ; = : 

^ sm a sm c 

121. Case III. Given a, b and A. First Solution ; when the three remaining parts 
B, C, and c are all required. 

We find B by the equation 

. _ sin -4 sin 6 ,^,^, 

sm B = : , (210) 

sm a ^ ^ 

which is determinate when the sign of cos B is given. 
Then, to find C7, we have 

— cos C7 cos -4 + sin C sin.4 cos 6 s=3 cos jS 
sin C7cos A •\- cos (7 sin ^ cos 5 = sin ^5 cos a 

which liave already been employed and adapted for logarithms in Art. 118. If we 
denote the auxiliary by ^, and put C — ^ =s y, we find, from (204), 

A sin ^ ^ cos A {k positive) 

k cos 3 = sin A cos b 

A;siny = cos^ j. (211) 

h cos y ^ sin ^ cos a 

To find c, we have 

cos c cos b 4- sm c sin 6 cos A s= cos a 

sin e cos b — cos c sin b cos A = sin a cos B 

which have already been employed and adapted for logarithms in Art. 113. If we 
denote the auxiliary by <p, and put c — ^ = 0', we find, from (197), 

A; din ^ = sin b cos A (k positive) 

Jc cos ^ cos b 

k sin 0' = sin a cos B [ (212) 

k cos 0' = cos a 

c =0+0' 



Cheeks. We have 



Bin^ 
amy 

sin 



cos^ 
cos J? 

i&nB 



oos^ 
cos^' 


=: 


tan a 
tan 6 


COS 




cos b 



sin 0' tan A 



COS0' 



cos a* 



(218) 



One of which maybe used as a check when either C or c has been alone computed.'* 
When both G and e have been found, the obvious check is 

sin C sin -4 /o-ux 

(214) 



sm c 



sm a 



* The following relations deserve a passing notice : 



sin cos y 
cos 0' sin ^ 



= sin b sin B 



sin 0' cos 3 
cos sin y 



= sin a sin ^ 



tan tan 0' 



= sin* a sin* B = sin* b sin*^ 



tan ^ tan y 

sin 2 sin 2 y ^_ eiu* b 
sin 2 ^ sin 2 0' sin* a 
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Example. 
GiTcn a = 126o 26' 6"-6, b = 188° 32' 0", A = 261® 16' 0", and ooa B negatiya 



By (210), 



a 


126«25' 6"-6 


b 


138«82' 0"-0 


A 


2610 16' 0"-0 


log sin a 


+ 9-9056351 


log sin b 


+ 9-8209788 


log sin A 


— 9-9949862 


log sin B 


— 9-9102789 


B 


234»25'29"-8 



By (£11), log cos b — 9-8746796 

log sin ^ 008 5 =s log A; cos S + 9-8696147 

log cos ^ a= log A sin a ^ 9-1813744 

log tan 3 — 9-3117597 

» 848«24'68"-0 

log 008 a — 9-7735616 

log sin ^ cos a =s log A; cos ^ + 9-6838304 

log 008 B =slogk sin ^ — 9-7647520 

log tan y —0-0809216 

y 8090 41'88"-7 

^+y a=s (7 298® 6'26"-7 

By (212), log sin 6 cos ^ = log A; sin ^ — 9-0023532 

log 008 6 ss log A; cos — 9-8746796 

log tan + 9-1276737 

^ 1870 38'31"-8 

log sin a cos ^ as log A; sin ^' — 9-6703871 

log COS a = log k cos 0' — 9*7735516 

log tan ^' + 9-8968366 

^' 218*>16'28"-6 

^ + ^' =sc 460 53'69"-9 

log sin C —9-9455010 

log sin e + 9-8562006 



log ( -n ) — 

* \sin e J 



0893004 



Chtck. log(^?j5J^^ —0-0893001 
Vsin a / 



In this example, both ^ + ^' *^^^ + <^' exceed 860°, and consequently we haTO to 
aeduct 860® from each of them. We might have avoided this, however, by taking 
y = — 60® 18' 26"-8, 0' = — 1410 44' 31"-4. 

122. Casb m. Given a, b and A. Second Solution ; when C and c are required 
without finding B, 

We have only to eliminate B from the fourth equation of (211) by means of (210), 
ind then (omitting the third equation) determine 3' by its cosine, observing, however 
to take it so that sin y shall have the sign of cos Bf which sign is supposed to be 
^ven. The formulas for finding thus become 
29 
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A sin ^ s=s cos Jl 
k COB d =s sin ^ cos b 
cos ^ Bs cos ^ cot a tan h 
(y < 180® with the sign of cos B) 



(k positiTo) 



(216) 



To find Cf we obserye that sin ^' has the sign of sin a cos B, so that we haye the 
following formoln : 

^ sin =B sin 6 cos ^ (k positive) 

k cos 8s cos b 

cos cos a 



COS^ as 



COS b 



V (216) 



(^' < ISO^* with the sign of sin a cos B) 
« = # + #' 
(7A«eA;. The equation (214). 

128. Casb rv. Giyen A, B and b, Firtt Solution; when the three remaining parts 
a, e and C are all required. 
We find a by the equation 



sin a 



sin ^ sin 5 
sin B 



(217) 



which is determinate when the sign of cos a is given. The remainder of the solutioD 
is by (211) and (212). 

124. Case IV. Given A, B and b. Second Solution; when e and C are required, 
without finding a. 

We easily find, from (211), 

A sin ^ SB cos A (ft positive) 

k cos ^ =8 sin ^ cos b 

sin ^ cos B 



sin^ss 



cos A 



(ft positive) 



(cos y and sin B cos a to have the same sign) 

And from (212), 

ft sin s=s sin b cos A 
ft cos ^ cos 6 
sin 0' ^ sin tan ^ cot j9 

(cos 0' and cos a to have the same sign) 

Cheek. The equation (214) 

125. Case V. Given a, b and c. The formula 

cos a — cos b cos e 



(218) 






(219) 



COS A s=s 



sin 6 sin e 



(220) 



determines A when the sign of sin A is known. If the sign of sin ^ or of sin (? u 
gifen, that of sin A becomes known by the equation 



sin A 
sin a 



sin B 
sin b 



sin O 
sin e 
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The formnlffi (31), (83), (34), may be used, each of which will become determi- 
nate when the sign of either sin A, sin B, or sin C is known. 
126. Case YL Given A, B and C. The formula 

cos ^ 4- cos jS cos O -rtrtt^ 

cos a =s . ' . ^ (221) 

sin ^ sin c7 ^ ' 

determines a when the sign of sin a is given. If Ithe sign of sin h or of sin e ir 
given, that of sin a becomes known by the equation 

sin a sin h ' sin e 



fan. A Bin B sin C 

The formulas (36), (38), (39), may be used, each of which will be determinate 
when the sign of either sin a, sin b, or sin c is known. 

Note upon Gauss's Equations. 

In the unlimited spherical triangle, we may consider any part, as a, to have an 
infinite number of values, viz. a, a '\- 860°, a -(- 720°, &c., expressed generally by 
the formula a -f- 2 n sr, n being any whole number or zero ; and since 

Bin a sss sin (a •{• 2 n r) cos a ss cos (a-^- 2nir) 

all those equations of Chap. I. that involve only sin a and cos a will not be changed 
by the substitution of a -{- 2 n r for a. A similar substitution may be made for 
each of the parts, or for all of them, at the same time, so that there is an infinite 
series of triangles to which these equations are applicable. 

But the substitution of a -(- 360° for a, in Gauss's Equations, (202), will change 
the sign of all of them, since 

sin } (a + 360°) s — sin } a cos i (a+ 360°) = — cos } a 

while the substitution of a -|- 720° for a will not change their sign, since 

sin } (a -f 720°) = sin } a cos Ha + 720°) =s cos i a 

In general, their sign is changed by the substitution of a -{- {4: n '\- 2) ir for a, and 
it is not changed by the substitution of a -{- 4 nir. The same results follow like 
substitutions for each of the parts. It follows that these equations taken only with 
the positive sign, do not include all the triangles of the infinite series above spoken 
of, and that they are complete only when taken with the double sign, and expressed' 
in two distinct groups, as (44) and (45) of Art. 27. 

Inpractieej however , we may take them with the positive sign only; for they will then 
give at least one of the triangles of the series, from which all the others, (and parti- 
cularly that whose parts are less than 360°), may be directly deduced by the appli- 
cation of 360°.* 

This will be illustrated by the example of Art. 119, p. 223 ; we there find 

i{a + c) ^ 68° 23' 3"-3 
} (fl — c) = 193° 12' 32"-9 

or rather, since i (a + should be greater than J (a — c), 

} (a+e) =z 423° 23' 8"-3 
}(« — <;) = 193° 12' 32"-9 

* Gauss (Theoria Motus Corp. Ccfl. Art. 54) recommends the use of the. positive 
sign only, observing that any side or angle may be diminished or increased by 360°, 
as the case may require, but confines himself to the statement of this practical pre* 
iept, without explaining the grounds upon which it rests. 
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whenoe 

a = 6160 85' SB'^-a 

e = 230° m 80"-4 

which is the proper solution of the equations taken with the positiye sign. If now 
we deduct 860® from a, and take, as on p. 223, 

a = 256° 86' 86''-6 
e s 280» m 8(y'4 

we have the solution that would have been obtained by taking the negatiye sign in 
all the equations ; for we now haye 

i(a+e)^ 2480 28' 8"-8 

J (a — c) = 18« 12' 82"-9 

which, differing from the former values by ISO®, must change the sign of all the 
equations. 

I have given some further particulars respecting unlimited spherical triangles, 
and a fuller discussion of Gauss's Equations, in an essay which the reader will find 
in the AstronomicalJoumal, Vol. L, published at Cambridge, Mass. 
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CHAPTER V. 

« 

ABEA OF A SPHEBICAL TRIANGLE. 

127. Gii>en the three angles of a spherical trianglcy to eompute 
the area. 

This problem is solved in geometry, where it is proved that the 
surface of a spherical triangle is measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
18 as many times the area of the tri-rectangular triangle as there are 
right angles in the excess of the sum of the angles over two right angles. 

To express this analytically, let 

r = radius of the sphere 
T » surface of the tri-rectangular triangle 
= \ surface of a sphere = J t r* 

K = area of the triangle ABC 

Also, let the angles A^ B and be expressed in the unit of Art. 11, 
that is, let A^ By denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in the same 

miit is -^, therefore the number of right angles in 2 /9 is 

2 TT 

and we have, according to the above theorem of geometry, 

or K^r'{2S-'jr) (222) 

and if the radius of the sphere is taken » 1 

2r=2iS-T (228) 

128. In a plane triangle the sum of the angles is equal to t, 
and in a spherical triangle the sum exceeds tt by JT; hence this 

quantity, K^ is commonly called the spherical excess. 

u 
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129. OifftH th» tkres sidet, to find the area. 
B/ (228), we haye 



■in } ^ s= Bin (jS— |l) = — eos iSf 



> (224) 



ton i JT 8 _ Got 5 



IB which we hayu only to substitute the values of cos 8, sin 5, and cot 5, given in 
Art 84, to obtain the required solution. We find, [» ss ^ (a -|- 5 4- ^)]> 



* 1 JT \/ [fAn a sin (e — a) sin {e — b) sin (< — c)] 
' 2 cos } a cos } 5 cos } e 

, _ cos a 4- cos 6 + cos c + 1 

COS ^ A S=B -: =-r r 

4 cos ^ a cos J 6 cos ^ e 

cos* } a + cos* } 6 + cos* J e — 1 

2 cos ^ a cos i b cos ^ e 

The numerator of (-226) being denoted by ii, we find. 



(226) 



(226) 



2 fi 



cos e 



(227) 



which is known as De Qua* 9 formula. 

Again, from the formulss of Art 85, since 1 — sin 5 sa 2 sin *\Kt 1 + sin i9 
2cos*tir, we find 



sinJJrs=v'[ 



sin } < sin } (g — a) sin }(* — &) sin } (t — c) 
cos ^ a cos J b cos ) c 



] 



r COS}jCOS^(< — g) C08}(< — ft) cos|(< — c) *! 

eo8}-S^=V^L oosja 008^6 cosje J 

tan } JS:= v' [tan }« tan }(« — <») **° i (*— *) ***^ i («—«)] 

the last of which is known as LhuUlier'e formula. 

130. Oiven two aides and the meluded angle, (or a, h and 0) to find the area. 
We have, from (224), by (71), 

cot } a cot} 6 4* ^^o'' ^ 



(228) 



ootJiTs 



sin 



tan } a ten \bwxiO 
*"*^=14.ton}atanJ6co8C7 



(229) 
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181. If we admit more than three parts of the triangle into the expression of JL, 
we have, by (56) and (67), 



, - _. Bin ^ a Bin ^ 6 . _ 
gin 1 JS: ss i — - — 2— Bin C 

' 008 j^ e 



008 



COB } a COB \ ft-j-Bin }a sin j^ 5 cos C7 
* COB J e 



> (280) 



the quotient of which gives (229). 

182. Since there are always two triangles npon the surface of the sphere which 
have the same three sides, (Art. 110), the angles not being limited to values less than 
180^ the formulfld (225), (226j, (227) should give the areas of both of them, and 
their sum should be equal to the surface of the sphere = 4 7. In fact, by (226), 
Bin \ K may be either positive or negative, while by (226) the cosine is fully deter- 
mined, so that these formulas give two values of J JT whose sum is 2 tt, and therefore 
two values of IT, whose sum is 4 «■. 

It follows that (225) alone is not sufficiently determinate when the triangle is un- 
limited, since it gives four solutions. The most convenient formula is therefore 
(228), for we must always have } IT < sr, and the double sign of the radical givei 

the two values of \ f , one less mad the other greater than -j. 
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CHAPTER VL 

DIFFERENCES AND DIFFERENTIALS OF SPHERICAL TRIANGLES. 

133. Two parts of a spherical triangle being constant, and a third 
receiving an increment, it is required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
(PI. Trig. Chap. XII.), this will be efiFected by a comparison of two 
triangles having two parts in common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite differences^ and 
give them the positive sign, (PI. Trig. Art. 187). 

134. Case I. A and c constant. The parts of 
ABCf Fig. 22, being A^ c, B, (7, a, 6, those of the 
derived triangle ABC are A^c^ B + A-B, 0+ A(7, 
a + Aa, b + Ab; and the parts of the differential 
triangle BOO' are a,a+ Aa, a6, 180° --0,0+aO 
and aB. We have, then, in BOO', by (3), 

sin Ab __ sin {a + Aa) ^ sin a 
sin A^ sin (7 sin((7+ A(7) 

Also, in B00\ by (40), we have 

sin i (180° ^0+0+^0) tan ^ Ab 

sin J (180° - (7- (7 - A(7) "" tan J (a + Aa - a) 

whence 

tan I Aa _ cos((7+^A(7) /232\ 

taniAft cosJa(7 

By (41) we find in a similar manner. 




(281) 



tan 



i^- = _ tap (« + i M /288) 



By (42), 



sin J AC sin(Cf+iAC) 



sin J Aa _ sin (a + j Aa) ^234^ 

t&n^AB ~ tan (CTiAO) ^ 
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By (43), 

tan J A(7 cos {a + j Aa) (28S\ 

By combining (232) and (233), 

tan J Aa tan (« + J Act) /236^ 

tanjAa"'""tan((7+iA(7) ^ ^ 

As these formulae involve the increments in the second members, 
they are to be computed by successive approximations. (See 
PL Trig. Art. 201). 

135. Case II. A and a constant. The given 
triangle being ABO, Fig. 23, the parts of the 
derived triangle A' BO are -4, a, -B + A J8, 6 + aJ, 
(7+ A(7, c + Ac. Although the figure appears to * 
show that the angle B is diminished, it is still proper ^ 
to represent the angle A'B hj B + AS, to preserve uniformity 
in the algebraic signs of the increments ; the essential signs being 
given by the equations of differences themselves. Hence we put 
the angle AB A' = ABO - A'B 0=- B - {B + aB) := - aB. 
Joining A A* we have mBAA* and OAA!^ by (43), 

cos (c + J Ac) : cos J A(? = — cot \ £J3 : tan J {A'AB + AA'B) 
cos (6 + i A6) : cos J a6 = cot J A(7 : tan J {A'AO+AA'O) 

but since A is constant, or B A = B A' O^ytQ find that the fourth 
terms of these proportions are equal ; whence 

tan^AJg ^ _ cos (6 + | a6) cos \ Ac .^otn 

tan J A(7 ™ cos (c + J Ac) cos J aJ ^ ' 

In the polar triangle of AB Oy the constants are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 



tan \ Aft _ cos {B + \ tJB) cos \ A(7 
tan J Ac ™ cos ((7+ J~A(7)~co8~}"a5 



(238) 



In ii jB (7 and A'B we have 



sin a sin £ =» sin J. sin ft 

sin a sin (5 + A-B) =» sin A sin (ft + Aft) 
80 u2 
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the difference and sum of which give 

sin a cos {B + \ t^B) sin J a5 = sin A cos (J + J a6) sin J Lh 
sin a sin (J? + i AjB) cos J a5 = sin -4. sin (6 + J a5) cos J aJ 

from which, by division, we find 

tan ^ Aft tan (6 + J a5) 



tan J A J8 tan (-B + J A^) 

and in the same manner 

tan J Ac _ tan {c + \ A(?) 
.tairj~A^ ^ tan ((7+ J A(7) 

The product of (287) and (239) gives 

sin J A5 _ sin (6 + J a6) cos J A(? 



(239) 



(240) 



tan } A(7 



cos (<? + i A(?) tan (-B + J AjB) 



(241) 



whence also* 



sin I Ag 
tan \ClB 



sin (tf + J A(?) cos 1^ a6 
cos (6 + J a6) tan (C^ + J a6^) 



(242) 



Fig. 24. 




136. Case III. 6 and c constant. The given 

(J, triangle being ABC^ Fig. 24, the parts of the 

derived triangle ABC are 6, c, a + Aa, B + a5, 

(7+ aO; A + aA. Joining (7<7'wehaveinjB (7(7', 

by (42), 

sin (a + J Aa) : sin J Aa = cot J A-B: tan J(5CC"- PC'C) 

But observing that AC = AC, AOQ' = A CO, we have 

Bcc=' Aqc- a 

B CO =ACO+ 0+ ^0 
i (B OC- B CO) = - ((7+ J A(7) 

and the above proportion gives, therefore, 



sin J Aa sin (a + | Aa) 



tan ^ aP 



cot(C + jA(7) 



(248) 



* The equations (289), (240), (241), and (242), oontun each two factors less tbta. 
the ootresponding etjuatioiu giTon by OagnoU. 
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In the same manner we should find 



(244) 



(245) 



sin J Aa _ sin {a + ^ Aa). 
tan J Aa " cot(-B + iA£) 

The quotient of (243) and (244) gives 

tan i aB tan (jB + | ^B) 
tan J A{7 '^ tan {0 + J A(7) 

In -IJB a and -1 5 (7', by (4), we have 

cos a = cos b cos c + sinb sin c cos ^ 
cos (a + Aa) = cos 6 cos (? + sin 6 sin (? cos {A + A-4.) 

the difference of which gives 

sin J Aa _ sin b sin (? sin {A + ^ A^) /o^fix 

sin J Ail sin (a + J Aa) ^ ^ 

The quotient of (243) divided by (246) gives 

sin i AA sin* (a + J Aa) tan {0 + ^ A(7) /qA*T\ 

tan J AjB "" sin b sin c sin (-4. + J A-4.) ^ ^ 



and from (244) and (246), in the same manner, 

fidn£A A ^ _ Bin>(fl -h j Aa) tan (P + i^ aJ?) 
tan ^ A(7 sin ( sin p sin (A + ^ A^) 



(248) 



187. Case IV. B and constant. The equations of the pre- 
ceding case (243 to 248), applied to the polar triangle, give 



sin J A-4. __ sin {A + j A^) 
tan J a6 "" cot (t? + J Ac) 

sin I A^ sin (^ + J A J.) 
tan J Ac cot (6 + J a6) 

tan ^ a6 __ tan (6 + J a6) 
tan J Ac "" tan (c + J Ac) 

sin I AA sin JB sin (7 sin (a + ^ Aa) 
sin J Aa sin (J. + J Ail) 



(249) 



(260) 



(251) 



(262) 
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sin J Aa sin* {A + ^ aJ.) tan {c + i Ac) 
tan ^ a5 sin JS sin sin (a + ^ Aa) 

sinjAA _ sin* {A + j aA) tan {b + ^ a6) 
tan J A<? "" sin B sin (7 sin (a + J Aa) 



Finite Differences of Spherical Right Triangles. 



(253) 



(254) 



138. All the preceding equations are, of course, applicable to 
right triangles, or to quadrantal triangles, and in some cases they 
assume simpler forms. Thus in Case I.,, if the variable = 90^, 
(231) and (232) become 

sin a6 = sin (a + Aa) sin aB 
tan J Aa == — tan J a6 tan J a(7 

and similar modifications take place in other cases. 

139. When one of the constants is 90°, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as to involve the same variables in both members^ which is 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it will be un- 
necessary to repeat it in every case. A single example will suffice 
to explain it. 

Let (= 90°) and b be the constants ; to find the relation of Ac 
and A B^ we have between the two variables and the constant by the 
equations 

sin J3 = sin 5 cosec e 
sin {B + a5) = sin b cosec {c + Ac) 

the difference and sum of which, by PL Trig. (105), (106), (131), 
and (132), are 

ft /T> . •. T%N . ^ -rv 2sin6cos(c + iAc)siniAc 

2cos(5 + jA5)sinjAB = - . \ / . x 

Bincsin(c + Ac) 

ft • /T> . 1 -ox ^ -r. 2sin6sin(c + iAc)cosiAc 

2sin 5 + JA5 cosiA5= \ ; ^ ^ 

sm c sm [c + Acj 



* Cagnoli gives these equations reduced so as to inTolve the same yariables in 
Doth members ; but in almost every instance his formulsd inyolve two factors more 
tlian are necessary, and are far less simple and oonvenient than those here given. 
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and the quotient of these is 

tan i aB 



tan ^ A^ 



tan(J5 + J A^) tan(c + jAc) 

which gives the first equation of the following article. This process 
always eliminates the constant, and is applicable in every case. 

When the equation to be difierenced involves cosines, we employ 
PI. Trig. (107) and (108) ; if tangents, (115) and (116) ; if cotan- 
gents, (122); if secants, (129) and (130). The results are as 
follows : 



140. Case L (7 = 90® and b constant. 



tan^A c 


tan({? +JA<?) 
tan(5+jA-B) 


tan|A c 
.tan^Aa 


cot((?+jAc) 


tan Ja5 ~ ~ 


^cot(a+jAa) 


sin A a 


sin(2a+ Aa) 
8in(2.4+A^) 


tan^ A a 
sinA^ ~ 


tan(a +|Aa) 


8inA-4. "" 


"sin(2J5+A5) 


sinA(? 


8in(2<?+Ac) 
cot{A+iAA) 


tanjA-4 
tan Ja5 "" " 


tan(^ +iAA) 


tan^A/1 


~ cot {B+IaB) 


141. Case II. = 90° and c constant. 




smA^ 


8in(2^+A^) 
"Bin(2J5+A£) 


tan|Aa 
tan^A6 ~" 


cot(a+jAa) 


sinAjB 


cot(6+jA6) 


tan^Aa 


tan(a+jAa) 
tan(J.+jA-4) 


tan^A b 
tan JA-B "" 


tan(J+jA6) 


tan^AJ. "" 


tan(jB+iA5) 


sinAd 


sin(2a+Aa) 
■cot(5+jA5) 


sin A 6 

tan Ja J. 


sin(2J+A6) 


tanjAB "" ' 


"cot(J.+jA-^l) 


142. Case III. = 90° 


and A constant. 




tan|A e 


tan((?+jAc) 
tan(a+jAa) 


sin A a 
tan|A b 


sin (2 a +A a) 


tanjAa "" 


tan(6+jA6) 


tan|A c 


cot((?+jA<?) 
sin (25+ A^) 


tan|A b 
tan Ja5 ■" 


cot(6+jA6) 


sinA^ ~ 


cot(5+iA5) 


Bin Ac 


sin(2(? +A(?) 
sin(26+A6) 


tan Ja a __ 
tan JaJB "" 


cot(a+jAa) 


sin A 6 ~ 


tan(5+|A5) 



261) 



262) 



263) 



143. If a constant side is 90", the equations of finite differences 
for the triangle may be obtained by applying the preceding equations 
to the polar triangle. 



255) 



256) 



257) 



258) 



259) 



260) 
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Differential Variations of Spherical Oblique Triangles. 

144. To obtain the differential variations, we have only to make 
the increments infinitely small in the equations of finite differences, 
observing the principles of PL Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in PI. Trig. Art. 192. 
For example, A and o being constant, to find the relation o{ d a 
and dBj we have 

sin Asinc = sin a sin 
the differential of which is 

= sinadsin 0+ sin Od&ma 

= sin a cos CdQ + cos a^mOda 

da, tan a 

dO tan O 

and to find the relation o{ da and d 6, we have 

cos a = cos 6 cos c + sinb sin c cos A 

— sin a da = — sinbcoscdb + cos b sin coos A db 
da sin 5 cos c — cos b sin o cos A 



or by (7), 



db sin a 



da /y 

— s= cos G 

db 



results which agree with those found from (236) and (232), by making 
Aa, a6 and A(7 infinitely small. By either method, then, the fol- 
lowing equations may be readily verified. 



1 45. Case I. 


A and c constant. 




d a 


tan a 
~" tan 


d b sin a 


dO^ 


dB" smO 


d a 
db" 


cos 


d b tan a 
dO sin (7 


d a 


sin a 


dO 


dB'^ 


tan (7 


v,^ = _cosa 



(264) 
(265) 
(266) 
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146. Case II. A and a constant. 

dB cos b d h cos J? 



d C GQA e d c 

d h tan h d c 

TE"^ tanS To 

d h sin i d c 



cos 


C 


tan 


c 


tan 


a 




sine 



d cos c tan B dB cos b tan Q 

147. Case III. h and e constant. 



(267) 



(268) 



(269) 



d (I y^ d CL 

T-g = — sin a tan Q -j-q = — sin a tan B (270) 

dB tan5 da . , . ^^ «,^^v 

TC^ U^ dA= «^J«nC (271) 

dA^ Bin A ^ -^ _ sin -4 

di?""" sin 5 cos (7 J^ sbCcos'S (^'^) 

148. Case IV. -B and constant. 

dA d A 

j-T = sin A tan c t — = sin A tan J (273) 

{Z b tan 6 dA . ^ . ,^^ . 

5-^= i^i^ Tl= sin 5 sine (274) 

da sin a da sin a 

d b sin b cos <? d c sin c? cos 6 V ' / 

Differential Variations of Spherical Right Triangles. 

The preceding may also be used for right triangles ; but it 
may be desirable to have the same variables in both members, as in 
the following formulae derived from those of Arts. 140, 141, and 
142: 



149. Case I. (7 = 90° and b constant. 

d c tan e d c cot c 



dB""' 


tan B 


d a cot a 


d a 


sin 2 a 


da 2 tan a 


dA" 


sin 2 A 


dB sin 2 .B 


d c 


sin 2 c 


d A tan A 


dA "" 


2cot^ 


d B cot 5 



(276^ 
(277) 



(278^ 



f 
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160. Cask II. C = 90° and c constant. 

d A An 2 A da cot a 

d~B "^ "" sin 2B 'dTb "" "" cot 6 

d a tan a d h tan h 



sin2£ 


tan a 


tan A 


sin 2 a 



d A tan A d B tan B 

da sin 2 a d b sin 2 6 

TB '^ "~ 2 cot jB JA^'^YootA 

151. Case III. C = 90° and A constant. 

d c tan c da sin 2 a 



(279) 



(280) 



(281) 



d a 


tana 


dJ "" 


2 tan b 


d c 


2 cot c 


(25 


cot J 


dB" 


sin 2B 


dB ~ 


cot 5 


d c 


sin 2 {; 


(2 a 


cot a 



db sin 2 ( (2 £ tan £ 



(282) 



(283) 



(284) 



162. The difiFerential variations are often employed for approxi- 
mate results, instead of the equations of finite diflFerences, when the 
» increments are very small. The remarks of PL Trig. Art. 203, 
apply here also, but it is not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed 
in the same unit. 

BlFPEBENTIAL YaBIATIONS OF SPHERICAL TbIANQLES WHEN ALL THE PABT8 ABE 

Vabiable. 
168. Let the equation 

cos a = cos b cos c-\- ^mh sin e cos A 
be differentiated, all tlie parts being variable ; we find 

dm ada =z (sin h cos c — cos b sin e cos A)db 
-|- (sin e cos b — cos c sin b cos A) de * 
4- sin b sin e sin A dA 

Dividing by sin a, this becomes, by (7) and (3), 

da =s cos Cdb •{- cos Bdc-\- sin b sin CdA (285) 

and in the same manner from the 2d and 3d equations of (4) we find 

db = cos Adc -{- cos C da-{- Bin c Bin AdB (286) 

dc =s cos B da-{- cos A db •\- Bin aBm BdG (287) 

From these three equations, any three of the six differentials da^ db, dc, dAj 
dB^dO^ being given, the other three may be determined by the usual processes of 
elimination. 

If any one of the parts be supposed constant, its differential will become zero, 
and these equations will assume simpler forms. If two of the parts be supposed 
constant, we can easily deduce all the equations of Arts. 145, 146, 147 and 148. 
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CHAPTER VIL 

APPROXIMATE SOLUTION OP SPHERICAL TRIANGLES IN CERTAIN 

CASES. 

154. Whsn some of the parts of the triangle are small, or nearly 90®, or nearly 
180°, approximate solutions may be employed with advantage. These are generally 
found by means of series. 

155. In a spherical right triangle (the right angle being (7), given A and c, to find b 
We have 

tan b ^ cos A tan e (288) 

which is of the form in PL Trig. (493), and may therefore be developed by (495) 
and (496) by putting x ss b, t/ sss e, p = cos A^ whence 

p—l 1 — cos^ *«1J 

q =s , ., := — .— i -: = — tan* * A 

and (495) and (496) become, [taking n = in (495), and n = I in (496)], 

b ss <; — tan*^^ sin2<;4- } tan* } ^ sin 4 c ~ &c. (289) 

b =jr— c + cot* } ^ sin 2 c — } cot* J u4 sin 4 c + &c. (290) 

If ^ is small, cos A is nearly equal to unity, and b exceeds c by a small quantity 
which is approximately found by one or more terms of the series (289). 

If A is nearly 180°, or cos -4 nearly = — 1, 6 exceeds t — c by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see PI. Trig. Art. 255. 

156. Although these solutions are termed approximate^ it must not be inferred that 
they are Um accurate in practice than the direct solution of (288) by the tables ; for 
the logarithmic tables are themselves only approximate, and the neglect of the 
higher powers in such series as (289) and (290) may involve a less theoretical error 
than the similar neglect of the higher powers in the series by which the tables are 
computed. In the examples of PI. Trig. Art. 255, the thousandths of a second were 
found with accuracy, which could not have been effected by a direct solution with 
less than eight decimal places in the logarithms. 

These considerations lead to the frequent employment of approximate solutions 
in astronomy. 

157. If A and b are given, to find e, we have 

tan c = sec A tan b 
which is reduced to PI. Trig. (493), by putting a; = c, ^ ^ 5, ^ = sec .4, 

sec -4 — 1 1 — cos u4 ^ , , . 

q = 3— i— ^ = T-i 7 = tail h^ 

sec -4 + 1 1 + cos -4 ^ 

and the series will be 

c = 6 4- tan' J u4 sin 2 6 + } tan* J ^ sin 4 6 + &c. (291) 

c = jr— 6 — cot* } -4 sin 2 6 — } cot* J ^ sin 4 6 — &c. (292) 

81 V 



242 
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168. Similar sotntions apply to tlie equations of right triangles, 

tan a =s sin b tan A 

cot B =s cos e tan A 

the last being solved under the form 

tan (90° — jB) = cos c tan A 

We may also compute, in the same manner, the auxiliaries ^ and 3 in (122) and 
(184), so frequently employed in the solutions of oblique triangles. 

169. In a right spherical triangle^ given e and A, to find a, when A is nearly 90°. 
We have 

sin a =3 sin A sin c (293) 

from which we deduce 

tan J (c — fl) = tan« (46° — i A) tan i {e + a) (294) 

Prom this we may find e — a, which is supposed very small, by successive approxi- 
mations. For a first approximation, let a = ein the second member, and find thence 
the value of e — a and of a; for a second approximation substitute in the second 
member the value of a just found ; and so on untU two successive values agree as 
^nearly as may be desired. 

EZAMPLI. 

'Given A = 89°, c = 87° ; find a. 

Here 46° — J ^ = 0° 30', and for the first approximation J (c + a) = 87°. 

log tail} (c+ a) 1-28060 

log tan« (45° — M) 6-88172 

ar CO log sin 1" 6-31443 

.^ (c — a) = 299"-74 log i (e — a) 2-47675 

a = 87° — 9' 69"-48 = 86° 50' 0"-52 



log 



log tan i {c -{- a) 
tan* (45° -^ j A) 
sin 1" 
log i (c — a) 
} (c — a) 
'C — a 
a 



2d Approx. 



86° 55' 0" 
1-26868 

1-19615 

2-46483 
291 "-63 
9' 43" -26 
86° 60' 16"-74 



8d Approx. 



86° 65' 8" 
1-26899 

1-19615 



2-46514 
291"-83 
9' 43"-66 
86° 50' 16"-34 



4th Approx. 

86° 55' 8"-17 
1-26900 

1-19616 . 



2-46515 
291"-84 
9' 43"-68 
86° 60' 16"-32 



The direct solution of (293) gives a = 86° 50' 16", but cannot give the fractions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of its particular utility, as for the purpose 
of introducing the method of approximation to which it leads, and which is often 
employed. 

The process here explained may obviously be applied to any equation -jf the form 



sin z =3 m sin y 



when m is nearly equal to unity. 
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160. In a spherical oblique triangle, ginen two sides and the mduded antfU, to find ths 
piker angles and side by series. 

If a, 6 and C are the data, to find e, we have 

cos e s= cos a cos b -f- sin a sin 5 oos C 
Substituting half arcs, 

sin* J c = sin* J a cos* } 6 + cos* } a sin* J 6 ' 

— 2 sin } a cos ^ b cos } a sin } 5 cos C 

which is of the form PI. Trig. (507), and may be developed by (608) by substituting 
sin } e for e, sin } a cos J b for a, and cos } a sin } b for b ; so that (608) becomes 

log8mJc=logco8i<.sm}6-*[^i|co8C+(^i|)'-5^4. &o.] (296) 

To find A and B, we have, 

UnH^ + J)° '""'i!"TtN otig 
' ^ '^ COS i (a + 6) 

tan } (^ — ^) = ^•°t/''"^ M cot } C 
* ^ ' sm J (a + d) * 

wbence 

n 1 / -i I w\n /cot}« — tan*6\ ^ ., _ 

ton [} ,- } (^ + 5)] = (^^l^-p^) tan J C 

ri , X* T.V-. /tan i a4- tan^fiX . , ^ 

*^»«— H^-^)3=( t^;,It3„|J tan}(7 

Comparing these equations with PI. Trig. (493), and developing by (495), n = 0, 

f 

1 1 / ^ I i>v 1 ^Y tan}6 . ^ , /tan J 6\* Bin 2 (7 . ,^^^^ 

1 , r ^ «. , ^ . tan i 6 . ^ . /tan \ 6\* sin 2 (7 . . ^^«-» 

},_j(4_5)=}(7+^8inO+(^) -^ + &c. (297) 

If we develop by (496), we find 

1 1 / ^ I r,v ,^1 /cotJaX . _ /cot } a\* sin 2 (7 , . „^_ 

\ —J (^+ i») K+ (j;4j ) Bin <7- ( — J j) ^- + &c. (298) 

1 1/^ T>x 1 ^ /taniaX . _ /tan*a\* sin 2 (7 . ^«««^ 

J,_J(^_5) j<7-(-*j)8u.(7-(^-|3-) -^ &«. (299) 

from which a selection will be made in any particular case, according to the con- 
vergency of the series. The terms of the series are in arc, and must be reduced to 
seconds, by dividing by sin 1". 

This solution may be applied to the case where two angles and the included side 
are the data, by means of the polar triangle. 

161. To express the area of a spherical triangle in series. 

Companug (229) with PL Trig. (500), and developing by (602), we find 

iK=taxiiaiajxibaii (7-— } tan* j^ a tan*} 6 sin 2^7+ &o. (800) 
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162 Legendbb's Theobem. If the sides of a spherical triangle are very small com' 
pared toith the radius of the sphere, and a plane triangle be formed whose sides are equal 
to thosi of the tpherical triangle, then each angle of the plane triangle is equal to the corre^ 
spondtng angle of the spherical triangle minus one-third of the spherical exicess. 

Let a, b and c be the sides of the spherical triangle expressed in arc, the radios 
of the sphere being unity ; and let A', JS* and C be the angles of the plane triangle 
whose sides are a, b and e. Then we haye, in the spherical triangle, 

. cos a — cos b cos e 

cos A s= . . . 

sin 6 sin c 

Substitute in the second member of this, the values of cos a, &e., in series, by 
PI. Trig. (406) and (406), neglecting only powers above the fourth, viz. 

cos fl = 1 — J a* + y I «* 

cos 5 = 1 — i &• + jJij 6* sin 6 = 6 — i 6" 

cos c = 1 — J c« 4- jij (.• sin c = c — J c* 

we find 

008 A = i (y+ e'-g') + ,V (a'- i' -e'- 6 i' .i*) 

6e[l-i(6'+c*)] 

Multiplying the numerator and denominator by 1 + J (6* + c?), and neglecting 
terms of a higher order than the fourth, as before, we have 

^^^^= 2bc +-^^^-^ 24T^ 

which, by PI. Trig. (225) and (239), becomes 

cos A ss COB A' — ibe sin* A' 
Let A sss A* -]- X, then since x is small, we may put cos a; = 1, so that, by 
PI. Trig. (38), 

cos A as: COS A' X SlU A' 

whence 

X =s ib c^A 

But J 6 c sin ^4 = area of the plane triangle ^ very nearly area of the spherical 
triangle is K, whence 

x=^iK A'=:A — iK 

The same reasoning applies to each of the other angles, so that 

which proves the theorem. 

163. This theorem is applied in geodetical surveying, and is found to be suffi- 
ciently accurate for triangles whose sides are considerably greater than 1°. It is to 
be remembered that the sides are to be expressed in arc ; and if they are given in 
feet (for example), they must be reduced to arc by dividing by the radius in feet, 
or, which is equivalent, the area must be divided by the square of this radius. If 
then r :^ radius of the earth in units of any kind, a, b and c the sides of the tri- 
angle in units of the same kind, and k the area of the plane triangle, we shall have 
K in seconds, by the equation 

k 



K = 



r» sin 1" 



Example. 

In a triangle upon the earth's surface, given 5 = 183496-2 feet, c ^ 156122 •! feet, 
and A ^ 48® 4' 32''-35; to find the remaining parts. 
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Vie hiive k = \ b c sin A, and the mean yalue of r = 20888780 feet. Hence 

log 6 6-26363 

log e 5-19346 

log sin .1 9-87159 

•r CO log 2 f* Bin 1" 0-87366 

K s= 6"-04 log K 0-70224 

It is eyident that great accuracy in the yalne of r and of the other data is not 
required in computing K. We now have J JT = l"-68, -4'^= 48<» 4' 30"-67, and by 
Bolying the plane triangle with the data A\ b and e, we find 

a = 1405800 feet B* := 76« 12' 22"-19 C «= 55« 43' 7"13 

Adding ^ Kto each of these angles, the angles of the spherical triangle are 
B =3 76° 12' 23"-87 C == 55° 48' 8"-81. 

For further details respecting geodetical triangles, and for the methods of solving 
0pheroidal triangles, special works upon geodesy must be consulted, such as 
Legendre's Analyte det Triangles trcLcia sur la turfaee dCune tphSroide; Puissant's IVaiti 
de Oiodine ; Puissant's Nouvel usai de trigononUtrie sphiroidique ; Fischer's Lehrbueh 
der koheren Oeoddsie; various papers by Gauss, Bessel, &c. 

164. To solve a tpherieal triangle when two of its sides are nearly 90°. 

If a and h are nearly 90°, e and C are nearly equal, and it will be expedient to 
compute the small quantity C — e by an approximate method. We have, by (25), 

sin* } e rs 8in« } (a + 6} sin* } C+ sin* } (a — 6) cos* } C 
and by PI. Trig. 

sin*} C= [sin* } (a + 6) + cos* } (« + *)] sin* } C 
the difference of which equations is 
sin i (C+ c) sin } (C— c) = cos* }(«+*) 8"^* } C— sin*} (a — 6)cos*} C 

Let 

a' = 90° — a 6' = 90° — i 

a' ajid V being very small : also, since C and e are nearly equal, put 

J(<7+c) = C 
then the above equation becomes 

mnCsin}(6^— c) » sin* } (a' + 6') sin* } C — sin* } {«' — 6') cos* } (7 

Dividing by sin C = 2 sin } C cos } C, and substituting the arcs } (C — c), 
J (a* + b% \ (a' — 6'), for their sines, we find 

(7 - c = sin 1" [ (^^^y tan } C - (^-^^ cot } c] (801) 

which is the required approximate formula for the case when a', b' and C are given 
to find e. 

If a', b* and c are given, to findC, we may exchange C7 for c in the second member, 
whence 



▼2 
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CHAPTER Vin. 



MISOELLANEOUS PROBLEMS OF SPHERICAL TRiaONOMETRT. 



165. In a given gpherical triangle, to find the perpendicular Jrom one of the anglet tg^m 
the opposite eide, 

ng. 26. Denoting the perpendioolar upon the side c (Fig. 25) 

by p, we have 

sin^ sss sin 6 sin ^ (808j 

If the three sides or the three angles are giren, ire 
find by (48), or (61), and (808), 

2n 2ir 




sin p 



(804) 



sin e sin C7 
in whioh n and N are given by (47) and (50). 

If we admit more than three parts of the triangle into the expression of p^ we 
have, by (55), (56), and (308), 

2 sin } -4 sin * i? . 2 cos ^ a cos A 6 „ .^^-^ 

vmp =B ^^^ X n — sin » =s J_ ^ ^ ^ cos S (806) 



cos } G 



sin }c 



166. To find the radiue of the circle described about a given spherical triangle. 



Kg. 26. 




The radius here understood is the arc OA = OB ss 
O C, Fig. 26, drawn from the pole of the small circle 
ABC to either of the angles. Let 

OAB=: OBA=zx 
then C^ OCA+ OCB= OAC+ OBO 

— A^x + B — x 

a; = } (^ + 5 — C) = 5^— a 

putting S=zi (A + B+C). 
The triangle A OB being isosceles, the perpei-lioular 



P bisects the side e, therefore if ^ ss i^, we have 



or, by (70), 



„ tail ^ e tan ^ e 
tan R =: 1- » ^ 

cos Z 008 {S C) 

2 sin } a sin ^ & sin } 



taniS 



n 



(806) 



(8071 



By applying the principles of Art. 87, this will give the corresponding formulas ol 
PL Trig. (285). 
167. From (69) and (70) we find 

cos (S — C) sss — cos 5 cot } a cot } b 

by which (806) is reduced to 

_ tan i a tan h-b tan i e ,mn^ 

tan J2 =s ^ 2-5 i- . ' Wfi 

— cos iS 
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Also, by the last equation of (56), (306) becomes 

sin i c 



tan B = 



cos J a cos ^ 6 sin (7 
168. Snbstitnting in (306) for tan j^ c by (39), 

cos iS 



(809} 



/ — cos iS \ 

tan ^ = V' V^eos (S-^A) ooa (iSf— £) cos (5— c) 



or, by (60), 



taniZ = 



— cos 8 



N 



(310) 



169. Let the sides of the triangle ABC, Fig. 27, be pro- 
duced to meet in A\ B", and C ; and denote the radii of 
the circles circumscribed about A' B C, B'A C^ C'A B by 
R, R", R'" respectively. Then if 2 S' denote the sum of 
the angles of A' B C^ {A, B and C being the angles of 
ABC), 

2S'^2ir^B-^C+A 

S'—A'^zir — i(A + 5+C7) = T — 5 
10 that (806) applied to A' BC gives 

tan } a tan } a 



Fig. 27. 




tank's 



and in like manner 



tan JS^'s 



tan R^" = 



cos {S' — A') — cos S 



tan } b 



— cos S 
tan } e 



— cos S 



(811) 



Sabstitating for tan } a, &c., by (39), or for cos Shy (69), 



taniZ' 

tan 22" 

tan R" 



cos 


{S- 


■^) 




iV 




COS 


(S- 


-B) 




jf 




COS 


(S- 


■C) 



2 sin } a cos } b cos } e 



2 cos } a sin } 5 cos i e 



2 cos i a cos } 6 sin } e 



iV 



(812) 



170. Combining (810) with (312), we find the relation 

cot R cot R cot R" cot iZ'" = N* (818) 

If this be multiplied successively by the squares of (310) and (812), we obtain 

tan R cot R' cot R" cot R" s= cos* S 
cot i2 tan R cot iZ" cot R" = cos* (iS^ — A) 
cot 22 cot iZ' tan 22" cot 22'" a= cos* (S — JB) 
cot 22 cot 22' cot 22" tan 22"' = cos* (S-^C) 



(814) 



i248 



SPHERICAL TRIGONOMETRY. 



171. Again, from (810) and (812) we find 

— tan 5 + tan R + tan R" + tan R" 
_ cos 8 + cos {S — A)+ cos (S^B)+ cos {S ^ C) 

_ 2 cos }^ cos } (^+ (7)+ 2cos ^A cos \{B — C) 

N 
irhence 

~tani2+ tani?'+ tani2"+ taniT" = ^ cos } ^ cos } jg cos } (7 

N 
We shall find in a similar manner 

tan 5 - tan iZ' + tan 22" + tan R" ^ ^ cos M B^n iBsmjO 

N 

t<m je + tim JJ' + tan fi-' - tan iJ'" = l?^fSiil^^Bl££2?±? 

N 



(816) 



It is also easily shown that 
tan* R + tan* R + tan* R' + tan* 5'" r= 



(816) 



2-4-2 cos A cos B cos C7 



i\^ 



- (817) 



172. To find the radius of the circle ineeribed in a given spherical triangle. 



ng. 28. 




In Fig. 28, being the pole of the required circle^ 
draw OP'fOP" and OP" to the points of contact, and join 
OA, OB, We have 0P"= F" and the triangles 
, -4 OP" and u4 OP"' right-angled at P" and P"; hence 



sin OAF' ^ 



sin OF' sin OF" 



= sin 0-4 P" 



1^ sin ^ sin A 

therefore A F' =s. A F", (for we cannot have 

OAF'sssv — OA F"), and the pole of the inscribed circle is consequently found 

by the same construction as inplano^ namely, by bisecting the angles of the triangle. 

If then we put « = ^ (a -4- 6 + ^)) ^^^ ^ = radius of the inscribed circle, we 

have 

AF" -\. BF + OF =^AF"+a^9, AF"z=,S'-'a 

and the right triangle A F" gives 

tan r = sin (« — a) tan } .4 (818) 

corresponding with the formula of PI. Trig. (288). 
Substituting, in (818), the value of tan } A, 

sin {s — a) sin {s — b) sin (» — c)' 
Bint 



tan r 



-jc 



') 



or 



tan r 



sin « 



Substituting, in (818), the value of sin (s — a) given by (68), 

tan r = ■= = — 3 =— = ?— = 

2 cos J ^ cos } ^ cos } O 

Also, by (51), we have JV = } sin ^ sin O sin a, which reduces (820) to 

sin A^ ^ sin ^ O . 

tan r =s 1— r= — sin a 

cos } A 



(819) 



(820) 



(821) 
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173 Let the radii of the circles inscribed in the three triangles A'BC^ BAC^ 

CAB of Fig. 27, be /, r" and r"'. Then if s' denote the half sum of the sides of 

A'BC, we hav^ 

2«' = 2»' — ft — c+a 

80 that (818) applied to the three triangles, gives 

tan r' := sin < tan } A 
tan r" ^ sin t tan ^ B 
tan r"' := sin « tan J C 

Snbstitating in these the values of tan } A, &c., or of sin «, 



tan r' = - 



n 



N 



sin (« — a) 2 cos } ^ sin } J5 sin } (7 

sin (« — 6) 2 sin ^ ui cos ]^ Bsm^ O 

tan r"' =» '^ ^ r??^ 

sin (< — c) 2 sin } ^ sin } ^ COS } (7 



Also, by (821), 



. cos ^ ^ cos } (7 . 

tanr* s= — 2 — _-__£ — am a 
cos ^ A 

tan r" = 22li^^4^Lii. Bin 6 

COS ^ ^ 

J. ^// <508 } ^ COS } -B . 

tan r"' = = — r-pr — 8"°^ « 

cos i C 



174. The product of (819) and (328) gives 



n' 



tan r tan / tan r" tan r'" == -r ss n* 



n* 



whence, as in Art. 170, 



cot r tan r' tan r" tan r"' ^ sin* « 
tan r cot / tan r" tan r"' =s sin* (< — a) 
tan r tan r' cot r" tan r"' = sin* (« — ft) 
tan r tan / tan r" cot r"' = sin* (« — e) 

176. We find from (319) and (328), as in Art. 171, 

^ „, 4 sin i- a sin ^ 6 sin ^ c 
— cot r + cot / + cot v" + cot r"' = i 2 1-. 



cot 



cot 



cot 



.„ 4 flin A a cos } b cos i e 
r — cot r' + cot r"+ cot r"* = ^ ? ^ 

„ . ,„ 4 cos A a sin } 5 cos } e 
r 4- cot / — cot r" + cot r"' s ^ i ^ 

. «. 4 cos } a cos A & sin } e 
r + cot r* + cot r" — cot r"' a ^ ^ ^ 



cot* r + cot* r' + cot* r" + cot* r"' =s 



2 — 2 cos a cos h cos e 



1 



(322) 



> (828) 



y 
^ 



I (824) 



(826) 



(826) 



n" 



(82V) 



82 
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176. From (809) and (321), we find 

tftn f* 

~ ;; = 4 sin } ^ sin A ^ sin 1 C COS } a COS ^ 5 008 ^ e 

tan jR * * * A ^ A 

From (807) and the first of (827), 

— cot r + cot / + cot r" + cot r"' » 2 tan i2 

From (815) and (820), 

^ tan iZ + tan iZ' 4- tan R' -f tan B!" =s 2 cot r 



(828) 



(829) 



(880) 



and other similar relations are found by comparing (812) with (827), and (810) 
with (828). 

177. The following relations are also worth remarking. 

If j^ is the perpendicular from C upon c, . 

_ , 2 sin } a sin J 6 

tan R sin J? ^ — 



oot r sinj9 



cos \ ^ 

2 cos :} ^ cos \ B 
sin J C, 



\ (881) 



178. The pole of the circle inacribed in a tpherical triangle is alto the pole of the drde 
drcumeeribed about the polar triangle ; and the radii of theee drclea are complements of each 
other. 

The arcs bisecting the angles of a giyen triangle will evidently bisect the sides 
of the polar triangle, and will be perpendicular to those sides respectively; the 
common intersection of these arcs is therefore at once the pole of the circle in- 
scribed in the first and circumscribed about the second. 

Again, if we join the angular points of the poliEir triangle with this common pole, 
the arcs thus drawn, being produced to meet the sides of the first triangle, are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of these arcs = 90^, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property is also obvious from the analytical expressions of the two 
radii. By means of it, we might have deduced all the formula for the inscribed 
from those for the circumscribed circle, or vice versa. 

179. To find the are joining the poles of the circles inscribed in, and circumscribed (U>out 
a given spherical triangle.* 

Let O be the pole of the circumscribed circle. 
Fig. 29, and (y that of the inscribed circle. Put 
00' s= D; then 

cos D s= cos ^0 cos AO^ '\' va3i AO sm AO^ co^ OAO 

By Art. 166, we have OAB ss S — C, whence 
OAa^S—C—iA^^i^B—q 



Pig. 29. 




We have also 



cos AO' ssz cos OT cos AP =a cos r cos (« — a) 

sin O'P sin r 



mnAO^ 



sin O'AP " mniA 



* Hymer's Spherical Trigonometry. 
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Tlier'fore» 



008 



008 R 



-; — sa oot r 008 (t — a) + tan iZ '/ . . — - 

sin r ^ ' Bin ^ ul 



SnbBtltating by (819), (807), and (44), 

cos 2> sin » 008 (» — a) + 2 sin ^ ft sin | c mn } (ft -^ 



*^a R sin r 



_^ sin a -|- sin ft -|- sin e 
2^ 



whenoe, »y (58), 

(008 D \* ^ 1 1 + sin o-sin ft -4- sin a sin c 4- sin ft sin e — 
008 RBiarJ 2 n* 



008 a 008 ft 008 c 



by PL Trig. (179), 



( 



sin « -|- ^ B^^ } a sin } ft sin } e\* 






s (ootr + taniZ)* 

008* D SB 008* {R — r) 4- 008* R sin* r 
8in*2>s 8in*(i2 — r) — co8*jBsin*r 



(882) 



If the inscribed circle is inscribed in A'BC, Fig. 27, and its radios ss r', wc 
hATe, by a similar process, 

sin* />' = sin* (5 + r') — cos* R sin* / (888) 

180. To find the equikUeral apherieal triangle inscribed in a given eirele. 
If R s^ radius of the given circle, and A =s one of the angles of the equilateral 
triangle, we have, by (310), and PI. Trig. Art. 76, 

, . „ — cos i A 8 cos iA-^4 cos' i A 

tan* R =3 — - /. = rT-3 2__ 

cos' } A oos' J -4 



whence 



cos 



*^ ■" W \4+ tan* J2 / 



(834) 



181. lb find the equilateral spherical triangle cireunucribed ahout a given eirele. 

If r :s radius of the giyen circle, and a ^ one of the sides of the triangle, we find 



'^>^°J( 4+ctt*r ) 



(836) 



182. Oiven the beue and area of a spherical triangle, to find the loeut of the vertex. 

Kg- 80. Let a XB the ^ven base, and K b area of ABO, Fig. 80. 

Produce AB and AC to meet in A'. Let O be the pole 
of the circle described about A'BC. The radius of this 
circle is given by the first equation of (811), which, by 
(224) becomes 




^, tan i a 
tan 22' = -r-^-]3r 



(886) 



The second member of this equation, being oonstant for 
all the triangles of the same base a, and the same area Kp 
shows that R*\a also constant, and consequently, that tht 
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point A* is always found npon the circomference of the same small circle ABC, 
But A and A' being the extremities of the same diameter of the sphere, A is als* 
fL)und upon a small circle, equal and parallel to the circle ABC, 

The perpendicular distance (y) of from the base BC^ is found by the equation 

cos J2' 

008/ a= — 

cos J a 

and the pole of the locus of ^ is in the same perpendicular, at a distance from 
BC =* jr — y = j3, whence 

COB = 5— (887) 

■'^ cos J fl ^ * 

The equations (386) and (887) determine the radius and position of the pole of th« 
required locus, which may therefore be constructed. 

This elegant proposition is due to LezeU, 

188. To find the angle between the chords of two tides of a spherical triangle. 

Pig. 81. 




In Fig. 81, being the center of the circumscribed circle, the angle between the 
ohords of the sides AC and BC is half the spherical angle AOB, If, then, 

Ct a= angle between the chords of a and b 
we have 

cos Ct ^ cos AGP s= sin OAF cos AP 
OP, by Art. 166, cos C, = sin (5 — C) cos } e (888) 

By (72) this becomes 

cos (7t = sin } a sin } 6 4- COS } a cos } b cos C (889) 

184. The preceding problem is employed for geodetical triangles, in which C^ 
differs rery little from C, in which case it is expedient to compute the small differ- 
ence C — Ct = x, We easily reduce (889) to the following : 

008. (7a = COS J (a — b) cos* i C— cos i(a+b) sin* i C 

«= cos*} C — 2 sin* J (a — 6) cos*} C7— sin*} C+2Bm*i{a+ b) sin*} (7 
Subtracting cos C ^ cos* } C7 — sin* } C, we hare, 

Mn}(C+ (7.) sin} (C— C7.) = sin*}(a4.6) sin*} C7— sin*} («— 4)coii»}a 

or approximately, taking 

sin } {C+ CJ = sin C = 2 Bin } (7oos } (7 
and Bin } ((7— CO = } x sin V 

X being expressed in seconds, 
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1^^ .y a ffreai circle {DEy Fig. 32) bisect the bate of a spherical triangle ai righi 
armies f any great circle {FG)y perpendicular to itj divides the sides {ACy BC) into seg* 
ments whose sines are proportional ; that is, 

sin FA : sin FC = sin QB : sin GC (841) 

r.et P be the pole of ED, {DP = 90°), and 
PGF any great circle drawn through P, and 
therefore perpendicular to DE. Then, since 

>j? + i»^ = 2 P2> = 180O 

we have, by (3), 

sin F sin FA ^ sin P sin PA = sin P sin PB 

^ sin G sin GB 
sin-Fsin FG = sin G sin GO J> b 

whence, by division, the theorem (341). The arc FG is analogous to the parallel to 
the base in plane triangles. 

186. If two arcs of great circles^ {AB, CD, Fig. 33), terminated by any circle, intersect, 
the products of the tangents of the semi-segments are equal to one another; that is, 

tan}^^tan}^J?=tan}(7^tan}^2> (342) 

Let P be the pole of the circle DACB. Join PE Vig.sa. 

and draw the perpendiculars PF, PG, bisecting the 
arcs AB and OD. Then we haye 

cos FE __ cos PE _ cos PE __ cos GE 
cos FB " COS PB "■ cosPi> "" cos GD 

cos FE — cos FB cos GE — cos G ^> 

cos FE + cos FB "*" cos GE + cos GD 

which, by PL Trig. (110), gives (842). 

187. ff three arcs be dravm from the angles of a spherical triangle through the same 
point, to meet the opposite sides, the products of the sines of the alternate segments of the sides 
wHl be equal. 

Thus, in Fig. 34, we shall have 

sin AB' sin OA' sin -BC7 ' = sin OB sin BA' sin A 0' (343) 

For we easily find 

sin^P' sin^P sin ^PP' 




sin CR sin CP 


sin CPB' 


sin CA' sin CP 
sin BA' ~~ sin BP 


sin CPA' 
sin BPA' 


sin PC" sin BP 

sinAC "" sin AP 


sin BPC 
sin AFC 




Multiplying these equations together, the product of the second members is unity, 
whence (343). 

Thft same property is easily extended to the segments of the angles. 

188. It follows, that when three arcs are drawn from the three angles, so as to 
satisfy the condition (343), they must intersect in the same point. This occurs in 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
sides are bisected ; when the three arcs are drawn from the angles to the points of 

W 
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contact of the inscribed circle ; and when the three arcs are the three perpendiculars 
upon the sides. 

The first three of these cases are obyioos. To proTe the last, if A\ R and C\ 
Fig. 84| are right angles, we have 

cosAE cos CA' COB BC cos dB ^ cos CA ^ cos BC 

cos CB' ' cos BA' CCS -at/' ^ cos CB cos BA cos AC 

whence cos AB' cos CA' cos BC s= cos CB* cos BA' cobAO' 
and in the same manner we find 

tan AB tan CA' tan BC* = tan CB tan BA' tan^C" 

The product of these two equations gives the condition (843), and therefore tlie per- 
pendiculars intersect in the same point. 

189. To find the arc drawn from any angle of a spherical triangle to a given point in 
the opposite side. 

In the triangle PA A", Fig. 86, let PA' be drawn; we have 




cos P-4' Bin -4 ^" « cos PA' sin (A A' + A' A'^ 

= cos P A' cos A' A" sin AA' + cos P A' cos A A' sin A' A'* 
But in the triangles PA A', PA' A" we have, by (4), 

cos PA' cos AA'^ cos PA — sin PA' sin A A' cos PA' A 
cos PA' cos A' A" = cos PA" + sin PA' sin ^'u4" cos Pu4'-4 
which substituted above give 

cos PA' sin A A" =:coa PA sin A' A" + cos P^" sin A A' (844) 

which determines PA', the sides P^ and PA" and the segments of the side A A" 
being given. 

190. Let three arcs PA, PA', PA", Fig. 35, passing through the same point P, 
be intersected by two others A A" and B B' whose intersection \% Q\ we have seve- 
ral symmetrical relations among the parts of the figure which find their application 
in astronomy. 
Let the points A, A', A" be given in position by their distances from Q, and pnt 
^ C- = * A B x=.^ PB ^y 

A'Q=^tt' A'B = /g' PB' = y 

A"Q s= *" A"B" = /g" PB' zs: y" 

By PI. Trig. (171), we have 

sin « sin (*' — «") + sin *' sin («" — a) -f sin «" sin (« — «') = 
and in Fig. 86, 

sin yg sin 5 . „ sin y" sin P" 



Bin ct ss 



sin $ 



sin B = -' 



8in>r 
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whence 



and similarly 



Bin « 



sin /S gin y" sin B' 



sin y 



sin $ 



sin /8 sin y sin jB" 
Bin y' Bin Q 



Bin «t' 



// 



sin ^' sin >" sin Iff' 
sin y sin § 



which, Bubstitnted above, give 

sin^ sin S sin IS' 

-r-^sin K — O + ^r^ Bill(*" — *) + ^r-^Bin (* — «') = (846 

Bin y Bin > sin y v / v 

Again, if we express (344) in the notation of this article, it becomes 
OOB (/8+ y) sin (*'— a")4-cos (/8'+ y') sin (*"—*) + cos (;8"+ y") sin («— *')=0 (346) 
which, added to (345), giyes 



■■■°(^>Uln(.W)+'""^^'+>'>,inK- 



0+«^£^.ln(_0-O(8.7) 



tan^ ^ . ' ' taiiy 

191. If P is the pole of A Q, we have 

/0+ > = /8' + y = ^'+ >" = 90« 
and (346) and (347) both give 

tan /8 sin (*' — *") + tan yg' sin (*" — *) + tan 0" sin (* — «')== (348) 

192. 7^0 find the inclination of two ac^feteent faces of a regular polyhedron^ and the radii 
of the inscribed and drcumaeribed spheres. 

Let C and JE, Fig. 86, be the centres of two a(yacent faces whose common edge is 
A B; the centre of the inscribed and circumscribed spheres. Draw O D bi- 
secting ^^ at right angles; draw CD, E Dy which will also evidentlj be per- 
pendicular to ^ ^ ; and put 

/ =: inclination of the faces ssCDJB 

M = radius of the circumscribed sphere ^ OA=s OB 

r ass radius of the inscribed sphere s= C =s OH 

a =s one of the edges ^ AB 

m =ss number of faces that form a solid angle 

n =s number of sides of a face * Ci 

Suppose a sphere to be described about the centre 
with any radius, and cad the triangle formed upon its sur 
face by the planes COD, C A, AO D\ this triangle is 
right-angled at d and gives 

cos cad 



cos cd ^ 



sin acd 



But COB c (^ s= cos Q D, and 



TT 



COD=s90'>-~CDO=z--'^iI 

cad :=z\ angle of the planes AC and AE 

1 2t a- 

«pM^ , , • ^^^ ^a^^ ^^^ 

2 m ~^ m 
2 n n 
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therefore 



sin } /=: 



COB — 

m 

Bin — 
fi 



(849) 



Then from the triangleB C D, A C D, &c,t we find 



r SB -rr tan } / cot — 
2 ' n 



(860) 



r ^ B 008 a c ^ £ cot a e {/ cot e a (i ^ J2 cot — cot — 

n m 



R =s -— tan A /tan — 
2 m 



(361) 



193. To find the turfaee and volume of a regular polyhedron. 

Let fzss. number of faces of the polyhedron ; S =s the surface, and Fsss the 
volume ; then the area of each face (the notation of the preceding article being 
continued) is equal to 



iAB X CD xn^a* ' ^ cot ^ 

4t n 



whence 



and since F^ S X i^f 



5: := a" • -^ cot — 

4 n 



F=a»-J^tan}icot* — 
24 '^ n 



(352) 



(368) 



194. To find the surface and volume of a paraUelopipedf given the edges and their incli- 
nations to each other. 

«g-37. Let OP, Fig. 87, be a parallelopiped, 

whose edges OAsssOyOBsssb, = e, 
and their inclinations BOC=sa,AOCss0, 
A OB ss yf are given. 
p The area of any face, as B C7, is found by 
the formula be sin a, and therefore foi 
the whole surface, we have 

8^:2 (be sin. a-^- ac am fi-\- a b sin y) (364) 

To find the volume, let CD he the alii* 
tude, then 
F=baBe-4-Bx CD^abainyX CD 
Suppose a sphere to be described about 0, whose intersections with the planes 
BOO, AOC, AOB and DOC are B'C = «, A'C == .6, A'B' = >, and C'D^. The 
triangle A' CD' is right-angled at 2>', whence 

CD ^c sin CD' = c sin ^ sin CA'B' 

or by (46), if T = }(* + /« + ?), 

2c 




whence 



CD as - — ^ [sin «■ sin (fl- — a) sin (<r — 0) sin (r — >)] 
F= 2 a6c^[sin a- sin {<r — a) sin {<r — jS) sin («■ — y)'\ 



(866) 



THE END. 



r« 



/ 



